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1.  Backscatter  Cross  Sections  for  Randomly  Oriented  Metallic  Flakes  at 
Optical  Frequencies. 

The  purpose  of  this  investigation  is  to  determine  the  average  normalized 
backscatter  cross  sections  for  randomly  oriented  metallic  flakes.  The 
Irregular  shaped  flake  is  characterized  by  its  surface  height  spectral 
density  function  and  its  lateral  dimension  is  assumed  to  be  larger  than 
noth  the  vavelength  of  the  incident  electromagnetic  field  and  the 
correlation  distance  of  the  rough  surface. 

The  full  wave  approach  which  accounts  for  both  specular  point 
scattering  and  Bragg  scattering  in  a  self-consistent  manner  is  used  to 
express  the  total  cross  section  of  the  flake  as  a  weighted  sum  of  two 
cross  sections.  The  first  is  associated  with  the  large  scale  spectral 
components  of  the  surface  of  the  flakes  and  the  second  is  associated  with 
its  small  scale  spectral  components.  It  is  shown  that  the  average  back¬ 
scatter  cross  section  per  unit  volume  for  the  arbitrarily  oriented  metallic 
flakes  considered  is  larger  than  that  for  metallic  spheres.  Thus,  the 
irregularly  shaped  flakes  could  be  significantly  better  obscurants  than 
metallic  spheres,  for  a  given  volume  of  particles.  The  cross  sections 
for  the  metallic  flakes  are  also  compared  with  the  cross  sections  for 
similar  flakes  characterized  by  either  a  small  scale  roughness  or  by  a 
large  scale  roughness. 

2.  Backscatter  Cross  Sections  for  Metallic  Spheres  with  Rough  Surfaces. 

Since  the  small  scale  roughness  of  the  surface  contributes  significantly 
to  the  scattering  cross  sections,  the  full  wave  approach  described  in 
item  #1  is  currently  being  applied  to  the  problem  of  scattering  by 
spheres  with  small  scale  rough  surfaces. 

3.  Modulation  of  Scattering  Cross  Sections  by  Arbitrarily  Oriented  Composite 
Rough  Surfaces. 

In  this  work  the  full  wave  approach  is  used  to  determine  the  modu¬ 
lations  of  the  like  and  cross  polarized  cross  sections  for  composite 
models  of  rough  surfaces  illuminated  by  Synthetic  Aperture  Radars. 

4.  Multiple  Scattering. 

We  have  decided  to  analyze  multiple  scattering  using  the  equation 
of  radiative  transfer  with  the  general  Stokes'  parameters.  Our  ultimate 
goal  is  to  develop  codes  which  will  allow  us  to  compute  multiple  scattering 
for  a  variety  of  particle  shapes  and  orientations. 
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BRIEF  OUTLINE  OF  RESEARCH  FINDINGS 


1.  Scattering  and  Depolarization  by  Large  Conducting  Spheres  with  Very  Rough 
Surfaces . 

The  purpose  of  this  investigation  is  to  determine  the  like  and  cross 
polarized  scattering  cross  sections  for  electrically  large  finitely  conducting 
spheres  with  very  rough  surfaces.  Perturbation  theory  has  been  used  to 
determine  electromagnetic  scattering  b£  spheres  with  random  rough  surfaces 
provided  that  the  parameter  6  ■  4k  <h  >  is  much  smaller  than  unity  (where  kQ 
is  the  wavenumber  and  <h  >  is  the  mean  square  height  of  the  rough  surface  of 
the  sphere.  However,  for  large  conducting  spheres  with  B  <<  1,  the  total 
scattering  cross  sections  are  not  significantly  different  from  the  physical 
optics  cross  section  for  smooth  (unperturbed)  conducting  spheres. 

In  this  work  the  full  wave  approach  is  used  to  determine  the  scattering 
cross  sections  for  large  spheres  with  roughness  scales  that  significantly 
modify  the  total  cross  sections.  The  full  wave  approach  accounts  for  specular 
point  scattering  and  Bragg  scattering  in  a  self  consistent  manner  and  the 
total  scattering  cross  sections  are  expressed  as  weighted  sums  of  two  cross 
sections.  The  results  are  compared  with  earlier  solutions  based  on  the 
perturbation  approach  and  a  recent  reformulated  current  method. 

2.  Scattering  Cross  Sections  of  Arbitrarily  Oriented  Composite  Rough  Surfaces. 

This  investigation  is  an  extension  of  the  earlier  work  on  scattering  by 
randomly  oriented  metallic  flakes  at  optical  frequencies.  Full  wave  solutions 
are  derived  for  a  relatively  small  area  or  resolution  cell  of  the  rough  surface 
that  is  effectively  illuminated  by  a  Synthetic  Apature  Radar.  The  relative 
modulations  of  the  like  polarized  cross  sections  are  optimum  for  incident 
angles  between  10°  and  15°  depending  on  the  lateral  dimensions  of  the  resolution 
cell  and  the  polarization. 

3.  Multiple  Scattering. 

The  preliminary  results  obtained  for  multiple  scattering  are  for  (electrically) 
large  finitely  conducting  spheres.  The  standard  equation  of  transfer  for 
the  diffuse  intensity  is  used  in  these  calculation.  The  effects  of  the  rough 
surface  of  the  sphere  has  not  yet  been  included  in  this  analysis.  This  will 
be  done  upon  completion  of  the  numerical  work  associated  with  the  investigation 
reported  in  item  #1  above. 

4.  Visited  U.  S.  Army  Chemical  Systems  Laboratory  (see  Item  7.2). 
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1.  Scattering  and  Depolarization  by  Large  Conducting  Spheres  With  Very  Rough 

Surfaces 

The  albedo  and  the  like  and  cross  polarized  scattering  cross  sections  have 
been  determined  at  optical  frequencies  for  electrically  large  finitely  conducting 
spheres  with  very  rough  surfaces.  (The  radius  vector  to  the  surface  of  the  rough 
sphere  is  assumed  to  be  r  *  r  +  h  where  r  is  the  mean  radius  and  h  is  a  random 
variable.)  The  total  scattering  cross  sections  for  slightly  rough  conducting 
spheres  (B<<1)  are  not  significantly  different  from  the  physical  optics  cross 
sections  for  smooth  (8  *  0)  conducting  spheres  and  perturbation  theory  is  appli¬ 
cable.  The  roughness  scale  is  8  *  4k  2<h  2>,  where  k  is  the  wavenumber  and  <hs2  > 
is  the  mean  square  height  of  the  rougfi  surface  that  is  superimposed  on  the  smooth 
sphere  of  radius  r  .  However  for  roughness  scales  B  =  k  2<h  2  >5  1,  the  albedo 
and  the  like  and  cross  polarized  scattering  cross  sections  differ  significantly 
from  their  respective  values  for  smooth  spheres  (&  ■  0).  In  this  case  the  perturba¬ 
tion  method  fails  and  the  full  wave  approach  is  used.  Comparisons  between  the  full 
wave  solution  and  the  perturbation  solution  are  given  for  8  “  0.1,  0.5  and  1.0.  The 
mean  radius  of  the  sphere  is  r  «  101  where  A  *  0.555x10  4  cm  is  the  electromagnetic 
wavelength.  The  relative  dielectric  coefficient  (c  )  for  aluminum  is  assumed  in  this 
work.  The  albedo  and  scattering  cross  sections  are  currently  being  evaluated  for 
other  particle  sizes  at  different  frequencies.  This  work  is  being  coordinated  with 
the  Aerosol/Obscuration  group  of  the  Army  Chemical  Systems  Laboratory,  Aberdeen, 
Maryland . 

2.  Scattering  and  Depolarization  by  Large  Diameter  Infinitely  Long  Conducting 

Cylinders  with  Very  Rou^h  Surfaces. 

The  albedo  and  the  like  and  cross  polarized  scattering  cross  sections  for  long 
finitely  conducting  rough  cylinders  are  evaluated  at  optical  frequencies  using  the 
full  wave  approach.  The  radius  vector  to  the  surface  of  the  rough  cylinder  is 
r  =  r  +  h  where  r  is  the  mean  readius  (r  >  X)  and  h  is  the  rough  surface  height, 
a  random  vlriable  which  depends  on  the  azimuth  angle. S  Both  normal  and  oblique 
incidence  are  considered.  The  full  wave  solution  which  accounts  for  specular  and 
diffuse  scattering  in  a  self  consistant  manner  is  compared  with  the  perturbation 
solution  for  different  roughness  scales  6. 

3.  Multiple  Scattering. 

Multiple  scattering  from  slabs  consisting  of  large  conducting  spherical 
scatterers  (see  item  Hi)  is  analyzed  using  the  equation  of  radiative  transfer  with 
the  generalized  Stokes  parameters.  The  transmitted  and  reflected  diffuse  intensities 
are  evaluated  for  polarized  plan  waves  incident  upon  slabs  of  different  optical 
thicknesses.  The  effects  of  the  rough  surface  of  the  sphere  will  also  be  included  in 
this  analysis.  For  smooth  spherical  scatteres  only  two  elements  of  the  Mueller 
matrix  need  to  be  evaluated  (related  to  the  like  polarized  cross  sections  reported 
in  item  HI).  However  for  the  spheres  with  rough  surfaces  all  sixteen  elements  of  the 
Mueller  matrix  have  to  be  evaluated. 
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BRIEF  OUTLINE  OF  RESEARCH  FINDINGS  2b 

1.  Scattering  and  Depolarization  by  Large  Conducting  Spheres  With  Very  Rough  Surfaces 

The  initial  series  of  computations  of  the  like  and  cross  polarized  differential 
cross  sections  for  electrically  large  finitely  conducting  smooth  and  rough  spheres  has 
been  completed.  In  this  work  the  assumed  electromagnetic  wavelength  was  X  ■  0.555  ym  and 
the  mean  radius  of  the  spheres  rQ  «  10  X  For  the  wavelength  considered  the  relative 
complex  dielectric  coefficient  (aluminum)  is  er  *=  -40-112.  For  the  perfect  spheres  (with 
j  smooth  surfaces)  the  Mie  solution  was  used  and  for  the  spheres  with  random  rough  surfaces 
the  full  wave  solutions  (that  account  for  specular  and  diffuse  scattering)  were  used. 

The  roughness  scale  of  the  surface  was  characterized  by  the  parameter  3  =  4k*<h|>  where 
kQ*=  2tt/X  and  <h|>  is  the  mean  square  height  of  the  rough  surface  (measured  normal  to  the 
mean  surface  of  the  sphere).  Values  of  B  considered  range  from  0.1  to  1.0. 

The  full  wave  solutions  were  compared  with  earlier  solutions  to  the  problem.  The  albedo 

for  the  rough  spheres  were  shown  to  be  about  10Z  to  152  smaller  than  the  albedo  for  the 

smooth  spheres.  These  values  differ  significantly  from  those  obtained  from  perturbation 
solutions  when  B  >  0.1.  Following  discussions  with  members  of  the  Army  Chemical  Research 
Development  Center  (CROC,  Aberdeen,  Maryland),  a  new  series  of  computations  were  also 
carried  out  for  the  differential  scattering  cross  sections.  The  electromagnetic  wavelength 

assumed  was  X  -  10  ym.  The  values  of  r0  (the  mean  radius  of  the  sphere)  considered  range 

from  2X  to  7X.  The  value  for  the  complex  dielectric  coefficient  (for  X  ■*  lOym)  is 
er  *=  -60000(1+1).  For  the  surface  roughness  parameter  8*1-0  several  surfaces  with 
different  surface  height  spectral  density  functions  W(k)  were  considered.  (The  surface 
height  spectral  density  function  W(k)  is  the  Fourier  transform  of  surface  height  auto¬ 
correlation  function).  For  the  smaller  values  of  rD/X  the  diffuse  differential  scattering 
cross  sections  were  found  to  be  critically  dependent  upon  the  form  of  surface  height 
spectral  density  function  and  the  mean  radius  of  the  spheres. 

These  preliminary  calculations  indicate  possible  techniques  for  solving  the  more  com¬ 
plicated  problem  of  inverse  scattering.  Thus  for  instance,  with  an  appropriate  choice  of 
the  wavelength  X,  the  measured  cross  polarized  differential  scattering  cross  section  oVH(0 
could  reveal  the  values  of  the  mean  radius  of  the  spheres,  the  roughness  parameter  B  as 
well  as  the  surface  roughness  spectral  density  function.  Only  a  set  of  measurements  of 
the  cross  polarized  cross  section  for  angles  6  in  the  near  forward  direction  would  be 
needed  for  the  purpose  of  these  proposed  experiments. 

2.  Scattering  and  Depolarization  by  Large  Diameter  Infinitely  Long  Conducting  Cylinders 

with  Very  Rough  Surfaces 

The  like  and  cross  polarized  scattering  cross  sections  were  also  computed  for  long 
finitely  conducting  cylinders.  Both  electromagnetic  wavelengths  X  «=■  0.555ym  and  X  *=  lOym 
were  assumed  and  the  mean  diameter  of  the  cylinders  considered  ranged  from  d  •=  5X  to 
d  “  20X.  The  effect  of  surface  roughness  was  also  examined  as  in  the  case  of  the 
spherical  particles.  This  work  was  presented  at  the  1984  CSL  Scientific  Conference  on 
Obscuration  and  Aerosol  Research  (CROC  Aberdeen,  Maryland)  June  25-29.  (See  Item  #7.2.3) 

3.  Multiple  Scattering 

Using  the  equation  of  radiative  transfer  for  scattering  by  electrically  large 
conducting  spherical  particles  the  generalized  Stokes  parameters  have  been  evaluated 
for  different  thicknesses  of  the  scattering  medium.  Conducting  obscurants  with  both 
smooth  and  rough  surfaces  were  considered.  The  specific  diffuse  intensities  for  vertically 
and  horizontally  polarized  waves  were  determined  for  both  circularly  and  linearly  polarizec 
incident  waves.  For  optical  thicknesses  T<0.1,  effects  of  multiple  scattering  begin  to 
become  significant.  The  effects  of  particle  surface  roughnzss  increase  as  the  optical 
thickness  T  increases  and  multiple  scattering  is  not  negligible.  The  particle  surface 
roughness  also  has  the  effect  of  decreasing  the  degree  of  polarization  of  the  scattered 
waves.  The  diffuse  Intensities,  and:,  the  degree  of  polarization  become  significantly  less 
dependent  on  scatter  angle  when  the  particle  surface  roughness  is  taken  into  consideration. 


Page  2 
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International  Union  of  Radio  Science  Symposium  on  Radio  Techniques  in 
Planetary  Exploration  in  Conjunction  with  the  XXI  General  Assembly  of 
URSI,  Florence,  Italy,  August  28  -  September  5,  1984.  Scattering 
and  Depolarization  of  Radio  Waves  by  Rough  Planetary  Surfaces. 

(7.2)  Papers  Submitted  for  Publication 
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(7.3)  Papers  Accepted  for  Publication 

"Scattering  by  Anisotropic  Models  of  Composite  Rough  Surfaces  - 
Full  Wave  Solutions"  -  to  be  published  in  IEEE  Transactions  on 
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Scattering  and  Depolarization  by  (Electrically)  Large  Conducting  Particles  With 
Random  Rough  Surfaces 

In  our  investigations,the  irregular-shaped  obscurants  are  assumed  to  have  the 
following  physical  and  electrical  characteristics. 

(i)  The  deterministic  (idealized)  shape  of  the  average  particle  is  spherical  or 
circular  cylindrical . 

(ii)  The  actual  surface  of  the  particle  is  assumed  to  deviate  from  the  idealized 
surface.  The  particle  random  rough  surface  is  characterized  by  its  surf.u 
height  spectral  density  function  W  or  the  Fourier  transform  of  W,  the  surfao 
height  autocorrelation  function  <hh‘>. 

(iii)  The  particles  are  characterized  electrically  by  their  relative  complev 

dielectric  coefficients  e  . 

r 

The  electromagnetic  wavelength  X  is  assumed  to  be  in  the  10  ym  to  0.5  urn  range,  and  the 
diameter  d  of  the  (idealized)  particle  considered  is  between  5  and  15  wavelengths. 

.  Using  the  full  wave  approach  it  was  necessary  to  express  the  characteristic  function  and 
the  joint  characteristic  function  x2  the  random  rough  surface  in  terms  of  the  roughne 
parameter  6  =  4k*  <h*>  (where  k  =  2m/A  and  <h*>  is  the  mean  square  height  of  the  rough 
surface)  and  a  power  series  of  the  surface  height  autocorrelation  function  <hh'>.  For 
6  <  0.1  only  the  first  term  of  the  power  series  expansion  is  significant  and  the  diffuse 
scattering  due  to  the  rough  surface  is  identified  with  Bragg  scattering.  However  as  the 
roughness  parameter  8  increases  several  additional  terms  of  the  power  series  expansion 
need  to  be  considered.  (For  example  when  B  is  between  one  and  two,  four  terms  become 
significant).  This  imposed  an  undesired  upper  bound  on  the  value  of  the  roughness  par, 
meter  8  used  in  our  computations  for  the  scattering  cross  sections  of  the  rough  partic’i" 
This  limitation  has  now  been  eliminated  through  the  use  of  more  efficient  representati, ,, 
of  our  full  wave  analytical  results  which  yield  algorithms  that  do  not  require  power 
series  expansions  of  the  characteristic  functions.  The  updated  computer  programs  for  fb 
like  and  cross  polarized  scattering  cross-sections  have  been  tested  for  a  family  of 
surface  height  spectral  density  functions  W  with  roughness  parameters  6  =  10. 

In  order  to  compute  the  albedo  for  the  irregular-shaped  particles  it  is  also  necessary  t. 
evaluate  the  total  cross  sections  (scattered  plus  absorption  cross  sections).  For 
particles  with  relatively  small  roughness  scales  (8  <  1),  the  surface  irregularities  dr 
not  significantly  effect  the  forward  scattered  fields.  Thus  the  total  cross  sections, 
for  particles  with  small  roughness  scales,  are  essentially  the  same  as  those  for  the 
idealized  (unperturbed)  particles.  However  when  6  >  1,  this  approximation  is  not  valid. 

A  new  approach  has  been  developed  to  evaluate  the  albedos  when  6  is  not  small.  This 
approach  exploits  the  fact  that  for  large  particles  (kd  >  >  1)  the  forward  scattered 
field  (which  is  related  to  the  total  cross  section)  is  the  same  for  all  conducting 
particles  that  have  the  same  shadow  line. 

During  the  reporting  period,  a  copy  of  the  manuscript  on  scattering  and  depolarization  b' 
long  conducting  cylinders  with  rough  surfaces  was  submitted  to  the  organizers  of  the  198 
CLS  Scientific  Conference  on  Obscuration  and  Aerosal  Research  (CRDC  Aberdeen, Maryland) 
(See  Item  #7b).  The  computer  programs  for  the  multiple  scattering  problem  were  updated 
to  reflect  the  advances  made  in  the  computations  of  the  scattering  cross  sections  and 
the  albedo  of  irregular  particles  with  very  large  roughness  scales  6.  Numerical  results 
were  also  obtained  for  particles  with  a  broad  range  of  complex  dielectric  coefficients 
corresponding  to  those  of  artificial  dielectrics  such  as  dissipative  plastic  and  foam 
materials. 
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Multiple  Scattering  by  Irregular  Shaped  Particles  of  Finite  Conductivity 
at  Infrared  and  Optical  Frequencies 

The  equation  of  transfer  for  a  layer  of  readonly  distributed  particles 
has  been  solved  for  a  variety  of  particle  sizes,  shapes  and  complex  dielectric 
coefficients  at  infrared  and  optical  frequencies.  The  unperturbed  particle 
shape  is  assumed  to  be  spherical  and  the  actual  random  surface  of  the  particle 
Is  characterized  by  its  surface  height  spectral  density  function  or  its 
Fourier  transform,  the  surface  height  autocorrelation  function.  The  mean 
square  height  of  the  rough  surface  <h^>  Is  assumed  to  be  large  (0-  4k.Q<h|>  »  1 
vhere  kj,  is  the  free  space  wavenumber) .  The  full  wave  approach  is  used  to  express 
the  scattering  matrix  for  the  irregular  shaped  particles  as  a  weighted  sum  of 
two  cross  sections.  The  first  is  a  modified  contribution  from  the  unperturbed 
spherical  particle  and  the  second.  Is  the  diffuse  contribution  due  to  the 
surface  roughness. 

The  modified  Stokes  parameters  (incoherent  specific  diffuse  intensities) 
are  determined  for  a  variety  of  excitations. 

(i)  Circularly  polarized  wavesnormally  incident  upon  the  layer  of  particles. 

The  solutions  in  this  case  are  azimuthally  independent. 

(ii)  Linearly  polarized  waves  normally  incident  upon  the  layer  of  particles. 

(ill)  Vertically  and  horizontally  polarized  raves  obliquely  incident  upon  the 

layer  of  particles. 

The  matrix  characteristic  value  approach  was  used  to  solve  the  problem. 

Both  single  scatter  and  multiple  scatter  solutions  were  presented  and  the 
effects  of  the  surface  roughness  are  demonstrated  by  comparing  the  results 
for  irregular  shaped  particles  with  the  corresponding  results  for  smooth 
(spherical)  particles. 

Written  reports  on  this  work  are  currently  in  preparation.  The  principal 
investigator  also  presented  a  paper  on  "Multiple  Scattering  in  Media  Consisting 
of  Non-Spherical ,  Finitely  Conducting  Particles"  at  the  Chemical  Research  and 
Development  Center  (CRDC) ,  Aberdeen  Proving  Ground, Maryland,  on  June  21 
in  conjunction  with  the  1985  CRDC  Scientific  Conference  on  Obscuration  and 
Aerosol  Research.  During  this  visit  discussions  were  also  held  with  CRDC 
Laboratory  personnel  on  current  and  future  aspects  of  our  research  program. 

A  list  of  conferences  papers  and  Journal  publications  during  this  reporting 
period  is-  given' in  Item  #7  . 


Enclosures:  Reprints  of  articles:  Item  Nos.  (7.4)(i)  and  (ii)  . 
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Multiple  Scattering  by  Irregular  Shaped  Particles  of  Finite  Conductivity 
at  Infrared  and  Optical  Frequencies 

The  modified  Stokes  parameters  (the  incoherent  specific  diffuse  intensities) 
for  a  layered  media  consisting  of  a  random  distribution  of  finitely  conducting 
particles  vith  very  rough  surfaces  vere  computed  for  normally  and  obliquely 
incident  electromagnetic  vaves.  Both  vertically  and  horizontally  polarized 
excitations  at  infrared  and  optical  frequencies  vere  considered.  For  large  angles 
of  incidence  (8*  =  30°),  it  is  necessary  to  use  more  than  tventy-four  terms  of 
the  Fourier  series  expansions  of  the  Mueller  matrix.  The  analytical  solutions  are 
based  on  the  matrix  characteristic  value  techniques.  For  these  cases  the  principal 
investigator  used  his  access  to  the  Cyber  205  supercomputer  at  Colorado  State 
University  through  a  grant  avarded  by  the  National  Science  Foundation.  Use  of 
the  supercomputer  has  enabled  us  to  tighten  the  accuracy  of  our  computations. 
Additional  vork  has  been  done  to  determine  the  albedos  and  the  extinction  cross 
sections  for  the  irregular  shaped  particles  considered  in  our  investigations. 

It  is  shown  that  the  particle  surface  roughness  results  in  effectively 
blocking  transmission  windows  that  appear  when  electromagnetic  waves  propagate 
through  thin  layers  consisting  of  smooth  (spherical)  particles.  Particle 
surface  roughness  is  also  shovn  to  result  in  a  small  but  significant  backscatter 
enhancement . 

During  this  reporting  period  the  principal  investigator  presented  papers  at 
four  international /national  conferences/vorkshops  (see  Item  (7.1))-  In  addition, 
he  attended  the  1985  Advanced  Planning  Briefing  for  Industry  (APBl)  at  the 
U.  S.  Army  Chemical  Research  and  Development  Center,  Aberdeen  Proving  Ground 
Maryland  in  (October  1985)-  He  also  visited  vith  Army  laboratory  personnel  at 
Aberdeen  and  provided  an  overview  of  his  research  program. 

The  principal  investigator  submitted  two  additional  manuscripts  for 
publication  in  scientific  Journals  (see  Item  (1.2)).  Two  papers  were  accepted 
for  publication  (see  Item  (7-3))  and  two  papers  vere  published  in  the  Technical 
Literature  (see  Item  (7.*0)  during  this  reporting  period. 

The  final  report  for  this  contract  will  be  submitted  by  the  next  reporting 
period.  This  report  will  also  contain  documented  computer  codes  on  tape. 
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Scattering  cross  section  modulation  for  arbitrarily  oriented  composite  rough  surfaces: 

Full  wave  approach 

Ezekiel  Bahar 

Electrical  Engineering  Deportment,  Unirersity  of  Nebraska 

Clifford  L.  Rufenach  and  Donald  E.  Barrick 
NOAA/ERL  Wave  Propagation  Laboratory 

Mary  Ann  Fitzwater 

Electrical  Engineering  Department,  University  of  Nebraska 


As  a  synthetic  aperture  radar  scans  different  portions  of  a  rough  surface,  the  direction  of  the  unit 
vector  normal  to  the  mean  surface  of  the  effective  illuminated  area  (resolution  cell)  fluctuates.  In  this 
paper  the  modulation  of  the  like  and  cross  polarized  scattering  cross  sections  of  the  resolution  cell  are 
determined  as  the  normal  to  it  tills  in  planes  that  are  in  and  perpendicular  to  the  fixed  reference  plane 
of  incidence.  By  using  the  full  wave  approach,  the  scattering  cross  sections  are  expres  'd  as  a  weighted 
sum  of  two  cross  sections.  The  first  cross  section  is  associated  with  scales  of  roughness  within  the 
effective  illuminated  area  that  are  large  compared  to  the  radar  wavelength,  and  the  second  cross  section 
is  associated  with  small-scale  spectral  components  within  the  resolution  cdl.  Thus  both  specular  point 
scattering  and  Bragg  scattering  arc  accounted  for  in  a  self-consistent  manner.  The  results  are  compared 
with  earlier  solutions  based  on  first-order  Bragg  scattering  theory. 


I.  INTRODUCTION 

Microwave  remote  sensing  of  rough  surfaces  (both 
land  and  ocean),  using  moving  platforms  (aircraft 
and  satellite)  as  well  as  ground-based  measurements, 
has  illustrated  the  need  for  a  better  understanding  of 
the  interaction  of  the  radar  signals  with  these  sur¬ 
faces.  This  interaction  is  particularly  important  for 
the  ocean  surface  where  the  radar  modulation  can 
yield  information  about  the  long  ocean  wave  fielo. 
Radar  modulation  measurements  from  fixed  plat¬ 
forms  have  been  made  in  wavetanks  and  the  open 
oceans.  The  surfaces  have  been  described  in  terms  of 
two-scale  models  [e.g.,  Wright,  1968].  The  radar 
modulation  is  considered  to  be  principally  due  to  (1) 
geometrical  tilt  due  to  the  slope  of  the  long  ocean 
waves  and  (2)  the  straining  of  the  short  waves  (by 
hydrodynamic  interaction)  [e.g.,  Keller  and  Wright, 
1975;  Alpers  and  Hasselmann,  1978].  For  application 
to  moving  platforms,  synthetic  aperture  radar  (SAR) 
and  side  looking  airborne  radar  (SLAR),  this  modu¬ 
lation  needs  to  be  described  in  terms  of  a  general 
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geometry  for  both  like  polarization  and  cross  polar¬ 
ization,  since  the  long  ocean  waves,  in  general,  travel 
in  arbitrary  directions.  In  the  present  work,  the  finite 
resolution  of  the  radar  is  considered  for  tilt  modula¬ 
tion  with  hydrodynamic  effects  neglected. 

The  full  wave  approach  is  used  to  determine  the 
modulation  of  the  like  and  cross  polarized  scattering 
cross  sections  for  composite  models  of  rough  sufaces 
illuminated  by  SAR.  The  full  wave  approach  ac¬ 
counts  for  both  specular  point  scattering  and  Bragg 
scattering  in  a  self-consistent  manner.  Thus  the  total 
scattering  cross  section  is  expressed  as  a  weighted 
sum  of  two  cross  sections  [ Bahar  et  of.,  1983],  The 
first  is  the  scattering  cross  section  associated  with  the 
filtered  surface  consisting  of  the  large-scale  specular 
components  of  the  illuminated  rough  surface  area. 
The  second  is  the  cross  section  associated  with  the 
surface  consisting  of  the  small-scale  spectral  compo¬ 
nents  that  ride  on  the  filtered  surface.  The  principal 
elements  of  the  fell  wave  solutions  are  summarized  in 
section  2. 

In  section  3,  full  wave  solutions  are  derived  for  the 
scattering  cross  sections  of  a  relatively  small  area  or 
resolution  ceil  of  the  rough  surface  that  is  effectively 
illuminated  by  SAR.  The  normal  to  an  arbitrarily 
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plane. 

oriented  mean  plane  associated  with  the  illuminated 
cell  is  characterized  by  tilt  angles  fl  and  t  in  and 
perpendicular  to  a  fixed  reference  plane  of  incidence. 
It  is  assumed  that  the  lateral  dimension  of  the  resolu¬ 
tion  cell  L,  is  much  larger  than  both  the  electro¬ 
magnetic  wavelength  and  the  small-scale  surface 
height  correlation  distance  for  the  cell.  As  the  SAR 
scans  different  portions  of  the  rough  surface  S,  the 
direction  of  the  unit  vector  normal  to  the  cell  F  fluc¬ 
tuates.  In  this  paper  the  “modulations”  of  scattering 
cross  sections  are  determined  as  the  tilt  angles  fi  and 
t  fluctuate.  In  a  recent  study  of  “tilt  modulation”  by 


Alpers  et  al.  [1981],  first-order  Bragg  scatter  due  to 
capillary  waves  on  a  tilted  plane  is  considered.  It  can 
be  shown  that  if  the  large-scale  spectral  components 
of  the  surface  within  the  cell  are  ignored,  the  full 
wave  solutions  derived  here  for  tilt  modulation 
reduce  to  the  results  obtained  by  Alpers  et  al.  (The 
reader  is  also  referred  to  the  article  by  Alpers  et  al. 
[1981]  for  a  comprehensive  review  of  the  literature 
on  this  subject.) 

For  the  illustrated  examples  presented  in  section  4, 
the  scattering  cross  sections  and  their  derivatives 
with  respect  to  the  tilt  angles  are  evaluated  for  all 
angles  of  incidence.  The  modulation  of  the  like  cross 
sections  near  normal  incidence  is  due  primarily  to 
fluctuations  in  specular  point  scattering,  while  the 
modulation  of  the  like  cross  section  for  near  grazing 
angles  is  due  primarily  to  fluctuations  in  Bragg  scat¬ 
tering.  Thus  for  large  angles  of  incidence  the  cross 
sections  for  the  horizontally  polarized  waves  are 
shown  to  be  more  strongly  modulated  than  the  cross 
sections  for  vertically  polarized  waves  [ W right . 
1968], 

2  FORMULATION  OF  THE  PROBLEM 

The  recently  derived  full  wave  solutions  for  the 
normalized  cross  sections  per  unit  area  are  summa¬ 
rized  here  for  composite  rough  surfaces  (see  Figure  1 ) 
that  can  be  expressed  as  follows: 

h(x,  :)  -  h/lx,  :)  +  h,lx,  :)  (1) 
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The  surface  6/x,  z)  consists  of  the  large-scale  spectral 
components  while  hj[x,  z)  consists  of  the  small-scale 
spectral  components.  For  a  homogeneous,  isotropic 
surface  height  the  spectral  density  function  is  the 
Fourier  transform  of  the  surface  height  auto¬ 
correlation  function  </t(x,  2),  h'(x',  z])  [Ki'ce,  1951; 
Barrick,  1970;  Ishimaru,  1978] 

W(p„  p.)  -=  p  f  <«0 

•  exp  (ip,  x,  +  ip,  rj  ix{  iit  (2a) 

where  </ih  >  is  a  function  of  |  f{ 1  =  (x]  +  zj)l/2  and 

x  -  x'  =  x,  r  -  1  =  2*  (2h) 

The  surface  /i/x.  2)  consists  of  the  spectral  compo¬ 
nents  k  —  (il  +  vj)"1  i  Jk,  and  the  remainder  term 
h,(x,  2)  consists  of  the  spectral  components  k>  kd. 
Since  the  full  wave  approach  accounts  for  both 
specular  point  scattering  and  Bragg  scattering  in  a 
self-consistent  manner,  the  total  scattering  cross  sec¬ 
tion  can  be  expressed  as  a  weightea  sum  of  the  cross 
section  for  the  filtered  surface  h,  and  the  cross 

section  for  the  surface  h,  that  rides  on  the 

large-scale  surface  h,  [Bahar  et  a /.,  1983] 

<<r,0>  =  <<r,0>,  +  <^«>,  (3) 

Tire  angle  brackets  denote  statistical  average.  The 
first  superscript  P  corresponds  to  the  polarization  of 
the  scattered  wave  while  the  second  superscript  Q 
corresponds  to  the  polar  ation  of  the  incident  wave. 
To  derive  (3)  by  using  the  full  wave  approach,  it  is 
implicitly  assumed  that  the  large-scale  surface  meets 
the  radii  of  curvature  criteria  (associated  with  the 
Kirchhoff  approximations  for  the  surface  fields)  as 
well  as  the  condition  for  deep  phase  modulation. 
Thus  the  first  term  in  (3)  is  shown  to  be 

<•*>,•  <<7?>  M> 

in  which  f  is  the  characteristic  function  for  the 
small-scale  surface 

zIp-  ".)  ■>  Z»  -  <«p  roll,)  (5) 

and 

6  =  V  -  k1  -  kjii'  -  if)  r-|F|  (6) 

The  unit  vectors  n *  and  if  are  in  the  directions  of  the 
scattered  and  incident  wave  normals,  respectively; 
thus  for  backscatter  n!  =  -if.  The  free  space  radio 


Fig.  3.  The  tilled  ceil. 


wave  number  is  l0.  An  exp  (iu>t)  time  dependence  is 
assumed.  The  vector  n ,  is  the  value  of  the  unit  vector 
n  normal  to  the  surface  h(x,  2)  at  the  specular  points. 
Thus 

«  =  V//|V/| 

=  (-h,d  +  a,  -  6,fl,)/(6]  +  h]  +  l)1'2  (7o) 

where 

/=y  —  h(x,  z)  6,  =  66/6x  h,  =  dh/c:  (76) 

and 

11,  =  p/p  (7c) 

The  expression  for  the  physical  optics  (specular 
point)  cross  section  for  the  large-scale  surface  h,  is 

4lJ  Tl  O'0  I2 

«°>  “  -T  -  F,("/.  >f  I  n)p(ii)  (8) 

11”  “,  I  J*. 

in  which  DfQ  depends  on  if,  ri/,  n,  the  media  of  prop¬ 
agation  above  and  below  the  rough  surface  h(x,  2) 
and  the  polarization  of  the  incident  and  scattered 
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waves  [Bahar,  1981a,  6].  The  shadow  function  P2  is 
the  probability  that  a  point  on  the  rough  surface  is 
both  illuminated  and  visible,  given  the  slopes  h(hx, 
h,),  at  the  point  [Smir/i,  1967;  Sancer,  1969].  The 
probability  density  function  for  the  slopes  h ,  and  h , 
is  p(n):  The  factor  y"(e)  that  multiplies  <a'°>  accounts 
for  the  degradation  of  the  contributions  from  the 
specular  points  due  to  the  superimposed  small-scale 
rough  surface  h, . 

Assuming  a  Gaussian  probability  density  function 
for  h, ,  <<r,®>1  is  given  by  the  sum 

<<r'5>,  -  Z  (9) 

■  •  » 

where 

ID'cl’P,(n', 

iid, 

■  PfK.  *.)  dh,  (10) 

in  which  (ftj)  is  the  mean  square  of  the  surface 
height  f>,  and  ,  and  e,  are  the  components  of  a 
(equation  (6)  in  the  local  coordinate  system  (at  each 
point  on  the  large-scale  surface)  associated  with  the 


<<r'0)„  -  4nk, 


‘I 


unit  vectors  n„  n2 ,  and  n,  (see  Figure  2).  Thus  f  can 
also  be  expressed  as 

f  -  c,ii,  +  f,n'i  +  i,dj  (II) 

where 


n,  =  (drd,)/| nxa, \  n2  ■=  n  n,  =  n,rn  (12) 


The  surface  height  k,  is  measured  perpendicular  to 
h/f  i.e.,  along  ii.  The  function  Wm(v t,  v,)/23m  is  the 
two-dimensional  Fourier  transform  of  «h,  h;>)". 


H'Je,.  p,) 
2lm 


— -I  I  <*.*;>-  exp (ir, i,  +  it',;,)  dr,  dr, 

(2a)  j 


K- itoj.  "i  -  <•»>  dv\  di) 


;  HC._  ,(!>,.  1>,)  ®  *>■,.  *,) 


(13) 


In  (13),  |r,n,  z,/ij|  is  the  distance  measured  along 
the  large-scale  surface  h,,  and  the  symbol  g>  denotes 
the  two-dimensional  convolution  of  H',.,  with  W,. 
The  two-dimensional  Fourier  transform  of  the  sur¬ 
face  height  autocorrelation  function  <Ji ,fi;>  is  equal 
to  the  spectral  density  function  Wt(vs ,  u,)/4. 
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waves  [Bahar,  1981  a,  h].  The  shadow  function  P2  is 
the  probability  that  a  point  on  the  rough  surface  is 
both  illuminated  and  visible,  given  the  slopes  n{hM, 
h,),  at  the  point  [Smith,  1967;  Sancer,  1969].  The 
probability  density  function  for  the  slopes  hM  and  h, 
is  p(h).  The  factor  that  multiplies  <n'°)  accounts 
for  the  degradation  of  the  contributions  from  the 
specular  points  due  to  the  superimposed  small-scale 
rough  surface  h,. 

Assuming  a  Gaussian  probability  density  function 
for  h, ,  is  given  by  the  sum 

<**>.  =  t  <<^°>.  19) 

■  -  t 

where 


rlD'a\!P1(hf.  h‘\n) 


«P(- 


*F>, ,  v,) 


XK.  A.)  dh,  dh,  (10) 


in  which  < h is  the  mean  square  of  the  surface 
height  h,  and  c, ,  t>, ,  and  v,  are  the  components  of  o 
(equation  (6)  in  the  local  coordinate  system  (at  each 
point  on  the  large-scale  surface)  associated  with  the 


unit  vectors  n,,  h3 ,  and  h}  (see  Figure  2).  Thus  v  can 
also  be  expressed  as 


where 


v  =  v,n,  +  Vfrij  +  r, 


(11) 


h ,  =  (itxfl,)/|  hxa,  |  n,  =  h  n,  =  h,xh  (12) 


The  surface  height  h,  is  measured  perpendicular  to 
h,,  i.e,  along  h.  The  function  Wm(v s,  vi)j22m  is  the 
two-dimensional  Fourier  transform  of 


1FJp..i>,) 

2!* 


— ^  C  <*.*;>’ 

(2a)1  J  *  *' 


exp  (fo.x,  +  it, :,)  dx,  d:t 


•F— i(p«.  »;)•»!(«,  -  v). 


l’i  —  v't)  d t‘t  dv', 


■  »'.-i(e«,  e,)®  tF,(e,,  »,) 


(13) 


In  (13),  |x4ri|  -t  i/hj)  is  the  distance  measured  along 
the  large-scale  surface  h,,  and  the  symbol® denotes 
the  two-dimensional  convolution  of  IF,.,  with  IF,. 
The  two-dimensional  Fourier  transform  of  the  sur¬ 
face  height  autocorrelation  function  <A,A'>  is  equal 
to  the  spectral  density  function  tF,(t>,,  t>,)/4. 
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The  first  term  in  (9),  reduces  to  the  first- 

order  Bragg  scattering  cross  section  for  fi  = 
4/<o  <h])  «  t,  and  a,  [Bice,  1941 ;  Barrick,  1970]. 
In  this  case  p(h,,  h _)  is  given  by  the  Dirac  delta  func¬ 
tions  d(AJd(At)  and  (10)  reduces  to  [ Bahar ,  1981a,  h] 

lF,(v„  v.)  (14) 

For  P  «  1  and  arbitrary  p(A,,  A,),  the  first  term  in  (9), 
<<t,0>„,  is  also  in  agreement  with  Valenzuela's  solu¬ 
tions  that  are  “mostly  based  on  physical  consider¬ 
ations"  [ Valenzuela ,  1968;  Valenzuela  et  at.,  1971]. 
For  small  slopes  n  s  a,  and  0  «  I,  the  first  term  in 
(3)  reduces  to  Brown's  [1978]  solution  based  on  a 
combination  of  physical  optics  and  perturbation 
theory.  Since  it  is  assumed  (on  deriving  (3)  from  the 
full  wave  solutions  for  the  scattered  fields)  that  the 
surface  h,  satisfies  the  radii  of  curvature  criteria  as 
well  as  the  condition  for  deep  phase  modulation,  it  is 
necessary  to  choose  f)  =  4A|<^/>  £  1  in  order  to 
assure  that  the  weighted  sum  of  cross  sections  (equa¬ 
tion  (3))  remains  insensitive  to  variations  in  kt,  the 
wave  number  where  spectral  splitting  is  assumed  to 
occur  [Bahar  el  at.,  1983], 

In  order  to  apply  the  full  wave  approach  to  SAR  it 
is  necessary  to  modify  the  results  presented  in  this 
section  (I)  to  account  for  the  filtering  of  the  very 


large  scale  spectral  component  of  the  rough  surface 
by  the  SAR  that  effectively  illuminates  a  relatively 
small  area  of  cell  F  of  the  rough  surface  S  and  (2)  to 
account  for  the  normal  to  a  reference  plane  associ¬ 
ated  with  the  illuminated  cell  which  is  characterized 
by  arbitrary  tilt  angles  O  and  r  in  and  perpendicular 
to  the  reference  plane  of  incidence  (see  Figure  3).  It  is 
assumed  here  that  the  lateral  dimension  of  the  cell 
illuminated  by  the  SAR  is  much  larger  than  the 
small-scale  surface  height  correlation  distance  for  the 
cell  and  that  as  the  SAR  scans  different  portions  of 
the  rough  surface  S,  the  direction  of  the  unit  vector 
normal  to  the  cell  F  fluctuates.  Our  purpose  is  to 
determine  the  “modulation"  of  the  backscalter  cross 
sections  <e,e>  (equation  (3))  as  the  tilt  angles  (of  the 
normal  to  the  cell)  in  and  perpendicular  to  the  refer¬ 
ence  plane  of  incidence  fluctuate. 

3.  SCATTERING  CROSS  SECTIONS 
FOR  ARBITRARILY  ORIENTED  RESOLUTION  CELLS 
OF  THE  ROUGH  SURFACE 

Let  x,  y,  2  be  the  reference  coordinate  system  as¬ 
sociated  with  the  surface  of  the  cell  F  that  is  illumi¬ 
nated  by  the  SAR  such  that  the  mean  surface  of  the 
cell  is  the  y  =  0  plane  (see  Figure  3).  Furthermore,  let 
X,  /,  z’  be  the  fined  coordinate  system  associated 
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with  the  large  surface  S  such  that  the  unit  vector  a  'r  is 
normal  to  the  mean  rough  surface  height  h{x',  z').  The 
unit  vector  «'  =  —rir  is  expressed  in  terms  of  the 
unit  vectors  of  the  fixed  coordinate  system  (x',  /,  z'): 

n‘  =  —  nr  m  sin  —  cos  <f0S,  (15) 

The  unit  vector  at  normal  to  the  reference  surface 
associated  with  the  cell  is  expressed  in  terms  of  the 
tilt  angles  fl  and  r  in  and  perpendicular  to  the  fixed 
plane  of  incidence,  the  x’,  /  plane.  Thus 


where 

cos  0O  =■  cos  (PJ,  +  fi)  cos  t  (19) 

The  angle  i‘F  between  the  plane  of  incidence  in  the 
fixed  coordinate  system  (x’,  /,  z')  and  the  plane  of 
incidence  in  the  coordinate  system  (x,  y,  z)  associated 
with  the  cell  is  given  by 

,,  ("‘*  a,)  (n'x  a,)  a,  a'r  -  (n*  •  a,Kii‘  ■ «;) 

COS  f  *  ct  — 

|«xd,||(i‘xd;|  |nx  o,|  \  n  x  a'r\ 


a,  *  sin  O  cos  r  +  cos  0  cos  r  aj  +  sin  t  o',  (16) 

For  convenience,  a,  and  a,,  the  unit  vectors  associ¬ 
ated  with  the  cell,  can  be  chosen  such  that  the  plane 
of  incidence  in  the  x,  y,  z  coordinate  system  is  normal 
to  the  vector  a,.  Thus 

a,  -  (li'x  o,)/|n‘x  a,  |  a, -a,x  a,  (17) 

and  the  expression  for  n1  in  the  x,  y,  z  coordinate 
system  is 

-  (li'  ■  4J4,  +  (n*  •  a,)a,  s  sin  6„i,  -  cos  0O  i,  (1  g) 


cos  (J  cos  r  -  cos  cos  0o 
sin  sin  Bc 


cos  r  sin  (00  +  fi) 
sin  0o 


(20) 


and 


(li'x  djlxfn'x  ar)  n'  (n 1  a ,  at ] 
|ii'x  4j|  |n'x  dr|  |n‘x  d,|  |n‘x  uj| 


sin  r 
sin  0, 


(21) 


For  baclcscatter  nl  ■»  —it'.  Thus  the  angle  <Pfr  be¬ 
tween  the  plane  of  scatter  in  the  fixed  coordinate 
system  (x’t  /,  z')  and  the  plane  of  scatter  in  the  coor- 
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Fig.  7.  (a)  -(rf<a*'r>jTX  and  (6)  -(d<o*'r>/dt)/<or*'>  for  fl  -  0  and  t  ■  0  as  a  function  of  0 0.  Triangle.  L,  «  300 
cm ;  octagon,  L,  *  1000  cm ;  square.  L,  -  2500  cm. 


dinate  system  associated  with  the  cell  is 

*1  -  (22) 


The  matrix  that  transforms  the  incident  vertically 
and  horizontally  polarized  waves  in  the  fixed  coordi¬ 
nate  system  to  vertically  and  horizontally  polarized 
waves  in  the  cell  coordinate  system  is  therefore 
[ Bahar ,  1981a,  b] 


n 


cos 

-sin  i‘r 


»n 

cos  t'J 


(23) 


Similarly,  the  matrix  that  transforms  the  scattered 
vertically  and  horizontally  polarized  waves  in  the  cell 
coordinate  system  back  into  the  vertically  and  hori¬ 
zontally  polarized  waves  in  the  fixed  coordinate 
system  is 


,  fco t -sin 

T{-  ,  ’  V,  (24) 

Lstn  *}  cos  +',] 

Thus  in  view  of  (22),  T{  =  Vr.  The  coefficients  D'° 
in  (8)  are  elements  of  a  2  x  2  matrix  D  given  by 

D-CST'FV  (25) 


in  which  C0"  is  the  cosine  of  the  angle  between  the 
incident  wave  normal  h1  and  the  unit  vector  n 
normal  to  the  rough  surface  of  the  cell  h^x,  z).  Thus 

CJ>‘  *  -  n 1  •  ii  =  cos  ffj;  (26) 

where  h‘  is  given  by  (18)  and  n  is  given  by  (27a)  with 
fM.  y)  =  y  -  y).  The  elements  of  the  scattering 

matrix  F  in  (25)  are  functions  of  the  unit  vectors  n', 
n!  and  n  as  well  as  the  media  of  propagation  above 
and  below  the  rough  surface  S  [Bahar,  1981a],  The 
matrix  V  transforms  the  vertically  and  horizontally 
polarized  waves  in  the  cell  coordinate  system  (d„,  a,, 
a ,)  to  vertically  and  horizontally  polarized  waves  in 
the  local  coordinate  system  that  conforms  with  the 
rough  surface,  h„  n2,  n3  (12).  Similarly,  the  matrix 
T1  transforms  the  vertically  and  horizontally  polar¬ 
ized  v  aves  in  the  local  coordinate  system  back  into 
vertically  and  horizontally  polarized  waves  in  the  cell 
coordinate  system  [Bahar,  1981a], 

To  account  for  the  arbitrary  orientation  of  the  cell, 
the  matrix  D  in  (25)  must  be  postmultiplied  by  T‘r 
and  premultiplied  by  T{.  Thus  the  elements  of  the 
matrix  D  in  (8)  must  be  replaced  by  the  elements  of 
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the  matrix  Dr  where 

Dr  *  TfDVr  (27) 

Furthermore,  in  view  of  the  effective  filtering  by  the 
SAR  of  the  very  large  scale  spectral  components  of 
the  rough  surface  /(*',  z')  =  0,  the  spectral  density 
function  for  the  rough  surface  f/x,  y)  =  0  associated 
with  the  resolution  cell  F  is  given  by 

WA°r.  »,)  -  Wo,,  *,)  kzk, 

(28) 

“  0  k<k, 

where  Wfe,,  »,)  is  the  spectral  density  function  for 
the  surface  S,/(x',  z')  =  0.  The  wave  number  It,  is 

k,  =  2 k/L,  <  k,  (29) 

where  L,  is  the  width  of  the  area  of  the  cell  illumi¬ 
nated  by  the  SAR.  Other  models  for  the  effective 
filtering  of  the  spectral  components  of  the  rough  sur¬ 
face  by  the  SAR  could  be  considered  in  this  analysis; 
however,  it  would  not  change  these  results  signifi¬ 
cantly.  The  very  large  scale  surface  consisting  of  the 
spectral  components  0  <k  <  k,  are  responsible  for 
tilting  the  resolution  cell  with  respect  to  the  mean  sea 
surface. 


Thus  on  replacing  the  spectral  density  function 
W(2a)  for  the  surface  S  by  the  spectral  density  func¬ 
tion  Wr  for  the  cell  F  (28)  and  on  replacing  the  ele¬ 
ments  O'®  of  the  matrix  D  by  the  elements  D'Q  of  the 
matrix  Dr  (27)  the  expression  (3)  can  be  used  to  de¬ 
termine  the  normalized  backscatter  cross  section  for 
an  arbitrarily  oriented  cell  F.  In  view  of  (23)  and  (24), 
the  expressions  for  these  backscatter  cross  sections 
are  explicit  functions  of  the  tilt  angles  f)  and  r.  For 
the  special  case  t  =  0  (tilt  is  in  the  plane  of  inci¬ 
dence),  the  matrices  T‘r  and  T’f  reduce  to  identity 
matrices  and 

cos  e„  -  cos  (ff0  +  fi)  (30) 

Thus  for  r  =  0 

a«U 

df2|«i*ciM 

and 

(a<o~>/«l),; -  (d<o'®>/a«'0)n.„B,1  (32) 

Therefore  to  obtain  a<«r,®>/dn  for  Cl  =  0  and  r  =  0 
it  is  sufficient  to  evaluate  (o'®)  as  a  function  of  9'0 
with  both  (1  and  r  set  equal  to  zero.  The  value  for 


(31) 

Q  ”  const 
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the  matrix  Dr  where 

D,~T{Dr,  (27) 

Furthermore,  in  view  of  the  effective  filtering  by  the 
SAR  of  the  very  large  scale  spectral  components  of 
the  rough  surface  f(x',  f)  =  0,  the  spectral  density 
function  for  the  rough  surface  f^x,  y)  =  0  associated 
with  the  resolution  cell  F  is  given  by 

r.)  -  m*,.  c.)  k  -z  k, 

(28) 

HK»*.»i>-0  k<k, 

where  W(v ,,  e,)  is  the  spectral  density  function  for 
the  surface  S,/(x',  z')  =  0.  The  wave  number  k,  is 

k.  -  2  x/L,  <  k,  (29) 

where  L,  is  the  width  of  the  area  of  the  cell  illumi¬ 
nated  by  the  SAR.  Other  models  for  the  effective 
filtering  of  the  spectral  components  of  the  rough  sur¬ 
face  by  the  SAR  could  be  considered  in  this  analysis; 
however,  it  would  not  change  these  results  signifi¬ 
cantly.  The  very  large  scale  surface  consisting  of  the 
spectral  components  0  <  k  <  k,  are  responsible  for 
tilting  the  resolution  cell  with  respect  to  the  mean  sea 
surface. 


Thus  on  replacing  the  spectral  density  function 
lV(2a)  for  the  surface  S  by  the  spectral  density  func¬ 
tion  Wf  for  the  cell  F  (28)  and  on  replacing  the  ele¬ 
ments  D'Q  of  the  matrix  D  by  tne  elements  D'Q  of  the 
matrix  Dr  (27)  the  expression  (3)  can  be  used  to  de¬ 
termine  the  normalized  backscatter  cross  section  for 
an  arbitrarily  oriented  cell  F.  In  view  of  (23)  and  (24), 
the  expressions  for  these  backscatter  cross  sections 
are  explicit  functions  of  the  'ilt  angles  fi  and  t.  For 
the  special  case  t  =  0  (tilt  is  i.i  the  plane  of  inci¬ 
dence),  the  matrices  T,  and  Tfr  reduce  to  identity 
matrices  and 

cos  60  -  cos  ((70  +  fi)  (30) 

Thus  for  r  =  0 

ao.l  ££o 

dU  C 

and 

(a<e'e>/<tt),; -  (a<<r',®>/ae-0)0.^„  (32) 

Therefore  to  obtain  d(<r'Q)/cXl  for  Q  =  0  and  t  =  0 
it  is  sufficient  to  evaluate  <e,0>  as  a  function  of  O',, 
with  both  fl  and  t  set  equal  to  zero.  The  value  for 


(31) 

n  "  ttni 
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Fig  8.  (o)  tl  and  (6)  for  Q  -  0  and  t  -  0  as  a  function  of  6Q  Triangle. 

L,  -  300  cm;  octagon,  L,  «=  1000  cm;  square,  L,  «  2500  cm. 


£<<rr°)/cr  can  either  be  evaluated  analytically,  since 
D'q  (equation  (27))  is  an  analytic  function  of  t,  or  the 
derivative  could  be  evaluated  numerically. 


[Brown,  1978]  and  V  is  the  surface  wind  speed.  The 
wavelength  for  the  electromagnetic  wave  is 

J,  -  3.0  cm  (k,  =  2n/3  -  (cm)'  ’)  (35) 


4.  ILLUSTRATIVE  EXAMPLES 


For  the  illustrative  examples  presented  in  this  sec¬ 
tion,  the  following  specific  form  of  the  surface  height 
spectral  density  function  is  selected  [Brown,  1978] 


W(o, ,  »,)  -  j  S(c, ,  ti,)  =  ^  kzk. 


(33) 


W(vt,  o,)  =  -  S(t>,,  P,)  =  0  k  >  k. 


where  W  is  the  notation  used  by  Rice  [1951]  and  S  is 
the  notation  used  by  Brown  [1978].  For  the  assumed 
isotropic  model  of  the  sea  surface 

B  *=  0.0046 

k1  m  oj  +  nf  (cm)'1  *C-I2(cm)'’ 

(34) 

k  =  (335.2  P*)-',J  (cm)"'  V  -  4.3  (m/s) 
in  which  k,  is  the  spectral  cutoff  wave  number 


The  relative  complex  dielectric  coefficient  for  the  sea 
is 


t,  ■=  48  -  »35 


(36) 


and  the  permeability  for  the  sea  is  the  same  as  for 
free  space  (/<,  =  1). 

The  mean  square  height  for  the  small  scale  surface 
h,  is  given  by 


IV(k)  B 

kikirttos- 


(37) 


The  mean  square  slope  for  the  large-scale  surface  h, 
within  the  resolution  cell  is 


<ri  -  <*l> 


■f 


ri  k!  +  K1  3  j _ i _  i  \ 

”  u  +  i  *  UJ  +  ki  +  *v 
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Fig.  8.  (continued) 


-V— _ 

4  \(kj  +  k1)2  ( kj  +  a3)3/ 

+  6  ((k3  +  A2)3  (k.1  +  A3)1)] 


and  the  physical  optics  (specular  point)  backscatter 
cross  section  is  (equation  (8))  [ Bahar .  1981a] 


see 4 


(38)  <»?>»  «  <5re  — j-5  exp 


at. 


(  tan1  0,\ 

'(-**)** 


(41) 


in  which  k,  is  given  by  (29).  The  mean  square  height 
for  the  large-scale  surface  h,  is 
r. i.  re, 

2  £k/  +  a3  R3  +  a3  +  *  ((k3  +  a3)3  (k,3  +  a3)3) 

~  T  (mTs?  ~  ikT+T3)3)]  (39) 

For  p  -  4k3<*,3>  =  1.0,  k4  =  0.201.  Thus  for  L,  ~ 
300,  1000,  and  2500  cm  (equation  (29)),  <r£  =  0.0102, 
0.0143,  and  0.0152,  respectively,  and  kj<lt?>  =  21.9, 
173,  and  357,  respectively.  The  slope  probability  den¬ 
sity  function  within  a  resolution  cell  is  assumed  to  be 
Gaussian;  thus 

t  t  1  T  h\  +  RH 

,40) 


in  which  Sro  is  the  Kronecker  delta  and  R^P  =  V , 
H )  is  the  Fresnel  reflection  coefficient  for  the  verti¬ 
cally  or  horizontally  polarized  waves  [Bahar,  1981a, 

to¬ 
rn  Figures  4a,  46,  and  4c,  (ayy),  -(d<,oyy)/dO), 
and  —{d(,oyy')/d£l)/(oyvy  are  plotted  for  Q  =  0  and 
i  =  0  as  functions  of  (T0 ,  the  angle  of  incidence  with 
respect  to  the  fixed  reference  system  (x\  y\  z’).  In 
these  figures  L,  =  300,  1000,  and  2500  cm. 

In  Figures  5a,  56,  and  5c  and  Figures  6a,  66,  and 
6c,  these  results  are  repeated  for  (<rHH)  and 
(aHy)  =  (ayH).  It  is  interesting  to  note  that  the  ef¬ 
fective  filtering  of  the  very  large  scale  spectral  com¬ 
ponents  of  the  rough  surface  (0  <  k  <  k,)  by  the  SAR 
does  not  significantly  change  the  value  of  afQ  unless 
L,  <  300  cm  (see  Figures  4a,  5a,  and  6a).  As  one  may 
expect,  the  modulation  of  the  scattering  cross  sec¬ 
tions  in  the  plane  of  incidence  \d(eyy)/dQI  is 
strongest  for  the  SAR  corresponding  to  the  nar- 
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Fig.  9.  (0)  — (rf<<r’ and  (6)  -(d<ffr',>/dT)/<ffri,>  for  fi  -  0  and  roOisi  function  of  ff0.  Triangle,  L,  =  300 
cm;  octagon,  L,  ■  1000  cm;  square,  L,  ««  2500cm. 

rowest  effective  beam  width  L,  =  300  cm  (see  Figures  n)4  and  \  vjDyv  |J  is  proportional  to  1 2  —  (n‘  •  ri)2 12  for 
4 6,  56,  and  66),  Except  for  near-normal  incidence  the  highly  conducting  surfaces,  for  large  angles  of  inci- 
relative  modulation  \d(o'Q)/dQ | is  larger  for  dence  |t).D**|1  is  more  strongly  dependent  than 
the  horizontally  polarized  waves  than  for  the  verti-  \v,hDrr\i  on  the  slopes  ((5(6,,  6,)).  The  largest  modu- 
cally  polarized  waves  (see  Figures  4c  and  5c).  This  is  lation  of  the  I  ke  polarized  cross  sections  occurs  in 
because  for  large  angles  of  incidence  ,  the  domi-  the  transition  region  where  the  contribution  to  the 
nant  term  in  the  expression  for  the  total  cross  section  cross  section  due  to  Bragg  scatter  becomes  larger 
is  (equation  (3))  < [o' corresponding  to  first-order  than  the  contribution  due  to  specular  point  scatter, 
Bragg  scatter.  Since  |t>,D'"'|2  is  proportional  to  («*•  namely  at  about  5°  (see  Figures  46  and  56).  The  de- 
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polarized  cross  section  <o,0>  (P  f  Q)  does  not  have 
a  contribution  due  to  specular  point  scatter  [ Bahar , 
1981a,  6].  There  are  two  peaks  in  the  value  of 
|d<<j™>/</Q|,  one  at  about  4°  and  the  larger  one  at 
about  13°;  however,  both  peaks  are  much  smaller 
than  the  peak  value  of  |  d<e")/dfl  |  for  P  =  V,  H 
since  the  like  polarized  cross  sections  are  much  larger 
than  the  depolarized  cross  sections. 

In  Figures  la  and  76,  (  —  d(ayy)/dt)  and 
—  (d<a1'l')/dt)/<aKK)  are  plotted  for  fl  =  0  and  r  =  0 
as  functions  of  the  angle  of  incidence  0J, .  These  re¬ 
sults  are  repeated  in  Figures  Sa  and  86  and  Figures 
9a  and  96  for  <eHH>  and  {oyH'}  =  <ijH*'>.  In  Figures 
7-9,  the  width  of  the  SAR  is  also  L,  =  300,  1000,  and 
2500  cm.  Unlike  |  d<<r">/dn  |  (P  =  V ,  H)  the  peak  in 
the  derivatives  |d<<r,,)/dt|  occurs  at  normal  inci¬ 
dence  =  0).  For  near-normal  incidence  the  depen¬ 
dence  of  on  the  angle  of  inci¬ 

dence  6'0  is  very  similar  to  that  of  \d(oyl,')/di\ 
/(,oyy').  However,  the  modulations  of  the  vertically 
and  horizontally  polarized  waves  differ  significantly 
for  near-grazing  incidence.  As  noted  above,  since 
<a*H>  is  more  sensitive  than  <eyy)  to  slope  vari¬ 
ations,  the  relative  modulation  of  the  horizontally 
polarized  backscatter  cross  sections  (a"")  is  signifi¬ 
cantly  larger  than  the  relative  modulation  of  (ayy). 
The  physical  optics  contribution  to  the  depolarized 
backscatter  cross  section  is  zero,  and  the  derivative 
|d<y'H>/<ft|  peaks  at  about  10°  rather  than  at 
normal  incidence  as  in  the  case  of  the  like-polarized 
backscatter  cross  sections.  The  relative  modulation  of 
the  depolarized  cross  section  \d(oyl,)/di  \/(oyH)  in¬ 
creases  rapidly  near  normal  incidence  and  remains 
practically  constant  for  large  angle  of  incidence  d'o  ■ 

5.  CONCLUDING  REMARKS 

The  full  wave  approach  is  used  to  determine  the 
scattering  cross  sections  for  arbitrarily  oriented  reso¬ 
lution  cells  on  random  rough  surfaces  illuminated  by 
synthetic  aperture  radars.  The  purpose  of  this  analy¬ 
sis  is  to  determine  the  modulation  of  the  like  and 
cross  polarized  scattering  cross  sections  as  the 
normal  to  the  cells  tilt  in  and  perpendicular  to  the 
plane  of  incidence.  The  full  wave  approach  accounts 
for  shadowing  and  both  specular  point  scattering  as 
well  as  Bragg  scattering  in  a  self-consistent  manner. 
Thus  the  scattering  cross  sections  are  expressed  as 
weighted  sums  of  two  cross  sections.  The  first  cross 
section  is  associated  with  the  filtered  surface  consis¬ 
ting  of  the  large-scale  spectral  components  of  the 
rough  surface.  The  second  cross  section  is  associated 


with  the  surface  consisting  of  the  small-scale  spectral 
components.  It  can  be  shown  that  if  the  large-scale 
spectral  components  of  the  surface  of  the  cell  are 
neglected,  the  second  cross  section  accounts  for  first- 
order  Bragg  scattering  and  the  results  are  in  agree¬ 
ment  with  earlier  published  results  [Alpers  et  at., 
1981],  However,  for  typical  terrain  or  sea  surfaces, 
the  large-scale  spectral  components  are  not  negligi¬ 
ble. 

By  using  the  full  wave  analysis,  the  modulation  of 
the  like-polarized  and  cross-polarized  cross  sections 
can  be  determined  for  all  angles  of  incidence  and  tilt 
angles.  On  the  other  hand,  first-order  Bragg  scatter 
theory  does  not  account  for  backscattering  near 
normal  to  the  surface  of  the  cell  [A/pers  et  a/„  1981], 
The  results  based  on  the  two-scale  model  indicate 
that  the  relative  modulation  of  the  like-polarized 
backscatter  cross  section  is  maximum  for  angles  of 
incidence  between  10°  and  15°  (depending  on  polar¬ 
ization  and  effective  width  of  the  resolution  cell  Lt) 
The  analyses  based  on  first-order  Bragg  scatter  do 
not  provide  these  results.  It  is  also  shown  that  as  the 
angle  of  incidence  approaches  zero,  the  modulation 
of  the  scattering  cross  sections  in  and  perpendicular 
to  the  plane  of  incidence  becomes  comparable. 

When  the  normal  to  the  cell  is  tilted  in  the  direc¬ 
tion  normal  to  the  plane  of  incidence  (t  f  0),  the  full 
wave  analysis  not  only  accounts  for  the  change  in  the 
local  angle  of  incidence  0‘o  (equation  (19)),  but  also 
takes  into  account  the  fact  that  the  local  planes  of 
incidence  (or  scatter)  are  not  parallel  to  the  reference 
planes  of  incidence  (or  scatter),  namely,  t/rj.  = 

-  £  0  (equations  (20)-(22)).  Since  Alpers  et  ul. 

[1981]  do  not  account  for  the  effects  of  the  large- 
scale  spectral  components  of  the  surface  within  the 
resolution  cell  the  results  presented  here  for  the  mod¬ 
ulation  of  the  like-polarized  scattering  cross  sections 
near  normal  incidence  are  significantly  different  from 
those  given  by  Alpers  et  al.  The  cross-polarized  back- 
scattering  cross  sections  based  on  the  first-order 
Bragg  scattering  theory  used  by  Alpers  et  al.  [1981] 
are  not  published. 
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Backscatter  cross  sections  for  randomly  oriented  metallic 
flakes  at  optical  frequencies:  full  wave  approach 

Ezekiel  Bahar  and  Mary  Ann  Rtzwater 


The  backscatter  cross  sections  for  randomly  oriented  metallic  Hakes  are  derived  using  the  full  wave  ap¬ 
proach.  The  metallic  flakes  are  characterized  by  their  surface  height  spectral  density  function.  Both  spec¬ 
ular  point  and  Bragg  scattering  at  optical  frequencies  are  accounted  for  in  a  self-consistent  manner.  It  is 
shown  that  the  average  normalized  backscatter  cross  sections  (per  unit  volume)  for  the  randomly  oriented 
metallic  Hakes  are  larger  than  that  of  metallic  spheres. 


I.  Introduction 

The  purpose  of  this  investigation  is  to  determine  the 
average  normalized  backscatter  cross  sections  for  ran¬ 
domly  oriented  metallic  flakes.  The  irregular-shaped 
flake  is  characterized  by  its  surface  height  spectral 
density  function,  and  its  lateral  dimension  is  assumed 
to  be  larger  than  both  the  wavelength  of  the  incident 
electromagnetic  field  and  the  correlation  distance  of  the 
random  rough  surface.  Thus,  scattering  by  the  edges 
of  the  metallic  flakes  is  ignored.1 

The  full  wave  approach  which  accounts  for  both 
specular  point  scattering  and  Bragg  scattering  in  a 
self-consistent  manner  is  used  to  express  the  total  cross 
section  of  the  flake  as  a  weighted  sum  of  two  cross  sec¬ 
tions  (see  Sec.  II).  The  first  is  associated  with  the 
large-scale  spectral  components  of  the  surface  of  the 
flakes,  and  the  second  is  associated  with  its  small-scale 
spectral  components.  The  unit  vector  normal  to  the 
mean  surface  of  the  flake  is  characterized  by  the  polar 
angle  6F  and  azimuth  angle  <pF  (see  Sec.  III).  Through 
a  suitable  choice  of  the  coordinate  system,  the  average 
with  respect  to  the  azimuth  angle  <t>F  is  evaluated  ana¬ 
lytically,  while  the  average  over  the  polar  angle  Bf  is 
evaluated  numerically  (see  illustrative  examples  Sec. 
IV).  It  is  shown  that  the  average  backscatter  cross 
section/unit  volume  for  the  arbitrarily  oriented  metallic 
flakes  considered  is  larger  than  that  for  metallic  spheres. 
In  Sec.  IV  the  cross  section  of  the  metallic  flake  is  also 
compared  with  the  cross  sections  of  similar  flakes 
characterized  by  either  small-scale  or  large-scale 
roughness. 
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II.  Formulation  of  the  Problem 

To  determine  the  scattering  cross  section  for  arbi¬ 
trarily  oriented  metallic  flakes  at  optical  frequencies, 
it  is  convenient  to  use  a-two-scale  model  of  the  rough 
surface  of  the  flakes.  Thus,  r,,  the  position  vector  to 
a  point  on  the  surface  of  the  flake,  is  expressed  as  follows 
(see  Fig.  1) 

F,  *  Till  fru)  +  EH,.  (1) 

In  Eq.  (1),  y  =  h,(x,z)  is  the  equation  of  the  surface 
consisting  of  the  large-scale  spectral  components,  and 
h,  is  the  height  of  the  small-scale  surface  measured  in 
the  direction  of  the  normal  (n)  to  the  large-scale  surface. 
It  is  assumed  that  the  lateral  dimensions  of  the  flake  LF 
are  much  larger  than  both  the  wavelength  of  the  elec 
tromagnetic  waves  and  the  correlation  distance  of  the 
random  rough  surface  h,  [Eq.  (1)].  For  a  homogeneous 
isotropic  surface  height,  the  spectral  density  function--4 
is  the  Fourier  transform  of  the  surface  height  autocor¬ 
relation  function  (h(x,z)h'(x'j')) 

<Wi')  eip(iv,xg  +  Iv,zrf)brd(/zd,  (2) 

where  the  symbol  (•)  implies  statistical  average,  and 
(hh')  is  a  function  of  | ( : 

Tj  “  (x  -  x’)I,  +  (z  -  z')S,  -  Ija,  +  zja,  (3) 

The  surface  hi  is  assumed  to  consist  of  the  spectral 
components 

kF  <  k  «  (t,;  +  <  kF,  (4) 

where  hF  ’  2-w/Lp  is  the  smallest  wave  number  char¬ 
acterizing  the  surface  of  the  flake,  and  kd  is  the  wave 
number  where  spectral  splitting  (between  the  large-  and 
small-scale  surface)  is  assumed  to  occur.  The  surface 
h,  consists  of  the  small-scale  spectral  components 

k„  <*  -  (u,f  +  ti?)l/J  <  *„  (5) 
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Fig.  1.  Plane  of  incidence,  scattering  plane,  and  reference  (*,*) 
plane. 

where  kc,  the  spectral  cutoff  wave  number5  is  the  largest 
wave  number  characterizing  the  flake. 

The  full  wave  approach,  which  accounts  for  both 
specular  point  scattering  as  well  as  Bragg  scattering  in 
a  self-consistent  manner,  is  used  in  this  work  to  deter¬ 
mine  the  scattering  cross  section  of  the  composite  model 
of  an  arbitrarily  oriented  flake.6  Thus,  the  total  nor¬ 
malized  scattering  cross  section/unit  area  (<r«?>  is  ex¬ 
pressed  as  a  weighted  sum  of  two  cross  sections 

<««*)  -  <<r«'),+  <»«')„  (6) 

in  which  (<rf><?)J  is  the  cross  section  associated  with  the 
large-scale  filtered  surface  hi,  and  the  cross  section 
(aPC>),  is  associated  with  the  small-scale  surface  h,  that 
rides  on  the  large-scale  surface  h/.  The  first  superscript 
P  corresponds  to  the  polarization  of  the  scattered  wave, 
while  the  second  superscript  Q  corresponds  to  the  po¬ 
larization  of  the  incident  wave. 

On  deriving  the  full  wave  solution  it  is  implicitly  as¬ 
sumed  that  the  wave  number  where  spectral  splitting 
occurs,  kj,  is  chosen  so  that  the  large-scale  surface  ht 
satisfies  the  radii  of  curvature  criteria  (associated  with 
the  Kirchhoff  approximations  of  the  surface  fields)  and 
the  condition  for  deep-phase  modulation.  The  scat¬ 
tering  cross  section  is  given  by7-8 

(<rWJ)l«lx’(v-51)|!(<rC,>  (7) 

in  which  x'  is  the  characteristic  function  for  the 
small-scale  surface 

X'(v*5,)  *  X*G)  “  texpivfi,),  (8) 

e  »  \J  -  £'  -  *o(5/  -  S‘)  u  - |v|.  (9) 

The  unit  vectors  n‘  and  n1  are  in  the  directions  of  the 
incident  and  scattered  waves,  and  kB  =  w(Pofo),ft  is  the 
free-space  wave  number  for  the  electromagnetic  waves 
(po  and  co  are  the  free-space  permittivity  and  perme¬ 
ability).  An  exp(rwt)  time  dependence  is  assumed  in 
this  work.  The  vector  5,  is  the  value  of  the  unit  vector 
5  normal  to  the  surface  h(xj)  at  the  specular  points. 
Thus, 


n  -  ty/|v/|  -  +  »,  -  h,  +  l  + 

£  siny  cos6a,  +  cosyi*  +  sin"r  sin^a, ,  (10) 

where 

/  *>•  - h(xj),h,  *  Sh/dx,ht  “  dh/dc,  (111 

n,  =  v/v.  (12 

The  expression  for  the  physical  optics  cross  sectioi 
( o £®)  for  the  surface  h/  is 

(<rC*)  Z~|  /Mnt.n'|n)p(6)J^  .  (13, 

in  which  DpQ  depends  on  the  polarization  of  the  inci¬ 
dent  and  scattered  waves,  the  unit  vectors  n‘,  nf,  and 
n  and  the  relative  complex  permittivities  and  permea¬ 
bilities  of  the  flake.  The  shadow  function  P 2  is  the 
probability  that  a  point  on  the  rough  surface  is  both  il¬ 
luminated  by  the  source  and  visible  to  the  observer 
given  the  slopes  n(h,  Ji, )  at  the  point.910  The  function 
p(n)  is  the  probability  density  of  the  slopes  hx  and  h,. 
The  coefficient  |x‘|2  that  multiples  (oP0)  is  a 
weighting  function  that  accounts  for  the  degradation 
of  the  specular  point  scattering  cross  seetjon  due  to  the 
superimposed  small-scale  rough  surface  ht. 8  Thus,  as 
h,  -*  0,  | X* | 2  *  1. 

The  scattering  cross  section  (aPQ)s  for  the  Gaussian 
surface  h,  that  rides  the  large-scale  surface  ht  is  given 
by  the  sum6 

(o'"®),  =  i  <0r®U.  (14a) 

m  -  1 

where 

J  n  •  a> 

X  exp  j-v|((i))j  j-^-J  — ^  plh,,ht)dh,dh , 

(Hb) 

In  Eq.  (14)  (h])  is  the  mean  square  of  the  surface  height 
h,,  and  oj,  try,  and  o;  are  the  components  of  v  [Eq.  (9)1 
in  the  local  coordinate  system  associated  with  the  unit 
vectors  ffj,  K2,  and  S3  (at  each  point  on  the  large-scale 
surface  hi,  see  Fig.  2).  Thus,  v  is  also  expressed  as 


Fig.  2.  Local  plane  of  incidence  and  scatter  and  local  coordinate 
system  with  unit  vectors  5|, 03.03- 
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v  =  vj  d  j  +  uy  02  +  Vi  n3. 


(15) 


where 

E,  *  (5  X  S,)/|E  X  5.1.52  ■  5,53  -  B|  X  B.  (16) 

The  function  Wrn(oi,ui)/22m  is  the  2-D  Fourier  trans¬ 
form  of  ( h,h  ',)m : 


5,  *  (S'  X  I,  )/|  n *  X  |  and  i.  r  i,  X  5,  (20) 

The  expression  for  n1  in  the  flake  coordinate  system  is, 
therefore, 

E‘  .  (E‘  •  a,)5,  +  (E1  •  i,)iy  ”  sindia,  -  cos 6'oi,.  (21) 

where 


W'm<or.ei)  1 


= - -  C  {h,h,} m  cxpinyi.  +  iuiz^diddzj 

(2a)2  J 

-  C  W,*-i(ei,i'i)W'i<0i  -  -  vildvjdih 

22m  J 


-  ^  H'„-,(oj«)  »  H'i(l>i,oi).  (17) 

In  Eq.  (17)  the  symbol  ®  denotes  the  2-D  convolution 
of  Wm~ i  with  W j.  Thesurface  height  h,  is  measured 
normal  to  the  surface y  =  hi,  and  | x 4 n  1  +  ?dn3|  is  the 
distance  measured  along  the  large-scale  surface  hi-  The 
2-D  Fourier  transforms  of  the  surface  height  autocor¬ 
relation  function  (h,h,)  is  equal  to  the  spectral  density 
function  Wi(ui,ui)/4.  When  the  parameter  4fcJ  (hj) 
=  /3  «  1  and  5  ^  ay,  the  first  term  in  (14)  accounts  for 
first-order  Bragg  scattering,  and  the  higher-order  terms 
m  >  2  may  be  neglected.  In  this  case,  the  full  wave 
solution  Eq.  (14)  is  in  agreement  with  Brown’s  solution5 
based  on  a  combination  of  physical  optics  and  pertur¬ 
bation  theory.  However,  since  it  is  assumed  using  the 
full  wave  approach  that  the  condition  for  deep-phase 
modulation  is  satisfied,  it  is  necessary  to  choose  j8  = 
4fco(h?)  -  1.  Since  fewer  terms  in  Eq.  (14)  need  to  be 
evaluated  for  smaller  values  of  /3,  in  this  work  the  value 
assumed  for  j3  is  1.0. 

While  the  perturbed-physical  optics  solutions5’1112 
for  the  cross  sections  critically  depend  on  the  choice  of 
kj  (the  wave  number  where  spectra  splitting  is  assumed 
to  occur),  the  full  wave  approach  is  insensitive  to  vari¬ 
ations  in  kd  for  /3  >  1.® 

Since  the  metallic  flakes  are  randomly  oriented  with 
respect  to  the  fixed  observer,  in  Sec.  Ill  the  analytical 
results  presented  are  modified  to  account  for  arbitrary 
orientation  of  the  normal  to  the  mean  surface  of  the 
flake. 


III.  Scattering  Cross  Sections  lor  Arbitrarily  Oriented 
Metallic  Flakes 

Let  x',y',z'  be  a  fixed  reference  coordinate  system, 
and  let  idv  be  a  rotated  coordinated  system  so  tliat  the 
unit  vector  5y  is  normal  to  the  mean  surface  of  the  flake 
(y  =  0)  (see  Fig.  3).  For  backscatter  it  is  convenient  to 
choose  the  unit  vectors  =  -n1  so  that 

5/  -  -H'  -  sr  (18) 

The  unit  vector  ay  norma!  to  the  mean  surface  of  the 
flake  can  be  expressed  as  follows  in  terms  of  the  fixed 
reference  coordinate  system 

a,  -  sin1?;  cosO/a,  +  cosdra.  +  aindy  »ineyij.  (19) 

For  convenience  the  two  orthogonal  unit  vectors  a,  and 
at  in  the  mean  plane  of  the  flake  are  chosen  so  that  the 
plane  of  incidence  in  the  flake  coordinate  system  is  the 
r  j  plane  (normal  to  a, ).  Thus, 


cosflo  =  -5*  -  a.  *  cosdr.  (22) 

The  angle  \ p‘t  between  the  reference  plane  of  incidence 
(normal  to  a  j  in  the  fixed  coordinate  system),  and  the 
plane  of  incidence  in  the  flake  coordinate  system  (nor¬ 
mal  to  n1  X  5y)  is 


■  •  (5‘  X  a, )  _  -|a)a'ay|  _  »,  ■  i, 
|5‘  X  ay|  |B'Xi,|  |5'X5y| 


■  cos  0r,  (23) 


.  , ,  a)  X  (S'  X  a.)  •  n' 

•■n Vr  “  — — rr - “  sin<t>F.  (24) 

|n'  X  a.  | 

Since  fif  =  -n‘  for  backscatter,  the  angle  between 
the  plane  of  scatter  in  the  fixed  (x',y ',z')  coordinate 
system  and  the  plane  of  scatter  in  the  flake  coordinate 
system  (x  yj)  is 

Vr  -  -i^f.  (25) 

Thus,  the  matrix  that  transforms  the  vertically  and 
horizontally  polarized  incident  waves  of  the  fixed 
coordinate  system  to  the  vertically  and  horizontally 
polarized  incident  waves  of  the  flake  coordinate  system 
is7-8 

[  cos^y  sin^-yl 

7>  -  .  '  ,  •  (26) 

1  —sit cos 


Fig  3  Randomly  oriented  flake. 
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Similarly,  the  matrix  that  transforms  the  vertically  and  uniformly  distributed  in  the  interval  (0,2rr  J  the  back- 
horizontally  polarized  scattered  waves  in  the  flake  scatter  cross  section  for  an  ensemble  of  randomly  lo- 

coordinate  system  back  into  vertically  and  horizontally  cated  flakes  is  given  by  the  sum  of  the  individual 

polarized  scattered  waves  of  the  fixed  coordinate  system  backscatter  cross  sections.1  Thus,  accounting  for  the 
is  random  orientation  of  each  individual  flake,  the  average 

(cMiti-  -tin-l'A  backscatter  cross  section  of  a  single  scatterer  in  the 

<27>  ensem»>le  of  flakes  is 


Thus,  in  view  of  Eq.  (25)  for  backscatter, 

Ti  -  T>  (28) 

The  coefficients  DpQ  in  Eq.  (14)  are  elements  of  the  2 
X  2  matrix  D  given  by7,8 

D  -  C'fTIFT’,  (29) 

in  which  C'0"  is  the  cosine  of  the  angle  between  the  in¬ 
cident  wave  norma)  n‘  [Eq.  (21)]  and  the  unit  vector  E 
normal  to  the  rough  surface  of  the  flake  [Eq.  (10)]. 
Thus, 


Co  *  -n‘  •  n  *  COS7  cos 8p  —  *1117  sin#/-  cos<5.  (30) 

The  elements  FpQ  of  the  scattering  matrix  F  in  Eq.  (29) 
are  functions  of  the  unit  vectors  n',n^ ,n  and  the  relative 
permittivity  and  permeability  of  the  flakes.7  The 
matrix  T1  transforms  the  vertically  and  horizontally 
polarized  incident  waves  of  the  x,y,z  coordinate  system 
to  vertically  and  horizontally  polarized  waves  of  the 
local  coordinate  system  (Ei.E^Sa)  associated  with  the 
rough  surface  of  the  flake  [Eq.  (16)].  Similarly,  the 
matrix  Tf  transforms  the  vertically  and  horizontally 
polarized  scattered  waves  of  the  local  coordinate  system 
back  into  vertically  and  horizontally  polarized  waves  of 
the  x,y,z  coordinate  system.7*8 
To  account  for  the  arbitrary  orientation  of  the  flake 
with  respect  to  the  fixed  (x'yy)  coordinate  system 
[Eq.  (29)]  must  be  postmultiplied  by  T'y  and  premul¬ 
tiplied  by  Tf.  Therefore,  in  the  expressions  for  the 
scattering  cross  sections  [Eq.  (6)],  the  elements  of  matrix 
D  must  be  replaced  by  the  elements  of  matrix  Dy  given 
by 


(e7*®)  m  C  C  {opQ)p{&r,<t>r)d4>rdQF 
Jo  Jo 


*  ("  ’n  {•n>)oPWr)dtr,  (37) 

Jo 

in  which  it  is  assumed  that  the  unit  vector  normal  to  thi 
mean  surface  of  the  flake  is  uniformly  directed  in  th< 
half-space  0  <6p<  tt/2,  0  <  fo  <  2ir  and 


p(6f,4>r)  - 


sin  p{Bf) 
2*  =  ~~2t 


(38) 


Since  (rrp®>  is  dependent  on  <t>f  only  through  the  sines 
and  cosines  of  the  angles  (i p‘  +  tj>F)  [Eq.  (36)],  it  is  con¬ 
venient  to  evaluate  the  average  of  (<?pb)  with  respect 
to  the  angle  4>y  analytically  by  first  evaluating  the  av¬ 
erage  of  |DP<}|2  with  respect  to  <t>F  Thus,  for  P  * 

Q, 


C'lDpl’dtr  fS-Cf5}.|yvv 

2T  oSO  2 JT  w/O 

+  FHH\‘1ddF 

!!|fVV  +  fmr|t,  (39) 

and  for  P=  V,H 

//'  \DP\V*r  -  (Cf]Pvv| 7 

+  Sf|F"M|2  -  2CfSf  Ro{F'vvFHH')\ddr 

-  >A(Cb">!|3|Fvl'P  +  3|F'<«|7  -  2  Ro(FvvFHH')\ 

-  %(Cb")7(4|Fvv|2  +  4|F»»|2  -  |FVV+  f«k\*),  (40 

in  which  the  symbol  *  denotes  the  complex  conju¬ 
gate. 


Dr  -  TJ-DTy  -  Ci’Tj-T'FT'T/- 

*  Cj,"TVFTr,  (31) 

where 

TV  a  T'T'  -  f  +  *rl  +  4f)j  t  [  Cr  Srj 

'  |-sin(4‘  +  «fl  co»(4'  +  Ml  |-Sr  Crl 

(32) 

In  Eq.  (32) 

cost)'  ■  (cosy  sinfff  +  tiny  cosSj-  cosi)/Sb".  (33) 

sin^' •  siny  sinJ/Sy,  (34) 

where 

Si"  -  |l  -  (Ci-)S]'«  (35) 

For  backscatter  TV  =  TV  ar.d  FVH  =  FHV  =  0,  thus, 

n  -c-l  <*FVV-SVMM  CtSt{Fvv  + 

F  *  \-CtSt<Fvv  +  FHH)  C\FHt1  -5jFvv  ]' 


Neglecting  multiple  scatter  and  assuming  that  the  phase  Fig.  4.  (»»"),  -  (v™),  for  the  composite  surface  h  as  a  function 
of  the  scattered  signals  from  the  individual  flakes  are  of 
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The  expressions  for  Fvv  and  FHH  are  complicated 
functions  of  Bp.  Thus,  the  integrals  with  respect  to  8f 
are  not  evaluated  analytically.  Instead,  (opQ)e  [Eq. 
(37)],  is  evaluated  numerically  using  Eq.  (14)  with 
|3J«l 2  (P,Q  =  V,H)  replaced  by  2  [Eqs.  (39)  and 
(49)].  To  obtain  the  ensemble  average  for  the  scattering 
cross  sections  (op®)  |Eq.  (37)],  the  result  from  the 
previous  integration  (cr pP)t  is  multiplied  by  p(8p)  - 
sin  Bp  and  integrated  with  respect  to  Bp.  Thus, 
.  summing  up,  the  integral  (37)  is  performed  analytically 
with  respect  to  <t>p  and  numerically  with  respect  to  Bp. 
The  integrations  with  respect  to  [Eq,  (14)]  are  also 
performed  numerically. 

IV.  Illustrative  Examples 

The  specific  form  of  the  surface  height  spectral  den¬ 
sity  function  [Eq.  (2)]  selected  for  the  illustrative  ex¬ 
amples  presented  in  this  section  is 


—  B/k4,  kp<k<kc 

r 

0,  k  >  kr  and  k  <  kp, 


in  which 


A2  ■  ui  +  u}  (cm)*2  | 

hr  -  ir H.r  ami  I-r  =  0.002  cm  j  (42) 

A,  «  0.45  X  10s  cm*1  ) 

[For  naturally  generated  surfaces,  W  can  be  approxi¬ 
mated  by  k~n,  where  n  is  between  3  and  4.4]  The 
wavelength  of  the  electromagnetic  wave  is 


Ao  *  0.555  X  to**  cm 


,  Ao 


132  X  105  cm*'  •  (43) 


The  relative  complex  dielectric  coefficient  for  the  alu¬ 
minum  flakes  at  the  assumed  optical  frequency  is13 

c,«  -40-112,  (44) 

and  the  permeability  of  the  flake  is  assumed  to  be  that 
of  free  space  (p,  =  1). 

_  The  mean  square  height  for  the  small-scale  surface 
h,(kd  <k  S  kc)  is  given  by 


<«>.«  r 

Jo  Jkd  4 


“iLVi^0l95xl~'i  (45) 

since  in  this  work  |S  =  4k2(RJ)  =  1.0.  The  wave  number 
where  spectral  splitting  (between  the  small  and  large 
roughness  scales)  is  assumed  to  occur  is 

*4  -  |2BA3A2/(A2  +  2BAJ)]'«  -  0.202  X  10s  (cm)*'.  (46) 

For  Gaussian  surface  heights, 

lx‘(vr)P  *  e»p(-o£<SJ),ind  X'<«)  “  (47) 

The  mean  square  height  for  the  large-scale  surface  hi 


-  0.791  X  !0*8  cm2.  (48) 

Thus,  k%  (hf)  »  1  and  the  physical  optics  treatment  of 
scattering  by  the  large  scale  structure  is  justified.  The 
total  mean  square  slope  of  the  large-scale  surface  h/ 
is 

4 -(AH),  r 

Jo  Jhf  4 

-  B  In  f— 1  =  0,298  X  10*1.  (49) 


The  slope  probability  density  is  assumed  to  be  Gauss¬ 
ian,  thus. 


...  l  AJ  +  A?>\ 


In  Figs.  4  through  8,  the  baekscatter  cross  section 
<  a  PQ )  i  averaged  over  the  range  of  the  azimuth  angle  <t>p 
is  plotted  as  a  function  of  the  polar  angle  Bp  (see  Fig.  3). 
This  is  formally  given  by 

<„«?),  =  -!  C2’  (51) 

2t  Jo 

However,  in  Sec.  IV  it  is  shown  that  Eq.  (51)  can  be 
evaluated  directly  on  replacing  |DpQ|2  jn  Eq  (14)  by 
its  average  value  | Dp 8 1 2  [Eqs.  (39)  and  (40)]. 

In  Fig.  4,  (app),  (P  =  V,H)  is  plotted  as  a  function 
of  Bp  for  the  composite  surface  characterized  by  the 
spectral  density  function  [Eq.  (41)).  This  cross  section 
includes  the  effects  of  both  the  small  and  large  rough¬ 
ness  scales  of  the  surface  of  the  flake.  Thus,  it  takes 
into  account  both  specular  point  scattering  and  Bragg 
scattering.  In  view  of  Eq.  (40),  the  average  cross  section 
is  the  same  for  vertically  and  horizontally  polarized 
waves.  The  average  cross  section  of  a  single  scatterer 
in  the  ensemble  of  randomly  oriented  flakes  is  (opp) 
=  0.77  [Eq.  (37)].  For  a  conducting  sphere  of  radius  ap, 
the  normalized  cross  section  is  0.92  provided  that  k0 ap 
»  1  and  cr  is  given  by  Eq.  (44). 

In  Fig.  5,  (opp)t  (P  =  V,H)  is  plotted  as  a  function 


Fig.  5.  (aWH) #  *  {ovv)r  for  (he  large-scale  filtered  surface  hi  as 
a  function  of  Or- 
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Fig-6.  {cvv)9  forth*  snu))-«c>lt  surface  1),  asa  function 

of#,. 


of#,. 


of  By  for  the  large-scale  filtered  surface  only  (hy  S  k  < 
kd).  Thus,  only  specular  point  scattering  is  considered 
here.  In  this  case  {apr}  =  0.47.  In  Fig.  6,  (P 

=  VVf )  is  plotted  as  a  function  of  By  for  the  small-scale 
surface  only  (kd  <  k  <  kc).  Since  of,  -*  0  for  this  case, 
to  evaluate  (o^),  using  Eq.  (14),  p{hx,hx)  is  set  equal 
to  the  product  of  the  Dirac  delta  functions  b (hx  )b(hx ). 
Thus, 


and  the  leading  term  in  the  sum  (orQ),  (i.e.,  m  =  1) 
reduces  to  the  first-order  Bragg  scattering  cross  section. 
For  this  case,  (ot‘p),  =  0.5.  The  corresponding  co¬ 
herent  scattering  term  for  a  smooth  flat  flake3  is  (crpp> 
=  0.32.  A  flake  with  a  two-scale  roughness  has,  on  the 
average,  a  larger  backscatter  cross  section  than  a  c or- 
respondingflake  with  no  small-scale  roughness.  Since, 
for  the  randomly  oriented  flakes,  ( a  !'F )  =  0.77,  their 
backscatter  cross  sections  are  on  the  average  smaller 
than  the  cross  sections  for  spheres  with  a  cross-sectional 
area  ray  =  L }  (( opp)  =  0.92).  However,  considering 
the  fact  that  a  volume  of  nine  flakes  each  of  thickness 
d  Ly/ 12  is  approximately  equal  to  the  volume  of  a 
sphere  of  radius  ay,  for  a  given  volume  of  particles  the 
backscatter  cross  section  for  the  flakes  is  7.5  times  larger 
than  the  cross  section  for  the  spheres.  In  Fig.  7  the 
cross-polarized  backscatter  cross  section  (averaged  over 
8y)(aVH)t  =(aHV)t  is  plotted  as  a  function  of  By.  The 
value  of  (o  v")  (0.522  X  1 0~2)  is  significantly  smaller 
than  the  average  backscatter  cross  sections  for  the  like 
polarized  case  (oPF).  In  Fig.  8,  ( op<i)e  (.P  *  Q I  is 
plotted  as  a  function  of  By  for  the  small-scale  surface 
only  (kd  <  k  <  kc)  [Eq.  (52)].  At  near-normal  incidence 
the  cross  section  is  very  small  since  |D VH ] |  is 

very  small  for  backscatter  when  By  «  1.  Furthermore, 
since  W\  =  0  for  k  <  kd ,  therefore,  ( <r  VH ),  i  -*  0  for  By 
-*•  0.  For  grazing  angles,  higher-order  Bragg  terms 
become  very  small  and  ( o  VH)S  (oVH). i  in  Eo.  (14). 
For  the  flake  with  the  small-scale  roughness,  (opH  )  = 
0.52  X  10"2. 

V.  Concluding  Remarks 

The  average  normalized  backscatter  cross  sections 
for  arbitrarily  oriented  metallic  flakes  are  derived  using 
the  full  wave  approach.  Thus,  the  total  l  -.scatter 
cross  section  is  expressed  as  a  weighted  sum  of  two  cross 
sections.  The  first  is  associated  with  the  filtered  surface 
consisting  of  the  large-scale  spectral  components  of  the 
composite  rough  surface,  while  the  second  is  associated 
with  the  surface  consisting  of  its  small-scale  spectral 
components  that  ride  on  the  large-scale  surface. 14  ,6 
These  backscatter  cross  sections  are  compared  with 
those  of  similar  flakes  having  either  a  large-  or  a  small- 
scale  surface  roughness. 

It  is  shown  that  the  average  normalized  backscatter 
cross  section  (per  unit  volume)  for  the  flake  with  the 
composite  surface  is  larger  than  the  backscatter  cross 
sections  for  metallic  spheres. 


X  rip(  -  '7  <  k ;  - 


.fj  )| 


(52) 
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)  ABSTRACT 

I  1 

|  The  full  vave  approach  recently  applied  to  the  problem  of  -electromagnetic  scattering  by  a  two  sc*. 

'model  of  random  rough  surfaces  has  been  shown  to  account  for  both  Bragg  scattering  and  Specular  Feint 

*  ,  I 

scattering  in  a  self-consistent  manner.  Thus  scattering  cross  sections  can  be  expressed  as  weighted  sum; 
I  • 

|of  two  cross  sections.  The  first  Is  associated  with  a  smooth,  filtered  surface  consisting  of  the  large 

iscale  spectral  components  of  the  rough  surface  and  the  second  is  associated  with  Its  small  scale 

j spectral  components,  I 

i  ! 

|  In  a  similar  manner  the  scattering  cross  sections  for  a  particle  of  Irregular  shape  can  be  charac- 

i 

.terlzed  by  weighted  sums  of  two  cross  sections.  The  first  is  related  to  the  cross  section  for  a  "smooth'* 

j  i 

‘particle  of  arbitrary  Shape  and  the  second  accounts  for  the  small  scale  surface  roughness  of  the  parti  -t- 
;To  apply  such  sn  approach  to  the  scattering  problem,  it  Is  necessary  to  assume  that  the  principal  dimen¬ 
sions  of  the  particle  are  larger  than  both  the  wavelength  of  the  scattered  fields  and  the  small  scale 
•surface  height  correlation  distance.  ! 

*|  I 

j  Both  the  depolarized  and  like  polarized  components  of  the  scattered  fields  are  accounted  for  in 
the  full  vave  analysis.  These  solutions  are  consistent  with  reciprocity  and  realizability  relationships 

;in  electromagnetic  theory  and  they  are  invariant  to  coordinate  transformations. 

J 

1.  Introduction 

The  purpose  of  this  investigation  is  to  determine  the. average  normalized  backscatter  cross  sectio  n 

;for  randomly  oriented  metallic  flakes.  The  irregular  shaped  flake  la  characterized  by  its  surface  helgV 

•spectral  density  function  and  its  lateral  dimension  is  assumed  to  be  larger  than  both  the  wavelength  o 
1 

!the  incident  electromagnetic  field  and  the  correlation  distance  of  the  rough  surface. 

I  The  full  vave  approach  which  accounts  for  both  specular  point  scattering  and  Bragg  scattering  in  a 
r  : 

self-consistent  manner  is  used  to  express  the  totsl  cross  section  of  the  flake  as  a  weighted  sum  of  two 

j  ? 

5cross  sections  (see  Section  2).  The  first  is  associated  with  the  large  scale  spectral  components  of  the 


Jaurface  of  the  flakes  and  the  second  is  associated  vith  its  small  scale  spectral  components.  The  unit 

i 

jvector  normal  to  tha  surface  of  the  flake  is  characterized  by  the  polar  angle  0y  and  azimuth  angle 


i(see  Section  3).  Through  a  suitable  choice  of  the  coordinate  system,  the  average  with  respect  to  the 


lazlmsth  angle  Is  evaluated  analytically  while  tha  average  over  the  polar  angle  8 can  be  evaluated 

I  i 

•ouacrlc.il;. 


60 


I  2.  Formulation  of  the  Problem 

i 

i 

!  To  determine  the  scattering  cross  section  for  arbitrarily  oriented  metallic  flakes  at  optical  fre- 
Iquencles,  it  is  convenient  to  use  a  two-scale  model  of  the  rough  surface  of  the  flakes.  Thus,  the 
j composite  surface  of  the  flake  Is  expressed  as  follows  (see  Fig.  1) 

I  b(x,x)  -  h^x,*)  +  hf(x,x)  (2.1 

•  j 

•In  equation  (2.1)t  consists  of  the  large  scale  spectral  components  of  h  while  hf  consists  of  Its 
small  scale  spectral  components.  It  Is  assumed  that  the  lateral  dimensions  of  the  flake  1^,  are  much 
•  larger  than  both  the  wavelength  of  the  electromagnetic  waves  and  the  correlation  distance  of  the  rougi 
.surface  h,  (2.1).  For  a  homogeneous  isotropic  surface  height,  the  spectral  density  function  (Rice  1951, 
Bar rick  1970,  Ishlaaru  1978),  is  the  Fourier  transform  of  the  surface  height  autocorrelation 


<h(x,r)h*  (x*  ,z*)> 


W(VV  ‘  j  +  lvxId>dxddr<i 


where  the  symbol  <•>  Implies  st.tlstlcsl  average  end  <hh'>  is  s  function  of  |r ,  | . 


rd  ”  <*-*')**  +  (*-**)»,  "  +  »d*,  (2.3) 

Thus,  the  surface  h^  consists  of  the  spectral  components 

I  N  “  k  "  <VX  +  vi>%  *  k4  (2-*) 

where  k^  -  2 Ti/Jy  la  the  largest  wavenumber  characterising  the  surface  of  the  flake  and  k^  is  the  wave¬ 
number  where  spectral  splitting  (between  the  large  and  small  scale  surface)  Is  assumed  to  occur.  The 
surface  consists  of  the  small  scale  spectral  components 

J  kd  <  k  -  *  \>k  <  \  (2-5) 

^  where  k^,  the  spectral  cutoff  wavenumber  (Brovn  1976)  Is  the  smallest  wavenumber  characterizing  the 


The  full  wave  approach  vhlch  accounts  for  both  specular  point  scattering  as  well  as  Bragg 
'scattering  In  a  self-consistent  manner  la  used  In  this  work  to  determine  the  scattering  cross  section 

'of  the  composite  model  of  an  arbitrarily  oriented  flake  (Bahar ,  at  si.  1982).  Thus,  the  total  normalize* 

PQ 

scattering  cross  section  per  unit  area  <o  >  as  a  weights!  sua  of  two  cross  sections 

<0p<5>  ■  +  (2.6) 

jin  which  ttoss  section  associated  with  the  large  scale  filtered  surface  h^  and  the 

i 

{cross 'Section  «j  v>  Is  associated  with  the  saall  scale  surfaces  that  rides  on  the  large  scale 

I  •  ' 

j  surface  h^.  The  first  superscript,  F,  corresponds  to  the  polarlzstlon  of  the  scattered  wave  while  the 
! second  superscript  corresponds  to  the  polarization  of  the  Incident  wave. 


6 1 

On  deriving  the  full  nvc  solution  It  Is  lapllcltly  sssuaed  that  the  uavenuaber  where  cpectrsl 

splitting  occurs,  ktf,  Is  chosen  such  thet  the  large  scale  surface  h^  satisfies  the  radii  of  curvature 

criteria  associated  with  the  Kirchhoff  spproxlnatlons  of  the  surface  fields  and  the  condition  for 

deep  phase  aodulatlon.  The  scattering  cross  section  <0P^>,  Is  given  by  (Bihar  1981a, b) 

I  * 

j  <0?Q>1  -  Ix*(v-n)|2  <0^>  (2.7) 

In  which  X*  1*  the  characteristic  function  for  the  snail  scale  surface 


j  and 


X*(v* nf)  -  X* (v)  -  <exp  lvh^o 


rf  z  u  r*  ~l\ 
v  •  k  -k,  •  k  (n  -n  )  , 

0X0 


(2-b; 

(2.9) 
>1 


:  The  unit  vectors  n*  and  n*  are  In  the  directions  of  the  Incident  and  scattered  waves  and  k  -  u(y  c  ) 

I  o  o  o 

I  •  i 

J  la  the  free  space  vaven umber  for  the  electromagnetic  waves  (Po  and  are  the  free  space  permittivity 


and  permeability) .  An  exp(iii)t)  time  dependence  Is  assumed  in  this  work.  The  vector  n^  is  the  value  of 
the  unit  vector  n  normal  to  the  surface  h(x,z)  at  the  specular  polnta.  Thus 
i  -  Vf/|Vf  |  -  <-hIx  +  ly  -  Wx)/(1»^  +  1  +  h2z)k 
S  a lny  cold  a^  d-  coxy  a^  +  slay  Sind  s^ 


,  where 


and 


f  •  y-h(x.i),  -  3h/3x,  h^  -  3h/3z 


n  *'  v/v 

*  1 


j  The  expression  for  the  physical  optica  cross  section  <0^>,  for  the  surface  Is 


«,">>  -  *1  kJ 
•  2  o 


nPI3| 


Fj(nf ,n1|n)p(n) 

I 


(2.10) 

(2.11) 

(2.12) 

(2.13) 

-1  -f 


|  in  which  D  v  depends  on  the  polarization  of  the  incident  and  scattered  waves,  the  unit  vectors  n*,n* 

I  ■' 

|  and  n  and  the  relative  complex  permittivities  and  permeabilities  of  the  flake.  The  shadow  function  P 

j 

|  Is  the  probability  that  a  point  on  the  rough  surface  la  both  illuminated  by  the  aource  and  visible  by 

I; 

the  observer  given  the  slopes,  oOi^h^),  st  the  point  (Smith  1967,  Sancer  1969).  The  function  p(n)  is 
j  the  probability  density  of  the  slopes  and  b^.  The  coefficient  |x*|^  that  multiplies  <o^>  is  a 

weighting  function  that  accounts  for  the  degradation  of  the  specular  point  scattering  cross  section  d*  • 

j  to  the  superimposed  small  scale  rough  surface  h^  (Bahar  1981b).  Thus,  as  h^  0  |x*|  1* 

PQ 

The  scattering  cross  section  <0  >  for  the  Gaussian  surface  h  that  rides  the  large  scale  surface 

i 


is  given  by  the  sum,  (Bahar  et  si.  1982) 

<o*>  - 1  !«,*>> 

•  »-i’  " 


(2.U.) 
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f  Id^I2  KS'.S'p) 

-  **k«  - rr- - 

■  8  *7; 

f  2  2  WV 

•  “pJ-YV')  til  — ar*  p(VVdVh. 


|  In  (2.14)  <h2>  is  the  nun  square  of  tbe  surface  height  h(  and  v- ,v_  end  v_  are  the  components  of  v 
|  (2.9)  In  the  local  coordinate  systen  associated  with  the  unit  vectors  n^.n^  and  (at  each  point  on 


the  large  scale  surface  h^,  see  Fig.  2).  Thus  v  Is  also  expressed  as 

j 

V  ■  v_  n,  +  v.  n,  +  v.  n, 
x  1  y  2  .  a  3 


^  -  (n  x  ax)/jn  x  sj  .  Oj  -  n  ,  ^  -  ^x 


The  function  W  (v  ,v_}2  la  the  t»  dimensional  Fourier  transfora  of  <h  h’>" 

a  X  x  as 


VVrV  x  f  '  1  _  _  _  _ 

“2.—  •  ^2  xa  +  ivr  xa)-lxddxd 

'  *  V^V'V^VV-VV^VV 
i  ‘  •  1  •  i 

;  Vi(v,-V  ©  VvV 

In  (2.17)  the  symbol  Q  denotes  the  two  dimensional  convolution  of  V  ,  with  U,  and  lx.  n,+  x  ,  o,  I 
{  ^  1  1  c  X  d  3  * 

| la  the  distance  measured  along  the  large  scale  surface  hj.  The  two  dimensional  Fourier  transforms  of  the 
.surface  height  autocorrelation  function  <hxb^>  Is  equal  to  the  spectral  density  function  w1(vj.vj>/4* 
;Vhen  the  parameter  4k  <h  >  =  0  «  1  and  n  =  a  the  first  term  In  (  2.14)  accounts  for  first  order  Bragx 

I  7  • 

.scattering  and  the  higher  order  terms  a  >  2  may  be  neglected.  In  this  case,  the  full  wave  solution  (2. V. 
jls  In  agreement  with  Brown's  solution  (1978)  based  on  a  combination  of  physical  optics  and  perturbatlo  i 
jtheory.  However,  since  it  is  assumed  using  the  full  wnve  approach  that  the  condition  for  deep  phase 

modulation  i*  satisfied,  it  is  necessary  to  choose  8  -  4k  <b  >  >  1  in  order  to  assure  that  tbe  veightc 

!  _;**“• 

,aua  (2.14)  remains  insensitive  to  variations  in  k^  (tbe  wavenumber  where  spectral  splitting  is  assumed 
•  to  occur.  (Bahar  et  al.  1982).  Since  fewer  terms  in  (2.14)  need  to  be  evaluated  for  smaller  values  of  6> 

i 

I  it  is  appropriate  to  assume  8  •  1.0.  | 

|  Since  the  metallic  flakes  are  randomly  oriented  with  respect  to  tbe  fixed  observer,  in  Section  3, 

j*he  analytical  results  presented  in  this  section  are  modified  to  account  for  arbitrary  orientation  of 
ithe  normal  to  the  mean  surface  of  the  flake. 


i 


! 


I  I 
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3.  Scattering  Croes  Sections  for  Arbitrarily  Oriented  Metallic  Flakes 
Let  x',y',z.'  be  a  fixed  reference  coordinate  system  and  let  x,y,z  be  a  rotated  coordinated  system 
'such  that  the  unit  vector  ay  Is  normal  to  the  mean  surface  of  the  flake  (y-0)  (see  Fig.  3).  For  back- 
scatter  It  Is  convenient  to  choose  the  unit  vectors  n  *•  -n  such  that 


I 


-f 
n  *  —n 


1  - 

j 


(3.1) 


!The  unit’ vector  a  normal  to  the  mean  surface  of  the  flake  can  be  expressed  as  follows  In  terms  of  the 

|  3  j 

.fixed  reference  coordinate  system  I 

i  a  «  slnSp  cos*p  a^  +  eos0p  a^  +  sln6p  sln*p  a^  (3.2) 

<  _ 

’For  convenience  the  two  orthogonal  unit  vectors  and  a^  in  the  mean  plane  of  the  flake  are  chosen  such 
'that  the  plane  of  incidence  in  the  flake  coordinate  system  is  the  x,y  plane  (normal  to  a^).  Thus 

ax  -  (5*x  ly)/^1  *  iyl  and  ^  -  ay  x  ^  (3.3) 

1  The  expression  for  n^'in  the  flake  coordinate  system  is  therefore 

j  S1  -  (ai‘»x)*x  +  ’  ,lneo  V  c0*®o  *y  (3'4) 

-  cos6p  (3.5) 

The  angle  **  between  the  reference  plane  of  Incidence  (normal  to  a^  In  the  fixed  coordinate  system)  and 
'the  plane  of  Incidence  In  the  flake  coordinate  system  (normal  to  n  x  Sy)  is 


where 


.1  -1  * 
cos0  -  -n  -a 
o  7 


cos* 


(S1  x  a  )  -[I;  a*  a  3 


X.  - 


y„.x: 


thus 


In1  x  a 


,-i  -  e  -i 

.  aT  x  (n  x  a  )*n 

*^F  ’  Vi  Y,J - 


1-1  - 
n  *  *.. 


-  cos*F 


sin* 


(3.6) 


(3.7) 


Since  n  •  -n  for  hackscatter,  the  angle  t|/j.  between  the  plane  of  scatter  in  the  fixed  (x*,y,»x') 


.coordinate  system  and  the  plane  of  scatter  in  the  flake  coordinate  system  (x,z,z)  is 

*P  - 

Thus  the  matrix  that  transforms  the  vertically  and  horizontally  polarized  Incident  raves  of  the  fixed 
coordinate  system  to  the  vertically  and  horizontally  polarized  Incident  raves  of  the  flake  coordinate 


.system  Is  (Bahar  1981a, b) 


I 

I 

cos*, 


-sin*. 


sin*! 

cos*J 


(3.9' 


Similarly,  the  matrix  that  transforms  the  vertically  and  horizontally  polarized  scattered  waves  in  the 
flake  coordinate  system  back  Into  vertically  and  horizontally  polarized  scattered  waves  of  the  fixed 
coordinate  system  Is  j 


t 

J 


I 


6*4 


£ 

,  f 

cos^F 

-sin<;F 

•  f 

f 

•1»4»F 

1 1 

cob4if 

.Thus,  in  view  of  (3.8)  for  backscatter 


t£  -  I1 

t  i  r 


(The  coefficients  u  ^  in  (2.14)  are  elements  of  the  2x2  matrix  D  given  by  (Bahar  1981a, b) 

'  D  ■  c1”  If  n1  (3.12 

!  °  ; 

.In  which  Cq  is  the  cosine  of  the  angle  between  the  Incident  wave  normal  n  (3.4)  and  the  unit  vector  n 

Inormal  to  the  rough  surface  of  the  flake  (2.10).  Thus, 

i  . 

-  **n**n  •  cosy  cos8  -siny  sinQ  cos6  (3.13) 

i  0  ‘  ‘ 

iThe  elements  of  the  scattering  matrix  F  in  (3.12)  are  functions  of  the  unit  vectors  n*,n^,n  and  the 
.relative  permittivity  and  permeability  of  the  flakes  (Bahar  1981a).  The  matrix  T*  transforms  the 
(vertically  and  horizontally  polarized  Incident  waves  of  the  x,y,z  coordinate  system  to  vertically  and 
^horizontally  polarized  waves  of  the  local  coordinate  system  (n^n^n^)  associated  with  the  rough 
surface  of  the  flake  (3.16).  Similarly,  the  matrix  transforms  the  vertically  and  horizontally 
•  polarized  scattered  waves  of  the  local  coordinate  system  back  into  vertically  and  horizontally  polarize*1 

I  .  , 

waves  of  the  x,y,z  coordinate  system  (Bahar  1981a, b). 

! 

I  To  account  for  the  arbitrary  orientation  of  the  flake  with  respect  to  the  fixed  (xf,y',z'} 
^coordinate  system  (3.12)  must  be  post-multiplied  by  T*  and  pre-mul  tipi  led  by  T*.  Therefore,  in  the 
•expressions  for  the  scattering  cross  sections  (2.6),  the  elements  of  the  matrix  D  must  be  replaced  by 


■the  elements  of  the  matrix  D  given  by 

i  * 


In  (3.13) 


•Dr  dt1  t‘ 

I 

lo  f  i 

£  C  T  D  T* 

o  *T  T, 

r  1  1  1  ■  ,  r 

eo.W1*  *r)  «ln(t  +  ♦y)  CT  ST 

r1  =  tV  -  I  = 

I  F  i 

-•lllW1*  iT)  COlfljiV  ^  -Sy  Cy 

corji*  -  [corf  *ln6  +  tiny  co«8_  cotSj/S111 
t  ,  F  O 

-  tiny  (1 ni/S1” 


s?  -  [i-.tcfV]1* 


|For  b«cL*c.tc.r  T*  -  Ty  »nd  T 


,VH  _  yHV  _ 


(3. 16. 


D_  -  C 
7  0 


c^w-sjrra  :  c^fV) 


.Neglecting  multiple  scatter  and  assuming  that  the  phase  of  the  scattered  signals  from  the  individual 
flakes  are  uniformly  distributed  in  the  interval  [0,2*]  the  backacatter  cross  section  for  an  ensemble 

j 

of  randomly  located  flakes  Is  given  by  the  sum  of  the  individual  backacatter  cross  sections  (Beckmann 
,and  Spizzichino  1964).  Thus,  accounting  for  the  random  orientation  of  each  individual  flake,  the  averaj 
'cross  backscatter  cross  section  of  the  ensemble  of  flakes  is 


«jpq>  -  <oPQ>p{eF^I.)d*I.deI.  h  <oPQ>ep(eI.)der 


(3.19a) 


2r 


(3.19b) 


and  It  la  assumed  that  the  unit  vector  normal  to  the  nean  surface  of  the  flake  Is  uniformly  directed  in 


f  space  0  <  6f  <  tj/2,  0  <~4f  <  2lt.  Thus, 


sln6_  p(6  ) 

p(W  “  2s'  =  2tt 


PQ  4 

.Since  <0  is  dependent  on  4>j.  only  through  the  sines  and  cosines  of  the  angles  (*  **r>  (3.18),  It  is 
'convenient  to  evaluate  the  average  of  <o*^>  vlth  respect  to  the  angle  analytically  by  first 
evaluating  the  average  of  |dP<^]2  vlth  respect  to  Thus  for  Pi1!) 

!  ?*  ’  •> 


i»r>i!  *  i  j  i»e¥  -  4^  J 


|rvV“|! 


'and  for  P  -  V.H 


K'i  ■  ii  I  i’?i\ 


‘  I  «£">  [3|F  |Z  +  3|FHH|2-2  Re  FW  F5®*] 


-i(cf)2(«|FVV|2  +  *|F“,|J-  If^+f33!2) 


.in  vhich  the  aymbol  *  denotes  the  complex  conjugate. 


The  expression  for  and  T*7  are  complicated  functions  of  6^.  Thus,  the  integrals  vlth  respect 
to  8^  are  not  evaluated  analytically.  Instead  <CP<5>e  (3.19),  must  he  evaluated  numerically  ualng  (2.14) 


•vith  |DPQ|2  (P,Q-V,H)  replaced  by  )d^|2  (3.2)  and  (3.22).  To  obtain  the  ensemble  average  for  the 
{scattering  cross  sections  «****>  (3.19)  the  result  from  the  previous  integration, is  multiplied 

i 

jby  p(8p)  -  sinBj.  and  integrated  with  respect  to  8?.  Thus  summing  up,  the  integral  (3.19)  is  performed 
^analytically  vith  respect  to  however  it  must  be  performed  numerically  vith  respect  to  8  .  The 
•  integrations  with  respect  to  (2.14)  must  also  be  performed  numerically. 

4.  Concluding  Remarks 

Expressions  for  the  average  normalized  backscatter  cross  sections  for  arbitrarily  oriented 

i  , 

^metallic  flakes  are  derived  using  the  full  wave  approach.  Thus,  the  total  backscatter  cross  section 
!ls  expressed  as  a  weighted  sum  of  two  cross  sections.  The  first  is  associated  vith  the  filtered  surfac 


'consisting  of  the  large  scale  spectral  components  of  the  composite  rough  surface  while  the  second  is 

j 

'associated  vith  the  surface  consisting  of  its  small  scale  spectral  components  that  ride  on  the  large 

i  i 

| scale  surface.  ! 


To  obtain  numerical  values  for  the  average  normalized  backscatter  cross  sections,  using  the  full 


*vave  approach  presented  in  this  paper.  It  is  necessary  to  know  the  surface  height  spectral  density 

!w(v^,v  )  (2.2)  aod  the  complex  dielectric  constant  of  the  metallic  flake.  Several  models  of  metallic 

;  * 

flakes  are  currently  under  investigation. 

j 

i  * 
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ABSTRACT 

As  a  synthetic  aperture  radar  scans  different  por¬ 
tions  of  a  rough  surface,  the  direction  of  the  unit 
vector  normal  to  the  mean  surface  of  the  effective 
Illuminated  area  (resolution  cell)  fluctuates.  In  this 
paper  the  modulations  of  the  scattering  cross  sections 
of  the  resolution  cell  are  determined  as  the  normal  to 
It  tilts  in  planes  that  are  in  and  perpendicular  to  the 
fixed  reference  plane  of  incidence.  Using  the  full  wave 
approach,  the  scattering  cross  sections  are  expressed 
as  a  weighted  sum  of  two  cross  sections.  The  first  cross 
section  is  associated  with  scales  of  roughness  within 
the  resolution  cell  that  are  large  compared  to  the  radar 
wavelength,  and  the  second  cross  section  is  associated 
with  small-scale  spectral  components  within  the  resolu¬ 
tion  cell.  Thus,  both  specular  point  scattering  and 
Bragg  scattering  are  accounted  for  in  a  sel f -consistent 
manner .  The  results  are  compared  with  earlier  solutions 
based  on  first  order  Bragg  scattering  theory. 

Pormulatlon  of  the  Problem 

The  recently  derived  full  wave  solutions  for  the 
•ormallzed  cross  sections  per  unit  area  are  sunxnarized 
here  for  composite  rough  surfaces,  let  the  position 
vector  to  a  point  on  the  rough  surface  be  expressed  as 
follows: 

r#  •  r1(x,ht,z)  +  ii  (1), 

in  which  y  •  ht'x,z)  is  the  filtered  surface  consisting 
of  the  large  scale  spectral  components  and  h#  the  small 
•calc  surface  height  is  measured  In  the  direction  of 
the  normal  (n)  to  the  large  scale  surface  y  •  ht.  For 
•  homogeneous,  isotropic  surface  height  the  spectral 
dcnalty  function  is  the  Fourier  transform  of  the  sur¬ 
face  height  autocorrelation  function  <h(x,z) ,h* (x‘ ,z')> 

W(»  ,v  )•  — ~  /  «hh’>exp(lv  x  +iv  z  )dx  dz  (2a) 

s  s  w i  — “  x  d  *  d  an 

where  <hb'»  Is  a  function  of  ^  j  • 


The  surface  h^(x,z)  consists  of  the  spectral  components 
k  •  (v^vj)**  <  and  the  remainder  term  h#  consists  of 

the  spectrsl  components  k  >  krf.  Since  the  full  vsve 
approach  sccounts  for  both  specular  point  scattering 
and  Bragg  scstterlng  in  s  self-consistent  manner* the 
total  scattering  cross  section  can  be  expressed  as  a 
weighted  sum  of  the  cross  section  <tF*>L  for  the 
filtered  surface  h|  and  the  cross  section  «oP^>8  for 
the  surface  h(  that  rides  on  the  large-scale  surface 

The  symbol  *  *  denotes  statistical  average.  The  first 
superscript  P  corresponds  to  the  polarization  of  the 
scattered  wave  while  the  second  superscript  Q  corres¬ 
ponds  to  the  polarization  of  the  incident  wave.  To  de¬ 
rive  (3)  using  the  full  wave  approach  it  is  implicitly 
assumed  that  the  large  scale  surface  meets  the  radii 


of  curvature  criteria  (associated  with  the  Kirchhoff 
approximations  for  the  surface  fields)  a6  well  as  the 
condition  for  deep  phase  modulation.  Thus  the  first 
term  in  (3)  Is  shown  to  be 


-  |x*(v«Ss)|2<o^ 


(4) 


in  which  x*  1*  the  characteristic  function  foi  the 
small  scale  surface 


XB(v*n J -  x"(v)  “  <*xp  : 


-  E1-  ko(^. 

and  i 


-  |v| 


(3)  . 

(6) 


The  unit  vectors  n*  and  n 
the  scattered  and  incident  wave  non 
thus  for  backscatter  n  -  -n.  The  free  space  radio 
wavenumber  Is  k0.  An  exp(lwt)  time  dependence  Is 
,  assumed.  The  vector  nf  Is  the  value  of  the  unit  vector 
in  normal  to  the  surface  h(x,r)  at  the  specular  points. 
Thus 

l  -  «/|vf|,  f(x,y,z)  -  y-h(x.t) 

and 

n#-  v/v  . 

The  expression  for  the  physical  optics  (specular 
point)  cross  section  for  the  large-scale  surface  I 


are  In  the  directions  of 

tls  respectively; 


(7a) 

(7b) 


. . 


T^l2 


(») 


In  which  Dry  depends  on  n  ,  n  ,  n,  the  media  of  propa¬ 
gation  above  and  below  the  rough  surface  h(x,z)  and 
the  polarization  of  the  Incident  and  scattered 
waves.2 The  shadow  function  is  the  probability 
that  a  point  on  the  rough  surface  is  both  illuminated 
and  visible,  given  the  slopes  n(h  .h^) ,  at  the  point. 
The  probability  density  function  ?or  the  slopes  f»x  and 
hr  Is  p(n).  The  factor  x*(v)  that  multiplies  <o^> 
accounts  for  the  degradation  of  the  contributions  from 
the  specular  points  due  to  the  superimposed  small 
scale  rough  surfsce  h8. 

Assuming  a  Gaussian  probability  density  function  for 
h  ,  <oP<^>  la  given  by  the  sum 


PQ 

<0  \  - 

0PQ>_-  *.k2  /  - 


,rQ|2 


PQ, 


•exp(-v2<h*>) 

y  8  2i 


V  (v_, v_) 


-  p(h  ,h  )dh  dh 


(9) 


(10) 


In  which  <h  >  la  the  wean  aquare  of  the  surface  height 
h  and  v- .  v-  and  v-  are  the  components  of  9  (6)  in 
s  x  y  z 

the  local  coordinate  system  (at  each  point  on  the 
large  scale  surface)  associated  with  the  unit  vectors 
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Sj  ,  and  The  function  i«  the  two- 

dimensional  Fourier  transform  of  («h^h^>)B.  ; 

The  first  tern  in  (9)  <o^>  .  reduces  to  the  first 

*A  2  - 2 

order  Bragg  scattering  cross  section  for  8“*ko<h# > <<  1, 
end  n  ■*  a  .  I 

y 

In  order  to  apply  the  full  wave  approach  to  SAR  it 
Is  necessary  to  modify  the  results  presented  in  this 
section  (a)  to  account  for  the  filtering  of  the  very 
large  scale  spectral  component  of  the  rough  surface  by 
the  SAR  that  effectively  Illuminates  a  relatively 
small  area  of  Cell  F  of  the  rough  surface  S  and  (b)  to 
account  for  the  normal  to  a  reference  plane  associated 
vlth  the  illuminated  cell  which  is  characterized  by 
arbitrary  tilt  angles  ft  and  t  In  and  perpendicular  to 
the  reference  plane  of  Incidence  (see  Fig.  1).  It  is 
assumed  here  that  the  lateral  dimension  of  the  cell 
Illuminated  by  the  SAR  is  much  larger  than  the  small 
scale  surface  height  correlation  distance  for  the  cell 
and  that  as  the  SAR  scans  different  portions  of  the 
rough  surface  S  the  direction  of  the  unit  vector  normal 
to  the  cell  F  fluctuates. 

Scattering  Cross  Sections  for  Arbitrarily 
Oriented  Resolution  Cells  of  the  Rough  Surface 


Let  x,y,x  be  the  reference  coordinate  system  asso¬ 
ciated  with  the  turface  of  the  cell  F  that  is  illumin¬ 
ated  by  the  SAR  such  that  the  mean  surface  of  the  cell 
is  the  y-0  plane  (see  Fig.  1).  Furthermore,  let  x'.y'.z' 
be  the  fixed  coordinate  system  associated  with,  the 
large  surface  S  such  that  the  unit  vector  a’  is  normal 
to  the  mean  rough  surface  height  h(x,,z').  *  The  unit 
vector  fl*  -  -nl  1*  expressed  in  terms  of  the  unit  vec¬ 
tors  of  the  fixed  coordinate  system  (x'.y'.z'): 

-1  -f  _ 

n  -  -n  •  elnO  a^  -  cos6p  a^  .  (11) 

The  unit  vector  a  normal  to  th«  reference  surface 
associated  with  tXe  cell  is  expressed  in  terms  of  the 
tilt  angles  ft  and  t  in  and  perpendicular  to  the  fixed 
plane  of  Incidence,  the  x’,y*  plane.  Thus 


a^«  sinft  cost  aj  +  cosft  cost  O*  slnt  a*.  (12) 

For  convenience  and  a^t  the  unit  vectors  associated 
with  the  cell,  can  be  chosen  such  that  the  plane  of 
Incidence  In  the  x.y.x  coordinate  system  is  normal  to 
the  vector  a ^ .  Thus  . 


•tm  <"1x  a^) / | nSc  ay|,  a^  x  af  (13) 


and  the  expression  for  n1  In  the  x,y, 

,z  coordinate  eye- 

tem  Is 

n*  *  sine  a  -  cose  a 
ox  o  y 

(1*0 

1 

where 

eoseo  •  cos(e*  *  n)cos  t 

(l*b) 

The  angle  *p  between  the  plane  of  incidence  In  the 
fixed  coordinate  system  (x'.y'.t*)  end  the  plsne  of 
Incidence  in  the  coordinate  system  (x,y,r)  associated 
with  the  cell  is  given  by 


cos* 


cost  sln(6^  4  ft) 
slneo 


us) 


For  bsckscatter  nf-  -n* .  Thus  the  angle  between  the 
plene  of  scatter  in  the  fixed  coordinate  system 
(x*,y*,t*)  and  the  plane  of  scatter  in  the  coordinate 
system  associated  with  the  cell  is 


♦ 


f 

F 


-  ♦ 


1 

F  * 
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The  matrix  that  transforms  the  incident  vertically  and 
horizontally  polarized  waves  In  ths  fixed  coordinate 


system  to  vertically  and  horizontally  polarized  waves 
in  the  cell  coordinate  ayatem  is  therefore2! 3 

,i  .  ""r  *1"*rl 

I  '  “•♦}] 

Similarly,  the  matrix  that  transforms  the  scattered 
vertically  and  horizontally  polarized  waves  in  the  cell 
coordinate  system  back  Into  the  vertically  and  horizon¬ 
tally  polarized  waves  in  the  fixed  coordinate  system  Is 


UJ> 


cos#*  -sln»* 
slnf p  cosip 


(18) 


Thus  In  view  of  (16),  Tp  -  Tp.  The  coefficients  in 
(8)  are  elements  of  a  2x2  matrix  D  given  by 


D  -  c‘n  Tf  n1  (19) 

in  which  Cln  is  the  cosine  of  the  angle  between  the 
o  _i 

Incident  wave  normal  n  and  the  unit  vector  n  normal  to 
the  rough  surface  of  the  cell  hp (x,z).  Thus 

c‘"  -  -n'-n  -  (20) 

where  ni  is  given  by  (14)  and  n  is  given  by  (7)  with 
fr(x.z)  -  y-hp(x.z).  The  elements  of  the  scattering 
matrix  F  in  (19)  are  functions  of  the  unit  vectors 
n*.  nf  and  n  as  well  as  the  media  of  propagation  above 
and  below  the  rough  surface  S,2  Th»  matrix  T*  trans¬ 
forms  the  vertically  and  horizontally  polarized  waves 

in  the  cell  coordinate  system  (a  ,a  ,a  )  to  vertically 
x  y  x 

and  horizontally  polarized  waves  in  the  local  coordin¬ 
ate  system  that  conforms  with  the  rough  surface, 

to  v  *  J 

*»j«*>2«**2*  Similarly,  the  matrix  T  transforms  the 
vertically  and  horizontally  polarized  waves  In  the 
local  coordinate  system  back  into  vertically  and  hori¬ 
zontally  polarized  waves  In  the  cell  coordinate 

system. 2 

To  account  for  the  arbitrary  orientation  of  the  cell, 
the  matrix  D  io  (19)  must  be  post-multiplied  by  t£ 
and  pre-multlplled  by  t£.  Thus  the  elements  of  the 
mstrlx  D  in  (8)  must  be  replaced  by  the  elements  of  the 
matrix  Df 

I  0,  -  tJ  0  ij  .  (21) 


Furthermore,  in  view  of  the  effective  filtering  by  the 
SAR  of  the  very  large  ecale  spectral  components  of  the 
rough  surface  f(x*,x')  »  0,  the  spectral  density  func¬ 
tion  for  the  rough  surface  fp(x,z)  •  0  associated  with 
the  resolution  cell  F  1«  given  by 


,  k  <  k  -  2*/L 


where  V(v_,v  )  is  the  spectral  density  function  for  the 
surface  S,  f(x',t')  •  0,  and  l(  is  the  width  of  the 
resolution  cell. 


j  Illustrative  Examples 

For  ths  Illustrative  examples  presented  In  this  sec¬ 
tion,  the  folluving  specific  form  of  the  surface  height 
spectral  density  function  Is  selected* 


(*)Bk '•/<**♦  k2)4  k  <  k 


0  k  >  kc  (23) 


2 
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For  the  assumed  Isotropic  model  of  the  sea  surface 


B 


0.0046 

2^2 

VS*,I 


(335.2  V*)J>  (c.)'1. 


lc  -  12  U.)"1 

V  -  (.3  <•/.)  , 


(24) 


In  which  k£  is  the  spectral  cutoff  wavenumber5  and  V  is 
the  surface  wind  speed.  The  wavelength  for  the  electro¬ 
magnetic  wave  is 


A  -  3.0  ca  (It  •  2s/3  -  (c®)"1)  .  (25) 

o  o 


The  relative  complex  dielectric  Coefficient  for  the 

sea  la 


(26) 


5.  Brown,  C.  S.  (19/d):  Bacxscatterxng  troo  a  uausaian- 
dlstrlbuted  perfectly  conducting  rough  surface,  ftjx 
Transactions  on  Antennas  and  Propagation,  AP-26(3) . 
472-482, 

6.  Valenzuela,  C.  R.  (1968):  Scattering  of  electro¬ 
magnetic  waves  from  a  tilted  slightly  rough  surface. 
Radio  Scl . ,  Jj.  1051-1066. 

7.  Wright,  J.  V.  (1968):  A  new  model  for  aea  clutter, 
IEEE  Transactions  on  Antennas,  and  Propagation, 
AT-16(2).  217-223. 

f 


and  the  permeability  for  the  sea  is  the  same  as  for 
free  space  (y  ■  1).  The  slope  probability  density 
function  within  a  resolution  cell  is  assumed  to  be 

C*U,Sl*'’-  yy  yy  W 

In  Figs.  2a  and  2b,  <o  *,  and  -(d«<j  >/dfl)/«®  > 

are  plotted  for  Q  -  0  and  1  »  0  ai  functions  of  6^,  the 
angle  of  Incidence  with  respect  to  the  fixed  reference 
system  (x’  ,y*,x*).  In  these  figures  L  -  300,  1000  and 
2500  c..  * 

In  Flga.  3a  and  3b  these  results  are  repeated  for 
It  Is  Interesting  to  note  that  the  effective 
filtering  of  the  very  large  scale  spectral  components 
of  the  rough  surface  (0  <  k  <  k#)  by  the  SAR'does  not 
significantly  change  the  value  of  op?  unless 
L0  <  300  cm.  AS  one  may  expect,  the  modulation  of  the 
scattering  cross  sections  in  the  plane  of  Incidence 
|d<oVV»/dfi|  i*  strongest  for  the  SAR  corresponding  to 
the  narrowest  effective  beam  width  L#  -  300  cm. 

In  Fig.  4  -(d<oVV>/dt)/<oVV>  is  plotted  for  0-0 
and  t  -  0  as  a  function  of  the  angle  of  Incidence  6^. 

These  result*  are  repeated  in  Fig.  5  for  <o  >.  In 
Figs.  4  and  3  the  width  of  the  SAR  is  also  Ls  -  300, 

1000  and  2500  cm.  Unlike  |d<oPP>/dnJ  (P-V,H>  the  peak 
In  the  derivatives  |d<oPP>/dr|  occurs  at  normal 
Incidence  (8’  •  0).  I 

I 
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Scattering  Cross  Sections  for  Composite  Rough  Surfaces 
Using  the  Unified  Full  Wave  Approach 


EZEKIEL  BAHAR,  SENIOR  MEMBER.  IEEE.  AND  MARY  ANN  F1TZWATER 


Abstract— Tkt  fall  wave  approach  b  a  ted  fa  derive  ■  unified  formula- 
(loa  for  Ike  like  and  cross  polarised  scattering  cross  sections  of  composite 
rough  surfaces  for  all  angles  of  Incidence.  Earlier  solutions  for  electromag¬ 
netic  scattering  by  composite  random  rongk  surfaces  are  based  on  two- 
scale  models  of  tke  rongk  surface.  Thus,  on  applying  a  hybrid  approach 
pkysical  optics  tkeory  is  used  to  account  for  specular  scattering  associated 
witk  a  filtered  surface  (consisting  of  tke  large  scale  spectral  components  of 
tke  surface)  wMIe  perlurkatioa  tkeory  b  used  to  account  lot  Bragg 
scattering  associated  with  tke  surface  consisting  of  the  small  Kale  spectral 
compooeats.  Since  tke  full  wave  approach  accounts  for  both  specular  point 
scattering  and  Brugg  scattering  In  a  self-coasbtent  manner,  the  two-scale 
model  of  the  rough  surface  b  not  adopted  in  this  work.  These  unified  full 
wave  solutions  are  compared  wHh  the  earlier  solutions  and  the  simplifying 
assumptions  that  are  common  to  all  the  earlier  eolations  are  examined.  It  is 
shows  that  whBe  Ike  fall  wave  solutions  for  Ike  like  polarized  scattering 
cross  sections  based  os.  Ike  two-scale  model  are  in  reasonably  good 
agreement  with  Ike  unified  fuB  wave  solutions,  tke  two  solutions  for  the 
cross  pob fixed  cross  sections  differ  very  significantly. 
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I  INTRODUCTION 

Traditionally  physical  optics  and  perturbation  theories  have 
been  used  to  drive  the  like  and  cross  polarized  scattering  cross 
sections  for  composite  random  rough  surfaces  Beckmann  {6 1 , 
Rice  1 1 3 J .  To  this  end  two-scale  models  have  been  adopted 
and  the  rough  surfaces  are  regarded  as  small  scale  surface  per¬ 
turbations  that  are  superimposed  on  large  scale,  filtered  surfaces 
(Wright  ( 7 J ,  Valenzuela  f  1 7 J .  Barrick  and  Peake  [5)).  Thus  the 
scattering  cross  sections  are  expressed  as  sums  of  two  cross 
sections.  The  first  accounts  for  specular  point  scattering.  It  is 
given  by  the  physical  optics  cross  section  for  the  filtered  surface 
consisting  of  the  large  scale  spectral  components.  The  second 
accounts  for  Bragg  scattering.  It  is  given  by  the  perturbation 
cross  section  for  the  surface  consisting  of  the  small  scale  spectral 
components  that  ride  on  the  filtered  surface. 

On  applying  the  perturbed-physical  optics  approaches  it  is 
necessary  to  specify  the  wavenumber  kd  where  spectral  splitting 
is  assumed  to  occur  between  the  large  and  small  scale  spectral 
components  of  the  rough  surface.  Thus  Brown  1 7]  who  applied 
a  combination  of  Burrows’  perturbation  theory  |8]  and  physical 
optics  (Beckmann  (6 J ).  to  obtain  the  scattering  cross  sections 
for  perfectly  conducting  random  rough  surfaces,  specified  kd 
on  the  basis  of  the  characteristics  of  the  small  scale  surface 
(0  =  AklOi]  >  =  0.1 ,  where  A;0  is  the  electromagnetic  wavenumber 
and  <Ji *)  in  the  mean  square  height  of  the  small  scale  surface). 
However,  using  the  approaches  of  Hagfors  (9 J  and  Tyler  (16), 
the  specification  of  kd  is  assumed  to  be  based  on  the  character¬ 
istics  of  the  large  scale  surface.  In  general  the  restrictions  on  both 
the  large  and  small  scale  surfaces  cannot  be  satisfied  simultane¬ 
ously  and,  using  the  perturbed-physical  optics  approaches,  the 
evaluation  of  the  scattering  cross  sections  critically  depend  on 
the  specifications  of  kd  (Brown  (7] ). 

More  recently  the  full  wave  approach  has  been  used  to  deter¬ 
mine  the  scattering  cross  sections  for  composite  random  rough 
surfaces  of  finite  conductivity  (Bahar  (2],  Bahar  and  Barrick 
[3 j  ).  Since  the  full  wave  solutions  account  for  Bragg  scattering 
and  specular  point  scattering  in  a  self-consistent  manner,  it  is 
not  necessary  to  decompose  the  surface  into  two  surfaces  with 
small  and  large  roughness  scales.  However,  when  such  a  decompo¬ 
sition  is  feasible,  the  full  wave  solutions  for  the  scattering  cross 
sections  can  be  expressed  in  terms  of  a  weighted  sum  of  two  cross 
sections  (Bahar  (2),  Bahar  and  Barrick  (3j).  Thus  on  adopting 
a  two-scale  model,  the  full  wave  solution  resolves  the  discre- 
pancies  between  Valenzuela’s  (17)  solution  (mostly  based  on 
physical  considerations)  and  Brown’s  solution  (7] .  Furthermore, 
in  an  attempt  to  draw  more  definite  conclusions  regarding  the 
choice  of  kd,  it  was  varied  over  a  wide  range  of  values  (Bahar 
et  al.  (4j).  It  was  shown  that  while,  as  expected,  the  cross  sec¬ 
tion  associated  with  the  individual  large  and  small  scale  surfaces 
critically  depend  upon  the  choice  of  kd .  the  weighted  sum  of  the 
like  polarized  cross  sections  remain  practically  insensitive  to 
variations  in  kd  for  0  >  1.0.  Thus,  provided  that  the  large  scale 
surface  satisfies  the  radii  of  curvature  criteria  (associated  with  the 
Kirchhoff  approximations  for  the  surface  fields)  and  the  condi¬ 
tion  for  deep  phase  modulation,  the  full  wave  solutions  for  the 
like  polarized  scattering  cross  sections  based  on  the  two-scale 
model  is  practically  independent  of  the  specified  value  of  kd. 
However,  on  applying  the  full  wave  approach  to  evaluate  the 
like  and  cross  polarized  scattering  cross  polarized  scattering 
cross  sections  for  two-scale  models  of  composite  rough  surfaces, 
several  assumptions  were  made  to  facilitate  the  computations. 


The  first  assumption  was  that  the  large  and  smaJI  scale  surfaces 
were  statistically  independent  (Biown  |7J).  It  would  seem 
reasonable  to  make  such  an  assumption  if  the  two  surfaces  are 
results  of  independent  processes  For  the  general  case,  however, 
one  cannot  assume  statistical  independence  of  the  large  and  small 
scale  surfaces. 

The  second  simplifying  assumption  that  was  made  was  that  the 
mean  square  slope  oj  for  the  total  surface  was  approximately 
equal  to  the  mean  square  slope  oFS  for  the  filtered  large  scale 
surface. 

The  third  assumption  was  that  the  mean  square  height  of  the 
total  rough  surface  was  large  compared  to  a  wavelength,  and  the 
surface  height  characteristic  function  for  the  total  surface  was 
negligibly  small  compared  to  unity. 

Finally,  the  physical  optics  approximation  for  the  cross 
polarized  backscatter  cross  section  is  zero  (Brown  [7]).  As  a 
result,  the  cross  polarized  backscatter  cross  section  for  the  fil¬ 
tered  surface  is  set  equal  to  zero  when  the  two-scale  model  is 
used.  However,  for  backscatter,  only  the  specular  points  on  the 
rough  surface  do  not  depolarize  the  incident  wave. 

in  this  communication  the  full  wave  approach  is  used  to  derive 
a  unified  formulation  for  the  like  and  cross  polarized  cross  sec 
tions  for  all  angles  of  incidence  These  solutions  are  compared 
with  earlier  solutions  based  on  a  two-scale  model  of  the  random 
rough  surface  (Bahar  et  al.  (4 1 ).  Thus,  the  simplifying  assump¬ 
tions,  that  are  common  to  all  the  earlier  solutions  based  on  two- 
scale  models  of  the  rough  surface,  are  carefully  examined.  It  is 
shown  that  while  the  full  wave  solutions  for  the  like  polarized 
scattering  cross  sections  based  on  the  two-scale  model  are  in 
reasonably  good  agreement  with  the  unified  full  wave  solutions, 
the  two  solutions  for  the  cross  polarized  cross  sections  differ 
very  significantly. 

II.  APPLICATION  OF  THE  FULL  WAVE  SOLUTION 
WITHOUT  SURFACE  DECOMPOSITION 
The  starting  point  for  this  analysis  is  the  full  wave  expres¬ 
sion  for  the  like  and  cross  polarized  scattering  cross  sections  of 
the  rough  surface =  A(x,z)  (Bahar  et  al.  (4  J ) 

</C>  =  -°  j  [tf'C  exp  [| Vy(h  -  A’)] > 


•  ex p  [iVfXd  +  ivz zd )  dxd  dzd  (I) 

in  which 

rd  =  (x  -  +  (*  -  i)az  =  xdax  +  zdaz  (2) 

is  the  radius  vector  between  two  points  on  the  reference  plane 
(*,  z).  The  vector  u  is 

o  =  k0(r/  -  n *)  =  iVtf,  +  vjdy  +  vtax  (3) 

where  Ar0  is  the  free  space  wavenumber  for  the  electromagnetic 
wave  and  n1  and  ef  are  unit  vectors  in  the  directions  of  the 
incident  and  scattered  wave  normals,  respectively.  As  exp  (ru>f) 
time  dependence  is  assumed  in  this  work.  The  symbol  <•>  denotes 
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the  statistical  average  and 

—  (Sp®  exp  -  *')]> 
rr 

=kl  f p2tf'?wp(hx.hI)dhxdh' 

I  it  J I  n  •  ay  I  . 

*  X2 (*V»  “  vy)  ~  'PQ&.  ~vy)  W 

in  which  »(hx%h2)  is  the  unit  vector  normal  to  the  rough  surface 
fix.y,  z)-y  -  =  0.  O) 

Thus, 

V/  =  n  I  v/l  =  VCv  -  Kx.  t))  =  +  «y  -  hx«z )  (6) 

in  which  the  components  of  the  gradient  of  h(x,2) 

hx  =  hz  =  3/j/3z  (*0 

are  the  random  variables  and  p(A.,,  /»,)  is  the  probability  density 
function  for  the  slopes  hx  and  hz.  The  expression  for  the  scatter¬ 
ing  cross  sections  (oF^),  (1)  accounts  for  shadowing;  thus 
P2(rt^%n‘\n)  is  the  probability  that  a  point  on  the  rough  surface 
is  both  illuminated  and  visible  given  the  value  of  the  slopes  at 
the  point  (Sancer  { 1 4 J ).  The  characteristic  and  joint  character¬ 
istic  functions  for  the  surface  height  h  are  x(t>>)  and  X2(t>>«.  ~vy)- 
It  is  assumed  in  this  work  that  the  probability  density  function 
for  the  surface  height  is  jointly  Gaussian.  Thus 

|X(IV)I2  =  exp(-pJ<AJ>). 

Xj(Kv -W)-)  =«xp(-uj</i5)+  uJ<M'l)  (8) 

where  </r2>  is  the  mean  square  height  and  <hh')  is  the  surface 
height  autocorrelation  function.  The  coefficients  if®  depend 
explicitly  upon  the  polarization  of  the  incident  wave  (second 
superscript  Q  =  k'-vertical,  Q  =  //-horizontal)  and  the  polariza¬ 
tion  of  the  scattered  wave  (first  superscript  P  ~  V,H)  the  direc¬ 
tion  of  the  incident  and  scattered  wave  normals  n‘  and  n % 
respectively,  the  unit  vector  n  normal  to  the  rough  surface  and 
the  complex  permeability  and  permittivity  of  the  medium  of 
propagation,  respectively  (Bahar  |1  j).  On  deriving  (4),  it  is 
assumed  that  the  rough  surface  is  Gaussian  and  stationary,  thus 
the  surface  height  h  and  slopes  (hx,  h2)  are  statistically  inde¬ 
pendent  (Brown  [7|.  Longuet-Higgins  [II]).  It  is  also  assumed 
that  for  distances  \fd\  less  than  the  surface  height  correlation 
distance,  /c,  n(hx ,  hz)  ^  /T(Aj,  h\).  It  has  been  shown  that  if 
the  principal  contributions  to  the  scattered  fields  come  from 
specular  points  on  the  rough  surface  ( n  -  n,),  (1)  reduces  to 
the  physical  optics  solution  for  the  scattering  cross  section. 

If,  however,  the  roughness  scale  of  the  surface  is  small  com¬ 
pared  to  the  wavelength  (*J</«2)  <  I)  and  the  surface  slopes 
hx  and  hz  are  very  small,  (I)  reduces  to  the  perturbation  solu¬ 
tion  for  the  scattering  cross  sections  (Rice  ( 1 3] ).  Thus,  in  this 
case  Bragg  scattering  is  accounted  for  and  the  backscatter  cross 
sections  for  grazing  angles  are  strongly  dependent  on  polariza¬ 
tion.  Recently  a  two-scale  model  was  adopted  to  determine 
the  corresponding  full  wave  solution  for  the  scattering  cross 
sections  (Bahar  and  Barrick  (3)).  To  facilitate  the  application  of 
the  two-scale  model  it  is  assumed  that  the  small  scale  surface  ht 
and  the  large  scale  filtered  surface  hp  are  statistically  independent 
(Valenzuela  [17];  Wright  (1 8];  Brown  (7J).  In  the  general  case 
however,  if  the  two-scale  model  is  used  to  analyze  the  problem 


it  would  be  necessary  to  know  the  large  and  small  scale  surface 
height  joint  probability  density  function  for  two  adjacent  points 
on  the  rough  surface  to  determine  X2  •  (8)  alone. 

Since  the  full  wave  solutions  account  for  both  Bragg  sea  tier 
and  specular  point  scatter  in  a  unified,  self-consistent  manner 
in  this  communication  solutions  for  (1)  are  developed  withou 
adopting  a  two-scale  model  of  the  rough  surface. 

It  has  been  noted  in  the  introduction  that  the  physical  optic 
approximation  for  the  cross  polarized  backscatter  cross  sectior 
is  zero  ((< ~  0  for  P  #  Q)  (Brown  [7]).  However,  even  the 
large  scale  filtered  surface  will  depolarize  the  backscattered  field 
at  nonspecular  points  on  the  surface.  Therefore  the  present 
analysis  should  shed  more  light  on  the  evaluation  of  the  like  and 
cross  polarized  backscatter  cross  sections  and  the  suitability  ot 
the  two-scale  model  even  if  it  can  be  assumed  that  the  large  and 
small  scale  surfaces  are  statistically  independent. 

Assuming  that  I  and  I X  I2  4  I,  the  scattering  cross 

section  (1)  can  be  expressed  as  follows: 

(oPQ)  =  lf‘°(nf,n')Q(nf,Z,R)  (9a) 

in  which  is  defined  by  (4)  and 

Q  =  J  (Xj  -lxl’)«xP  l‘Vxxd  +  'Vdl  dxddzd,  (9b) 

is  the  two-dimensional  Fourier  transform  of  (x2  -  lxl!)  (8)  It 
therefore  depends  on  the  surface  height  correlation  coefficient 
R 

R^Oih'Vih1).  (10) 

The  surface  height  spectra)  density  function  Iffy,.  v: )  is  related 
to  the  two-dimensional  Fourier  transform  of  the  surface  height 
autocorrelation  function. 

W(vx,  p,)  =  —  foih'Jexp  [ivxx^  +  dxd  tiid.  (11) 

V  J 

Thus  assuming  that  the  rough  surface  is  Gaussian  and  stationary, 
to  compute  the  scattering  cross  sections  (9)  it  is  necessary  to 
prescribe  the  tw-o-dimensional  slope  probability  density  function 
p(hx,  ht),  (4)  and  the  surface  height  autocorrelation  function  or 
its  Fourier  transform  (the  surface  height  spectral  density  func¬ 
tion).  Since  it  is  assumed  in  this  work  that  the  surface  is  isotropic, 
ihh')  depends  only  on  the  distance  rd  =  \rd  |  between  the  two 
points  (jc,  h ,  z)  and  (*',  h\ z')  on  the  rough  surface.  Thus 

rw(uxx) 

(Mi >  =  2jt /  — —  J^ViS^VsxdVxx  (1-) 

in  which  JQ  is  the  Bessel  function  of  order  zero  and 

=  +  (13) 

(A!>  =  2*J— ^  vxl  dvxl  (14) 

and  the  total  mean  square  slope  is 

=  t.d'’*'.  05) 

III.  ILLUSTRATIVE  EXAMPLES 

For  the  following  illustrative  examples  the  special  form  of 
the  surface  height  spectral  density  function  is  chosen  (Brown 
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^  /(*’ +  a1)4.  *<*<■ 

0,  k>ke  (16) 

where  W  is  the  spectral  density  function  (16)  and  5  is  the  corre¬ 
sponding  quantity  used  by  Brown  [7J.  For  the  above  isotropic 
model  of  the  ocean  surface 

k2  =  v]  +  v]  (cm)-  5 ,  kc  =  12  (an)-1,  B  =  0.0046 

*  =  (333.2 V*)-'!7  (cm)-',  V  =  4.3  (m/s),  (17) 

in  (17)  V  is  the  surface  wind  speed.  The  wavelength  for  the  elec¬ 
tromagnetic  wave  is 

Xo  =  2  (cm),  (Jfc0  =  3.1416  (cm)”  *).  (18) 

Equation  (14)  for  the  mean  square  height  of  the  rough  surface 
yields 

,  Bk ‘  B  , 

<h2)  =  — —  —  3;  — ,  =  87.9  cm1 ,  (19) 

6*  V -Ht3)3  6*3 

The  surface  height  autocorrelation  function  Oih')  (12)  can  be 
expressed  in  closed  form  for  ke  -»  ■».  Thus  the  surface  height 
correlation  coefftient  /?(/■<,)  (10)  is  given  by  (Miller  el  at.  (I  2j) 


)  =  1  +  g-  (*'„)J  J 


(Krd)K ,(Kr„)  -  (KrdfKa(Krd) 


in  which  K0  and  K\  are  the  modified  Bessel  functions  of  the 
second  kind  and  of  order  zero  and  one,  respectively.  Since  kc  > 
k  and  kc  >  k0  the  above  closed  form  expression  is  used  for  R 
in  this  illustrative  example.  The  total  mean  square  slope  of  the 
rough  surface  is  obtained  on  substituting  (16)  into  (l  5). 

,  fl  *3  +  k3  **(6kj  +  15«5*’  +  11**)"| 

ln  «3  ”  12(x3  +  k2)3  J 


For  typical  sea  surfaces  the  relative  complex  dielectric  coefficient 
at  1 5  GHz  is  given  by  (Stogryn  { 1 5  J ) 

er=  42  -/39.  (22) 


The  slope  probability  density  function  p(hx ,  hz)  is  assumed  to 
be  Gaussian.  In  Fig.  1,  the  like  polarized  backscatter  cross  sec¬ 
tion  ( avv >  is  plotted  as  a  function  of  the  angle  of  incidence 
using  the  expression  derived  in  Section  II.  These  results  are 
compared  with  the  two-scale  full  wave  results  (Bahar  et  al.  (4)) 
based  on  the  choice  of  ka  (the  wavenumber  where  spectral 
splitting  occurs)  corresponding  to  0  =  1.  Both  results  yield  the 
same  general  dependence  of  (aVv)  on  the  angle  of  incidence. 
The  small  difference  in  level  is  primarily  due  to  the  fact  that  in 
(3)  the  mean  square  slope  oj  of  the  total  (unfiltered)  surface  is 
used,  while  for  the  solution  based  on  the  two-scale  model  the 
mean  square  slope  ojrj  for  the  filtered  surface  hF  is  used  (Bahar 
et  al.  (4)).  It  should  be  noted  that  in  deriving  the  expressions  for 
the  scattering  cross  sections  based  on  the  two-scale  model,  it 
was  assumed  that  oJ-s  s  oj.  Thus  the  results  based  on  (3)  3 re 


Fig.  1.  Backscaner  cross  sections  <ovv>  for  rough  surfaces  characterized 
by  fiven  by  (16).  (□)  Two-scale  model  and  (A)  unified  full  wave 

•olution  (4).  Relative  complex  permittivity  is  «,  «  42  -  /39. 


Fig.  2.  Backscatter  cross  sections  <o*H>  for  rough  surfaces  characterized 
by  W{v+,  given  by  (16).  (□)  Two-scale  model  and  (A)  unified  full  wave 
solution  (4).  Relative  complex  permittivity  is  «r  *  42  -  /39. 


more  accurate.  Furthermore,  on  deriving  the  solution  based  on 
the  two-scale  model,  the  quantity  xty,)  (8)  >s  assumed  to  be 
negligible  compared  toxjfay.  -u>.)  (8)  for ra<lc.  Since 4fc2  <A2 )  = 
3468  for  this  illustrative  example,  the  resulting  approximation 
is  very  good  except  very  near  grazing  angles.  In  Fig.  2,  the  cor¬ 
responding  results  are  given  for  the  horiz<  ritally  polarized  back- 
scatter  cross  sections  (cr**).  It  is  interesting  to  note  that  the 
full  wave  solution  (3)  yields  the  proper  polarization  dependence 
of  the  scattering  cross  sections  for  all  angles  of  incidence  without 
use  of  a  two-scale  model  since  it  accounts  for  specular  point  and 
Bragg  scattering  in  a  unified,  self  consistent  manner.  In  Fig  3 
the  cross  polarized  backscatter  cross  sections  ioVH)  -  (o^) 
are  plotted  as  functions  of  the  angle  of  incidence.  Here  too, 
both  the  solutions  based  on  the  two-scale  model  as  well  as  the 
solution  derived  in  this  section  are  presented.  Unlike  the  solutions 
for  the  like  polarized  backscatter  cross  sections  <opr>)(P  -  V\H). 
the  solutions  for  the  cross  polarized  backscatter  cross  sections 
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Fig.  3.  Backscatter  cross  sections  <oVH>  =  <oHV>  for  rough  surfaces 
characterized  by  W(u„  i»4)  given  by  (16).  (□)  Two-scale  model  and  (A) 
unified  full  wave  solution  (4).  Relative  complex  permittivity  is  t,  =  42  — 
i39. 

differ  significantly,  especially  near  normal  incidence  where 
the  difference  in  level  is  about  15  dB.  This  very  significant 
difference  is  due  to  the  fact  that  the  physical  optics  approxima¬ 
tions  for  the  cross  polarized  backscatter  cross  section  is  zero 
(Brown  [7j,  Bahar  el  al.  [4]).  For  backscatter  the  surface  at  the 
specular  points  is  normal  to  the  incident  wave.  At  these  stationary 
phase  points  no  depolarization  occurs.  However,  since  depo/ariza- 
tion  occurs  at  the  nonspecular  points  of  the  filtered  surface,  the 
physical  optics  approximations  for  the  cross  polarized  backscatter 
cross  section  is  not  valid.  It  is  interesting  to  note  that  for  the  two- 
scale  model  at  normal  incidence  (opp)/<,ap^)  s  47  dB  ( P  ^  Q). 
However,  using  the  full  wave  solution  (3),  (opp)/(ap^ )  s  31  dB 
(P  ^  Q).  The  latter  results  are  significantly  more  in  line  with 
published  experimental  results1  (Long  (10]). 

IV.  CONCLUDING  REMARKS 

It  is  shown  in  this  section  that  two-scale  models  of  rough  sur¬ 
faces  can  be  adopted  to  obtain  solutions  for  the  like  polarized  back¬ 
scatter  cross  sections  that  are  in  reasonably  good  agreement  with 
the  full  wave  solutions  derived  in  this  section.  However,  the  two- 
scale  model  cannot  be  used  to  evaluate  the  cross  polarized  back¬ 
scatter  cross  sectons.  The  significant  differences  between  the 
solutions  derived  in  this  paper  and  those  based  on  the  two-scale 
models  are  primarily  due  to  the  fact  that  the  physical  optics 
approximation  for  the  cross  polarized  backscatter  cross  sec¬ 
tion  (associated  with  the  large  scale  filtered  surface)  is  zero. 
For  backscatter,  the  specular  points  lie  on  portions  of  the  rough 
surfaces  that  are  perpendicular  to  the  incident  wave  normal 
n‘(ns  =  rf  =  -n1).  At  these  specular  points,  the  backscattered 
waves  are  not  depolarized.  However,  at  nonspecular  points  of 
the  rough  surface,  the  backscattered  waves  are  depolarized 
(Bahar  (2J).  Thus,  it  is  important  to  note  that  even  if  a  surface 
satisfies  the  radii  of  curvature  criteria  (associated  with  the 

'  See  also  NRL  report  oo  “Airborne  radar  backscaner  itudy  al  four 
frequencies.”  NRL  Prob  ROZ-37.  SER.  8560,  Aug.  1966,  by  J  C.  Daley. 


Kirchhoff  approximations  for  the  surface  fields),  the  physical 
optics  approximations  for  the  scattered  fields  may  not  be  valid 
unless  for  the  given  incident  and  scatter  angles  specular  points 
exist  on  the  surface  and  significant  contributions  to  the  scattered 
fields  come  from  these  stationary  phase  (specular-points)  of  the 
surface.  This  explains  why  the  physical  optics  approximations  for 
the  like  polarized  backscattered  cross  sections  are  not  suitable  for 
grazing  angles  even  if  the  surface  meets  the  radii  of  curvature 
criteria  associated  with  the  Kirchhoff  approximations. 

There  are  additional  important  reasons  for  preferring  to  use 
the  analysis  developed  in  this  section  over  those  that  are  based  on 
two-scale  models  of  rough  surfaces.  Firstly,  if  the  two-scale 
model  is  used,  it  is  necessary  to  assume  that  the  large  and  small 
scale  surfaces  are  statistically  independent  (Brown  (7] ).  Secondly, 
even  if  the  assumption  of  statistical  independence  is  acceptable, 
when  the  two  scale  model  is  used,  it  is  still  necessary  tojudiciously 
specify  kd  (where  spectral  splitting  is  assumed  to  occur).  These 
problems  do  not  arise  when  the  unified  full  wave  formulation  is 
used  to  evaluate  the  scattering  cross  sections. 
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ABSTRACT 

Microwave  remote  sensing  of  rough  surfaces  (both  land  and  ocean),  using  moving 
platforms  (aircraft  and  satellite) , -as  well  as  ground  based  measurements  has  illus¬ 
trated  the  need  for  a  better  understanding  of  the  interaction  of  the  radar  signals 
with  these  surfaces.  This  interaction  is  particularly  important  for  the  ocean  surface 
where  the  radar  modulation  can  yield  information  about  the  long  ocean  wave  field. 
Radar  modulation  measurements  from  fixed  platforms  have  been  made  in  wavetanks  and 
the  open  oceans.  The  surfaces  have  been  described  in  terms  of  two-scale  models.  The 
radar  modulation  is  considered  to  be  principally  due  to:  (1)  geometrical  tilt  due  to 
the  slope  of  the  long  ocean  waves  and  (2)  the  straining  of  the  short  waves  (by 
hydrodynamic  interaction).  For  application  to  moving  platforms.  Synthetic  Aperture 
Radar  (SAR)  and  Side  Looking  Airborne  Radar  (SLAR) ,  this  modulation  needs  to  be 
described  in  terms  of  a  general  geometry  for  both  like-  and  cross-polarization  since 
the  long  ocean  waves,  in  general,  travel  in  arbitrary  directions.  In  the  presenC 
work,  the  finite  resolution  of  the  radar  is  considered  for  tilt  modulation  with 
hydrodynamic  effects  neglected. 

1.  INTRODUCTION 

The  full  wave  approach  is  used  to  determine  the  modulation  of  the  like-  and 
cross-polarized  scattering  cross  sections  for  composite  models  of  rough  surfaces 
illuminated  by  SAR.  The  full  wave  approach  accounts  for  both  specular  point  scatter¬ 
ing  and  Bragg  scattering  in  a  self-consistent  manner.  Thus,  the  total  scattering 
cross  section  is  expressed  as  a  weighted  sum  of  two  cross  sections  (Bahar  et  al., 
1983).  The  first  is  the  scattering  cross  section  associated  with  the  filtered  surface 
consisting  of  the  large-scale  specular  components  of  the  illuminated  rough  surface 
area.  The  second  is  the  cross  section  associated  with  the  surface  consisting  of  the 
small-scale  spectral  components  that  ride  on  the  filtered  surface. 

Full  wave  solutions  are  derived  for  the  scattering  cross  sections  of  a  relatively 
small  area  or  resolution  cell  of  the  rough  surface  that  is  effectively  illuminated  by 
SAR.  The  normal  to  an  arbitrarily  oriented  mean  plane  associated  with  the  illuminated 
cell  is  characterized  by  tilt  angles  fi  and  t  in  and  perpendicular  to  a  fixed  reference 
plane  of  incidence.  It  is  assumed  that  the  lateral  dimension  of  the  resolution  cell 
Ls  is  much  larger  than  both  the  electromagnetic  wavelength  and  the  surface  height 
correlation  distance  for  the  cell.  As  the  SAR  scans  different  portions  of  the  rough 
surface  S,  the  direction  of  the  unit  vector  normal  to  the  cell  F  fluctuates.  In  this 
paper  the  "modulations"  of  scattering  cross  sections  are  determined  as  the  tilt 
angles  fl  and  t  fluctuate.  In  a  recent  study  of  "tilt  modulation"  by  Alpers  et  al. 
(1981),  first-order  Bragg  scatter  due  to  capillary  waves  on  a  tilted  plane  is  consid¬ 
ered.  It  can  be  shown  that  if  the  large  scale  spectral  components  of  the  surface 
within  the  cell  are  ignored,  the  full  wave  solutions  derived  here  for  tilt  modulation 
reduce  to  the  results  obtained  by  Alpers  et  al. 
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The  expression  for  the  physical  optics  (specular  point)  cross  section  for  the 
large-scale  surface  is 
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in  which  depends  on  n*,  n^,  ii,  the  media  of  propagation  above  and  below  the 
rough  surface  h(x,z)  and  the  polarization  of  the  incident  and  scattered  waves 
(Bahar,  1981a, b).  The  shadow  function  Pj  is  the  probability  that  a  point  on  the 
rough  surface  is  both  illuminated  and  visible,  given  the  slopes  5(1^, h^)  ,  at  the 
point  (Smith,  1967;  Sancer,  1969).  The  probability  density  function  for  the  slopes 
-  c  PO 

hx  and  h2  is  p(n).  The  factor  \  (v)  that  multiplies  <o„  >  accounts  for  the  degrada¬ 
tion  of  the  contributions  from  the  specular  points  due  to  the  superimposed  small 
scale  rough  surface  h  . 

PQ 

Assuming  a  Gaussian  probability  density  function  for  h^,  <0  is  given  by 
the  sum 

<oP^>  »  l  <oPQ>  (9 
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2 

in  which  <h  >  is  the  mean  square  of  the  surface  height  h£  and  v_,v_  an<*  v_  are  the 
components  of  v  (6)  in  the  local  coordinate  system_(at  each  point  on  the  large 
scale  surface)  associated  with  the  unit  vectors  n2,n2  and  nj*  Thus  v  can  also  be 
expressed  as 

v  -  v-  n  +  v_  n,  +  v_  n,  . 

x  1  y  2  z  3  (11 


’  (n  x  az3/|n  xaj  ,  n2  -  n  ,  n^  ■  ^  z  n  .  (12J 

The  function  W  (v_,v  )/22m  is  the  two-dimensional  Fourier  transform  of  (<h  h’>)m. 

m  x  z  p  s  s 

For  8  «  1  and  arbitrary  p(h  ,h  )  the  first  term  in  (9),  <o  >  ,  is  also  in 

X  Z  Sx 

agreement  with  Valenzuela's  solutions  that  are  "mostly  based  on  physical  considera¬ 
tions"  (Valenzuela,  1968,  Valenzuela  et  al.,  1971).  For  small  slopes  n  *  a  and 
8  «  1  the  first  term  in  (3)  reduces  to  Brown's  solution  (1978)  based  on  a  combina¬ 
tion  of  physical  optics  and  perturbation  theory.  Since  it  is  assumed  (on  deriving 
(3)  from  the  full  wave  solutions  for  the  scattered  fields)  that  the  surface  h, 
satisfies  the  radii  of  curvature  criteria  as  well  as  the  condition  for  deep  phase 
modulation,  it  is  necessary  to  choose  6  “  4k  <h  >  >  1  in  order  to  assure  chat  the 

O  6 

weighted  sum  of  cross  sections  (3)  remains  insensitive  to  variations  in  k^,  the 
wavenumber  where  spectral  splitting  is  assumed  to  occur  (Bahar  et  al.,  1983). 

In  order  to  apply  the  full  wave  approach  to  SAR  it  is  necessary  to  modify  the 
results  presented  in  this  section  (a)  to  account  for  the  filtering  of  the  very 
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For  the  illustrated  examples  presented,  the  scattering  cross  sections  and  their 
derivatives  with  respect  to  the  tilt  angles  are  evaluated  for  all  angles  of  inci¬ 
dence.  The  modulation  of  the  like  cross  sections  near  normal  incidence  is  due  pri¬ 
marily  to  fluctuations  in  specular  point  scattering  while  the  modulation  of  the  like 
cross  section  for  near  grazing  angles  is  due  primarily  to  fluctuations  in  Bragg 
scattering.  Thus,  for  large  angles  of  incidence  the  cross  sections  for  the  hori¬ 
zontally  polarized  waves  are  shown  to  be  more  strongly  modulated  than  the  cross 
sections  for  vertically  polarized  waves.  The  relative  modulations  of  the  like  polar¬ 
ized  backscatter  cross  sections  are  optimum  for  incident  angles  between  10  and  15 
depending  upon  the  lateral  dimension  of  the  resolution  cell  and  the  polarization. 

2.  FORMULATION  OF  THE  PROBLEM 

The  full  wave  solutions  for  the  normalized  cross  sections  per  unit  area  are 
summarized  here  for  composite  rough  surfaces.  The  position  vector  to  a  point  on 
the  rough  surface  is  expressed  as  follows: 

?s  “  +  nhs 

in  which  y^h^x.z)  is  the  filtered  surface  consisting  of  the  large  scale  spectral 
components  of  the  rough  surface  and  hs,  the  small  scale  surface  height  is  measured 
in  the  direction  of  the  normal  (n)  to  the  large  scale  surface  y=h£.  For  a  homogenous, 
isotropic  surface  height  the  spectral  density  function  is  the  Fourier  transform  of 
the  surface  height  autocorrelation  function  <h(x,z) ,h’ (x' ,z ')>. 


1  °° 

w(v  ,v  )  «  -4  /  <hh'>exp(iv  x,+  iv  z  )dx  dz  (2a) 

'  x*  z  2  — 00  x  d  z  d  d  d 

ir 

—  2  2  % 

where  <hh’>  is  a  function  of  distance  | J  “  (xd  +  zd)  and 

x  -  x'  “x,  and  z  -  z’  *  z  .  (2b) 

^  d  2  2  h 

The  surface  hj,(x,z)  consists  of  the  spectral  components  k  -  (vx+  vz)  <  kd  and  the 
remainder  term  hs(x,z)  consists  of  the  spectral  components  k  >  krf .  The  full  wave 
approach  accounts  for  both  specular  point  scattering  and  Bragg  scattering  in  a  self- 
consistent  manner  the  total  scattering  cross  section  can  be  expressed  as  a  weighted 

sum  of  the  cross  section  <o  for  the  filtered  surface  h£  and  the  cross  section 
<oPC>>  for  the  surface  hs  that  rides  on  the  large-scale  surface  h^  (Bahar  et  al., 
1983)S  </Q>  =  <oPQ>£+  <oPQ>s  .  (3) 

The  symbol  <  >  denotes  statistical  average.  The  first  superscript  P  corresponds  to 
the  polarization  of  the  scattered  wave  while  the  second  superscript  Q  corresponds  to 
the  polarization  of  the  incident  wave.  To  derive  (3)  using  the  full  wave  approach  it 
is  implicitly  assumed  that  the  large  scale  surface  meets  the  radii  of  curvature 
criteria  (associated  with  the  Kirchhoff  approximations  for  the  surface  fields)  as 
well  as  the  condition  for  deep  phase  modulation.  Thus  the  first  term  in  (3)  is 

<oPQ>,  “  |xS(v  *  n  )|^  <oPt^>  (4) 

1  '  s  • 

in  which  xs  Is  the  characteristic  function  for  the  small  scale  surface 

.  XS(v  *  n  )  ■=  Xs (v)  -  <exp  ivh  >  (5) 

and  ,  s  _s 

v  -  k  -  k1  -  kQ(n-  n)  ,  v  «  |v|  .  (6) 

The  unit  vectors  and  n1  are  in  the  directions  of  the  scattered  and  incident  wave 
normals  respectively;  thus  for  backscatter  n  “  -n  .  The  free  space  radio  wavenumber 
la  k  .  An  exp(iwt)  time  dependence  is  assumed.  The  vector  n6  is  the  value  of  the  unit 
vector  n  normal  to  the  surface  h(x,z)  at  the  specular  points.  Thus 
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large  scale  spectral  coaponent  of  the  rough  surface  by  the  SAR  that  effectively  illu¬ 
minates  a  relatively  small  area  of  cell  F  of  the  rough  surface  S  and  (b)  to  account 
for  the  normal  to  a  reference  plane  associated  with  the  Illuminated  cell  which  is 
characterized  by  arbitrary  tilt  angles  n  and  t  in  and  perpendicular  to  the  reference 
plane  of  Incidence.  It  is  assumed  here  that  the  lateral  dimension  of  the  cell  illu¬ 
minated  by  the  SAR  is  much  larger  than  the  surface  height  correlation  distance  for 
the  cell  and  that  as  the  SAR  scans  different  portions  of  the  rough  surface  S  the 
direction  of  the  unit  vector  normal  to  the  cell  F  fluctuates.  Our  purpose  is  to 
determine  the  "modulation"  of  the  baclcscatter  cross  sections  <a^>  (3)  as  the  tilt 
angles  (of  the  normal  to  the  cell)  in  and  perpendicular  to  the  reference  plane  of 
incidence  fluctuate. 

3.  SCATTERING  CROSS  SECTIONS  FOR  ARBITRARILY  ORIENTED  RESOLUTION  CELLS  OF  THE 
ROUGH  SURFACE 


Let  x,y,z  be  the  reference  coordinate  system  associated  with  the  surface  of  the 
cell  F  that  is  illuminated  by  the  SAR  such  that  the  mean  surface  of  the  cell  is  the 
y=0  plane.  Furthermore,  let  x',y*,x'  be  the  fixed  coordinate  system  associated  with 
the  large  surface  S  such  that  the  unit  vector  S'  is  normal  to  the  mean  rough  surface 
height  h(x',z').  The  unit  vector  n*--n^  is  expressed  in  terms  of  the  unit  vectors 
of  the  fixed  coordinate  system  (x'jy'.z1): 

n*  ■  -n*  «  sin6'  a'  -  cose'  a'  .  (13) 

o  x  o  y 

The  unit  vector  a  normal  to  the  reference  surface  associated  with  the  cell  is  ex¬ 
pressed  in  terms  yof  the  tilt  angles  fi  and  T  in  and  perpendicular  to  the  fixed 
plane  of  incidence,  the  x',y'  plane.  Thus 


a  “  sinfl  cost  a'  +  cosfi  cost  a'  +  sinT  a'  .  (14) 

y  X  y  z 

For  convenience  ax  and  az,  the  unit  vectors  associated  with  the  cell,  can  be  chosen 
such  that  the  plane  of  incidence  in  the  x,y,z  coordinate  system  is  normal  to  the 


vector  a  .  Thus 
z 


-i 


a  -  (n1x  a  )/|nix  a  |,  a  «■  a  x  a 
z  y  *  y 1  x  y  z 


and  the  expression  for  n  in  the  x,y,z  coordinate  system  is 


where 


n1  -  (n**a  )a  +  (n**a  )a 

xx  y  y 

£  sinB  a  -  cos6  a 
ox  o  y 


(15) 


(16a) 


cose  -  cos(e'  +  n)cosr  . 


(16b) 


The  angle  *j-  between  the  plane  of  incidence  in  the  fixed  coordinate  system  (x',y',z') 
and  the  plane  of  Incidence  in  the  coordinate  system  (x,y,z)  associated  with  the  cell 
is  given  by 


cos*. 


.  cost  sin(6 '  +  0) 
1  o 


and 


sin*! 


sine 

o 

sint 


sine 


(17a) 


(17b) 


-f  -i  f 

For  backscatter  n  ■  -n  .  Thus  the  angle  *p  between  the  plane  of  scatter  in  the  fixed 
coordinate  system  (x',y',z')  and  the  plane  of  scatter  in  the  coordinate  system  asso¬ 
ciated  with  the  cell  is 

■  -*i  •  d8) 


The  matrix  that  transforms  the  incident  vertically  and  horizontally  polarized  waves 
in  the  fixed  coordinate  system  to  vertically  and  horizontally  polarized  waves  in  the 
cell  coordinate  system  is  therefore  (Bahar,  1981a, b) 
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(19) 


i 

COS^p 

siu*p 

tf  “ 

i 

i 

-sinifj. 

cos|F 

Similarly,  the  matrix  that  transforms  the  scattered  vertically  and  horizontally 
polarized  waves  in  the  cell  coordinate  system  back  into  the  vertically  and  hori¬ 
zontally  polarized  waves  in  the  fixed  coordinate  system  is 


Thus  in  view  of  (18) 
matrix  D  given  by 


'  COSlfly 

-sin**' 

sin<4 

f 

• 

cos*F 

«  Ti.  The  coefficients 

D  - 

,in  _f  __i 

C  T  FT 
o 

(20) 

in  (8)  are  elements  of  a  2  x  2 

(21) 


in  which  Cin  is  the  cosine  of  the  angle  between,  the  incident  wave  normal  n1  and  the 
unit  vector  n  normal  to  the  rough  surface  of  the  cell  hj.(x,z).  Thus 

Cin  -  -  cos6in  (22) 

o  o 


where  r i*  is  given  by  (16)  and  n  is  given  by  (7a)  with  fj.(x,y)  «  y-hp(x,y).  The  ele¬ 
ments  of  the  scattering  matrix  F  in  (21)  are  functions  of  the  unit  vectors  n  ,n*  and 
n  as  well  as  the  media  of  propagation  above  and  below  the  rough  surface  S  (Bahar , 
198la).  The  matrix  T*  transforms  the  vertically  and  horizontally  polarized  waves  in 
the  cell  coordinate  system  (3  ,a  , a  )  to  vertically  and  horizontally  polarized  waves 
in  the  local  coordinate  system  t^at  conforms  with  the  rough  surface,  n^.n^.n,  (12). 
Similarly,  the  matrix  T^  transforms  the  vertically  and  horizontally  polarized  waves 
in  the  local  coordinate  system  back  into  vertically  and  horizontally  polarized  waves 
in  the  cell  coordinate  system  (Bahar,  1981a). 


To  account  for  the  arbitrary  orientation  of  the  cell,  the  matrix  D  in  (21)  must 
be  post-multiplied  by  tJi  and  pre-multiplied  by  T^.  Thus  the  elements  of  the  matrix 
D  in  (8)  must  be  replaced  by  the  elements  of  the  matrix  D  where 

Df  -  t£  D  T*  .  F  (23) 


Furthermore,  in  view  of  the  effective  filtering  by  the  SAR  of  the  very  large  scale 
spectral  components  of  the  rough  surface  f(x',z’)  »'  0,  the  spectral  density  function 
for  the  rough  surface  fp(x,y)  -  0  associated  with  the  resolution  cell  F  is  given  by 


VvV 


w(vV  •  k±k6 

0  ,  k  <  k 


(24) 


where  W(v-,v_)  is  the  spectral  density  function  for  the  surface  S,  f(x',z')  “  0. 

The  wavenumber  k  is 

s  k  -  2i/L  <  k.  (25) 

s  so 


where  Ls  is  the  width  of  the  area  of  the  cell  illuminated  by  the  SAR.  The  very  large 
scale  surface  consisting  of  the  spectral  components  0  <  k  <  ks  are  responsible  for 
tilting  the  resolution  cell  with  respect  to  the  mean  sea  surface. 

Thus  on  replacing  the  spectral  density  function  W  (2a)  for  the  surface  S  by  the 
spectral  density  function  Wp  for  the  cell  F  (24)  and  on  replacing  the  elements  Tr* 
of  the  matrix  D  by  the  elements  of  the  matrix  Dy  (23)  the  expression  (3)  can  be 
used  to  determine  the  normalized  backscatter  cross  section  for  an  arbitrarily 
oriented  cell  F.  In  view  of  (19)  and  (20)  the  expressions  for  these  backscatter 
cross  sections  are  explicit  functions  of  the  tilt  angles  0  and  -t.  For  the  special 
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case  x  -  0  (tilt  is  in  the  plane  of  incidence)  the  matrices  T^.  and  reduce  to 
Identity  matrices  and 

cos6  *  cos(6'  4  0)  . 

Thus  for  x  -  0  oo 


Sfl  e'-const  36' | 0-const  (21 

,  *0  0 
and 

(3<oPQ>/30)6l_const  -  (3<°PQ>/»;)n.const  •  (2* 

o 

PO  PO 

Therefore  to  obtain  3<o  ^>/3fl  for  0-0  and  t  -  0  it  is  sufficient  to  evaluate  <0  > 

as  a. function  of  6'  with  both  0  and  t  set  equal  to  zero.  The  value  for  3<o^>/3x  can 

either  be  evaluate?  analytically  since  Z>jJQ  (23)  is  an  analytic  function  of  x,  or  the 

derivative  could  be  evaluated  numerically. 

4.  ILLUSTRATIVE  EXAMPLES 

For  the  illustrative  examples  presented  in  this  section,  the  following  specific 
form  of  the  surface  height  spectral  density  function  is  selected  (Brown,  1978) 


W(v.,v.)  -  -  S(v.,v_)  - 


(|)Bk4/(r24  k2)4  k  <  k. 


where  V  is  the  notation  used  by  Rice  (1951)  and  S  is  the  notation  used  by  Brown  (1978)  . 
For  the  assumed  isotropic  model  of  the  sea  surface 


B  -  0.0046 

k2  -  v?  4  v?  (cm)-2 

X  z 

r  -  (335.2  V4)-*5  (cm)-1 


k  -  12  (cm) 
c 

V  -  4.3  (m/s) 


in  which  kc  is  the  spectral  cutoff  wavenumber  (Brown  1978)  and  V  is  the  surface  wind 
speed.  The  wavelength  for  the  electromagnetic  wave  is 

X  -  3.0  cm  (k  •  2*/3  (cm)”1)  .  (31 

0  o 

The  relative  complex  dielectric  coefficient  for  the  sea  is 

cr  -  48  -  135  (32 

and  the  permeability  for  the  sea  is  the  same  as  for  free  space  (uf  -  1)  . 

The  mean  square  height  for  the  small  scale  surface  h  is  given  by 

<5  r  v  ml 


The  mean  square  slope  for  the  large  scale  surface  h^  within  the  resolution  cell  ,  is 

■L  -  <hL>  -  f  /  k3dkdV  (3 


in  which  ks  is  given  by  (25).  The  mean  square  height  for  the  large  scale  surface 
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,  2*  kd  . 

<h2>  -  /  /  KM  kdkd* 

o  k 

6 

For  8  -  4k2  <h2>  -  1.0,  k,  -  0.201.  For  L  -  300,  1000  and  2500  cm  (25) 
os  a  8 

2 

°ts  «  0.0102,  0.0143  and  0.0152  respectively 


ana  }  2 

k  <hj>  -  21.9,  173  and  357  respectively.  The  slope  probability 
density  function  within  a  resolution  cell  is  assumed  to  be  Gaussian;  thus 

p(hx>V  ’  ~T  exp 

*°ls 

and  the  physical  optics  (specular  point)  backscatter  cross  section  is  (8)  (Bahar, 
1981a) 


4  . 

..  sec  8 

P0  o 

<0-  >b  “  4pq - ~ 

°ls 


exp 


tan2  6 


Is 


(35) 


(36) 


(37) 


in  which  6  is  the  Xronecker  delta  and  Rp(P-V,H)  is  the  Fresnel  reflection  coefficient 
for  the  vertically  or  horizontally  polarized  waves  (Bahar,  1981a, b) . 

W  W  W 

In  Fig.  la,  and  b  <o  >,  and  -(d<o  >/dfi)/<o  >  are  plotted  for  U  «  0  and  i  *  0  as 

functions  of  0^  the  angle  of  Incidence  with  respect  to  the  fixed  reference  system 
(x ' , y ' , z ' ) .  In  these  figures  Lg  -  300,  1000  and  2500  cm. 
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HH 

In  Fig.  2a,  and  b  these  results  are  repeated  for  <a  >.  It  is  interesting  to  note 
that  the  effective  filtering  of  the  very  large  scale  spectral  components  of  the  rough 
surface  (0  <  It  <  ks)  by  the  SAR  does  not  significantly  change  the  value  of  oFQ  unless 
Ls  <  300  cm.  As  one  may  expect,  the  modulation  of  the  scattering  cross  sections  in 
the  plane  of  incidence  |d<oVV>/dn|  is  strongest  for  the  SAR  corresponding  to  the 
narrowest  effective  beam  width  Ls  “  300  cm.  Except  for  near-normal  incidence  the 
relative  modulation  |d<oI>Q>/dn J /<c?Q>  is  larger  for  the  horizontally  polarized  waves 
than  for  the  vertically  polarized  waves.  The  largest  relative  modulation  of  the  like 
polarized  cross  sections  occurs  in  the  transition  region  where  the  contribution  to 
the  cross  section  due  to  Bragg  scatter  becomes  larger  than  the  contribution  due  to 
specular  point  scatter  namely  at  about  10°-15°  (see  Figs,  lb  and  2b). 


HH 

Figure  2a.  <o  >,  for  fi  “  0  and 

T  ■  0  as  a  function  of  6' . 

o 

(A)  "  300  cm,  (Q)  ■  1000  cm, 

(□)  -  2500  cm. 
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Figure  2b.  -(<oHH>/dn)/<oHIi>  for 

0  »  0  and  r  “  0  as  a  function  of 

6'.  (A)  L  “  300  cm, 

o  s 

(O)  I-,.  “  1000  cm, 

(Q)  Ls  m  2500  cm. 


5.  CONCLUDING  REMARKS 

The  full  vave  approach  is  used  to  determine  the  scattering  cross  sections  for 
arbitrarily  oriented  resolution  cells  on  random  rough  surfaces  illuminated  by 
synthetic  aperture  radars.  The  purpose  of  this  analysis  is  to  determine  the  modu¬ 
lation  of  the  like  polarized  scattering  cross  sections  as  the  normal  to  the  cells 
tilt  in  and  perpendicular  to  the  plane  of  incidence.  The  full  wave  approach  accounts 
for  shadowing  and  both  specular  point  scattering  as  well  as  Bragg  scattering  in  a 
self-consistent  manner.  Thus,  the  scattering  cross  sections  are  expressed  as 
weighted  sums  of  two  cross  sections.  The  first  cross  section  is  associated  with  the 
filtered  surface  consisting  of  the  large-scale  spectral  components  of  the  rough 
surface.  The  second  cross  section  is  associated  with  the  surface  consisting  of  the 
small-scale  spectral  components.  It  can  be  shown  that  if  the  large-scale  spectral 
components  of  the  surface  of  the  cell  are  neglected,  the  second  cross  section 
accounts  for  first  order  Bragg  scattering  and  the  results  are  in  agreement  with 
earlier  published  results  (Alpers  et  al.,  1981).  Bowever,  for  typical  terrain  or 
sea  surfaces,  the  large-scale  spectral  components  are  not  negligible. 

By  using  the  full  wave  analysis,  the  modulation  of  the  like  and  cross  polarized 
cross  sections  can  be  determined  for  all  angles  of  incidence  and  tilt  angles .  On 
the  other  hand,  first  order  Bragg  scatter  theory  does  not  account  for  backscattering 
near  normal  to  the  surface  of  the  cell  (Alpers  et  al.,  1981).  The  results  based  on 
the  two-scale  model  indicate  that  the  relative  modulation  of  the  like  polarized 
backscatter  cross  section  is  maximum  for  angles  of  Incidence  between  10°  and  15° 
(depending  on  polarization  and  effective  width  of  the  resolution  cell,  L£)  .  The 
analyses  based  on  first  order  Bragg  scatter  do  not  provide  these  results.  It  is 
also  shown  that  as  the  angle  of  incidence  approaches  zero,  the  modulation  of  the 
scattering  cross  sections  in  and  perpendicular  to  the  plane  of  incidence  becomes 
comparable. 

When  the  normal  to  the  cell  is  tilted  in  the  direction  normal  to  the  plane  cf 
Incidence  (t  i  0),  the  full  wave  analysis  not  only  accounts  for  the  change  in  the 
local  angle  of  incidence  6*  but  also  takes  into  account  the  fact  that  the  local 
planes  of  incidence  (or  scatter)  are  not  parallel  to  the  .eference  planes  of 
Incidence  for  scatter),  namely  ■  -i(i£  f  0. 

Since  Alpers  et  al.  (1981)  do  not  account  for  the  effects  of  the  large  scale 
spectral  components  of  the  surface  within  the  resolution  cell  the  results  presented 
here  for  the  modulation  of  the  like  polarized  scattering  cross  sections  near 
normal  incidence  are  significantly  different  from  those  given  by  Alpers  et  al. 
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SCATTERING  CROSS  SECTIONS  FOR  URGE  FINITELY  CONDUCTING  SPHERES 
WITH  ROUGH  SURFACES-FULL  WAVE  SOLUTIONS 
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ABSTRACT 

The  scattering  cross  sections  for  large  finitely  conducting  spheres  vlth  very  rough  surfaces  ar 
determined  for  optical  frequencies  using  the  full  wave  approach.  For  the  roughness  scales  considered 
the  scattering  cross  sections  differ  significantly  from  those  of  smooth  conducting  spheres.  Several 
Illustrative  exa.nq>les  are  presented  and  the  results  are  compared  vith  earlier  solutions  to  the  problem. 

1.  Titroduction 

The  purpose  of  this  investigation  Is  to  determine  the  like  and  cross  polarized  scattering  cross 
sections  for  electrically  large  finitely  conducting  spheres  vith  very  rough  surfaces.  Perturbation 

theory  has  been  used  to  determine  electromagnetic  scattering  by  spheres  vith  random  rough  surfaces 

2  2 

provided  that  the  parameter  B  *  4k  <h  >  is  much  smaller  than  unity  (vhere  k  is  the  vavenumber  and 

os  o 

<h^>  Is  the  mean  square  height  of  the  rough  surface  of  the  sphere,  Barrick  1970).  Hovever,  for  large 
conducting  spheres  vith  6  «  1,  the  total  scatterlag  cross  sections  are  not  significantly  different 
from  the  physical  optics  cross  section  for  smooth  (unperturbed)  conducting  spheres. 

In  this  paper  the  full  wave  approach  is  used  to  determine  the  scattering  cross  sections  for  largr 
spheres  with  roughness  scales  that  significantly  modify  the  total  cross  sections.  The  full  vave 
approach  accounts  for  specular  point  scattering  and  Bragg  scattering  In  a  self  consistent  manner  and 
the  total  scattering  cross  sections  are  expressed  as  weighted  sums  of  tvo  cross  sections  (Bahar  and 
Barrick  1983).  In  Section  2  the  problem  is  formulated  and  the  principal  elements  of  the  full  vave 
solution  sre  presented.  Illustrative  examples  at  optical  frequencies  are  presented  In  Section  3  and 
the  results  sre  compared  vith  earlier  solutions  based  on  the  perturbation  approach  (Barrick  1970)  and  a 
recent  reformulated  current  method  (Abdelazeez  1983). 

2.  Formulation  of  the  Problem 

The  purpose  of  this  Investigation  is  to  determine  the  like  and  cross  polarized  scattering  cross 
sections  at  optical  frequencies  for  large  conducting  spheres  with  very  rough  surfaces.  The  position 
vector  r^  to  s  point  on  the  rough  surface  of  the  sphere  is  (sec  Fig.  1) 

5.  *  ho  *r  +  \  *r  (Z,1) 

la  which  1*  the  radlue  vector  la  the  epherlcal  coordinate  .7. tea,  hQ,  the  redlue  of  the  unperturbed 
•phere.le  large  coopered  to  the  wavelength  1^  of  the  electromagnetic  wave, end  b(  le  the  rendon  eurfece 
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height  Beeeured  along  Che  r.ilua  vector  i; .  7 or  a  boaogeneoua  lao tropic  rough  aurface  height  h  ,  Che 
epectral  desalt;  function  (lice  1951,  Barrlck  1970,  lahlaaru  1978)  la  the  Fourier  tranafora  of  the 
aurface  height  autocorrelation  function  <h(x,z) ,h' (x' ,1 ')> 


B<VV  -  ~  j  ‘hgh;>  «p(lvxxd  +  lviad)dxddri 

1  1 


(2.2; 


in  vhich  Che  symbol  <•>  denote*  statistical  average  and  <h  lij>  Is  a  function  of  distance  measured  alor 
the  surface  of  the  sphere.  It  is  assumed  that  the  correlation  distance  for  the  rough  surface 
height  is  very  small  compared  Co  the  circumference  of  the  sphere.  The  unit  vectors  n*  and  are  i; 
the  directions  of  the  Incident  end  scattered  vaves  and  the  vector  v  is  given  by 


.  -i, 

k  (n  -  n  ) 


(2.3) 


vhere  k  la  the  electromagnetic  wavenumber  (k  -  2t/X  ). 
o  o  o 

-i 

n  •  -a 

yo 

-f  .  -f  -  .  Af  - 
n  *■  sin  8  a  4-  coa  6  a 

oxo  o  yo 


(2.4) 

(2.5) 


in  vhich  a  ,  a  and  a  are  unit  vectors  in  the  reference  coordinate  system  (see  Fig.  1).  Associated 
xo  yo  zo 

with  a  point  on  the  surface  of  the  unperturbed  sphere  is  a  local  coordinate  system  x,y,z  whose  unit 
vectors  are 


"l  ■  (“  *  *  Sol  .»Vi"VVV;  (2-6' 

Thua  n^  is  in  the  direction  normal  to  the  surface  of  the  sphere  and  and  n^  are  tangent  to  the 
surface  of  the  sphere.  When  the  distance  r^  measured  along  tha  surface  of  the  sphere  is  commensurate 
with  the  correlation  distance  t 


rd  •  C<*-*')2  +  -  (x2  +  i2)** 


U.7; 


Thus  for  points  on  the  surface  of  the  sphere  st  a  distance  r .  -  t  ,  the  surface  height  autocorrelation 

a  c 

2  2 

function  is  <h^h*>  "  <bg>/*  (where  <h#>  is  Che  mean  square  height  and  e  is  the  Neperlan  number) .  The 
surfece  consists  of  the  spectral  components 


k.  <  k  -  <v2  +  v2)11  <  k  (2.8; 

C  X  z  c 

vhere  kj  •  2t/d  is  the  smallest  wavenumber  characterizing  the  rough  surface  of  the  sphere  (d  -  2ho>  an* 
is  the  spectral  cutoff  wavenumber  (Brown  1976).  Perturbation  theory  has  been  used  to  determine 

electromagnetic  scattering  by  rough  surfaces  (Rice  1951,  Burrows  1967,  Valenzuela  1968,  Barrlck  1970 

2  2 

Brown  1978).  To  apply  perturbation  theory,  it  is  neceaeary  to  assume  that  0  •  4kQ<hs>  <<  *or  l*r8 
conducting  spheres,  the  scattered  fields  are  primarily  due  to  specular  point  scattering.  Thus,  If  the 
mean  square  height  <h*>  of  the  rough  surface  is  restricted  by  the  perturbation  condition  8  <<  1,  the 
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total  scattering  cross  sections  for  spheres  vlth  rough  surfaces  la  not  significantly  different  from 
those  of  unperturbed  conducting  spheres. 

Since  tbe  full  wave  approach  (Bahar  1921,  1982,  Bahar  and  Barrlck  1983)  accounts  for  specular 
point  scattering  and  Bragg  scattering  in  a  self  consistent  manner  .the  perturbation  restriction  need  not 
be  Imposed  on  the  mean  square  height  <hj>  of  the  rough  surface.  In  this  vork  we  consider  spheres  with 
large  roughness  scales  whose  scattering  cross  sections  differ  slgnlf lcantly  from  the  cross  sections  of 
unperturbed  spheres.  Thus  using  tbe  full  wave  approach  the  total  normalized  scattering  cross  section? 
per  unit  area  <o*^>  la  expressed  as  a  weighted  sum  of  two  cross  sections 


PQ  PQ  PQ 

0  ^>  ■  <0  >  +  <0  > 


(2.9) 


in  which  1#  the  cross  section  associated  with  the  large  scale  unperturbed  surface  and  <0^^>8  is 

the  cross  section  associated  with  the  small  acale  surface  h^  that  Is  superimposed  on  the  large  scale 
surface.  Tbe  first  superscript  P  corresponds  to  the  polarization  of  the  scattered  wave  while  the 
second  superscript  Q  corresponds  to  the  polarization  of  the  Incident  wave.  The  scattering  cross  section 
<o\  is  given  by  (Bahar  1981) 


<oPQ>t  -  lxS(v)|2  <o!Q> 
in  which  x8  1*  the  characteristic  function  for  the  surface  h 


(2.10) 


X  (v)  -  <exp  iv  h^> 


(2.11) 


s,2 


and  v  is  the  magnitude  of  the  vector  v  (2.3).  Thus  the  weighting  function  |x  |  is  less  than  unity 


It  approaches  unity  for  <h^>  0.  For  Gaussian  rough  surfaces  h^, 

,  -4k^<h^>cos^(0^/2)  ~v^<h^> 

lx*|2  -  e  °  *  0  *  * 


(2.12) 


Since  In  this  vork  the  unperturbed  surface  is  assumed  to  be  the  surface  of  a  large  conducting  sphere 
(d  >>  X  ),  the  cross  section  <o^>  is  given  by  the  physical  optics  expression  (Barrlck  1970) 


„P13>  - 


(2.13) 


in  which  Rp  la  the  Fresnel  reflection  coefficient  for  vertically  (P«V)  or  horizontally  (P-H)  polarized 

PQ 

waves  end  6^  is  the  Kronecker  delta.  For  Gaussian  rough  surfaces  h#. the  term  <o  can  be  expressed 

(2.14) 


P<7  •  PQ 

o  >  -  I  <o  x> 


where 


-  *,k2 


Id'V 


,  ,  t  2a  W  {»  ,v  ) 

•  exp(~Vy<bJ)  (-%)  —  — —  p(hj,hi)<ihidhi  . 


(2.15) 
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(2.16) 


In  (2.15)  v  ,v  and  v  are  the  components  of  v  (2.3)  In  the  local  coordinate  ay  ate*  (2.6) 
x  y  z 

5  -  v*  "l  +  Vy  “2  +  vx  “3 

The  shadow  function  P^n^.a^Jn)  la  the  probability  that  a  point  on  the  rough  surface  Is  both  illuminated 
by  the  source  and  visible  to  the  observer  given  the  slopes  nCh^.h^)  at  the  point  (Smith  1967,  Sanar 

1969).  The  function  p(n)  -  p(h^,h^)  is  the  two-dimensional  probability  density  of  the  slopes  h  and  h  . 
PQ 

The  expression  D  x  depends  on  the  polarization  of  the  incident  and  scattered  waves,  the  unit  vectors 

n*,n^  and  n.and  the  relative  complex  permittivity  of  the  conducting  sphere.  The  function 

W  (v  ,v  )/22n  is  the  two-dimensional  Fourier  transform  of  <h  h^*.  It  can  be  expressed  as  follows 
a  x  z  s  s 

W  (v  ,v  )  .  / 

-® — r — ~  -  - x  <h  h’>  exp(iv  x ,  +  iv  z  )dx  dz 

22"  (2»)2  1  ‘  a  *  d  z  d  d  d 

’  pS  I  WVV>l(VV'VV)dVdV 

-  WvV  ©  WV  <2-17> 

In  (2.17)  the  symbol  denotes  the  two-dimensional  convolution  of  with  V^. 

It  should  be  noted  that  for  8  •*  0  the  scattering  cross  section  (2.9)  reduces  to  the  scattering 
cross  sections  for  large  conducting  spheres;  for  8  «  1*  it  reduces  to  the  perturbation  solution 
(Burrows  1967)  since  in  this  case  | x* I  *  1  and  (2.14)  reduces  to  the  leading  term  m  -  1  (Bragg  scatter). 
In  a  recent  analysis  of  wave  scattering  from  a  large  sphere  with  rough  surface  (using  a  reformulated 
current  method) ,Abdelazeez  (1983)  obtains  a  solution  which  corresponds  to  the  first  term  in  (2.9). 

Barrlck  (1970),  who  considered  backscatter  by  spheres  with  small  scale  roughness,  presents  a  solution 

that  accounts  for  <o^>^  and  the  first  term  in  (2.14).  The  weighting  function  | x* | ^  that  multiplies 
PQ 

<Ow  >  accounts  for  the  degradation  of  the  specular  point  scattering  cross  section  due  to  the  super¬ 
imposed  rough  surface  h^.  The  second  term  in  (2.9),  account  a  for  diffuse  scatter  due  to  the 

rough  surface  h#.  The  leading  term  in  (m-1)  corresponds  to  Bragg  scatter  (Rice  1951, 

Valenzuela  1968,  Barrlck  1970,  Brown  1978).  In  the  next  section  illustrative  examples  of  spheres  with 
very  rough  surfaces  sre  considered.  The  significance  of  the  different  terms  of  the  solution  (2.9)  are 
considered  in  detail  and  the  results  sre  compared  to  earlier  solutions.  On  replacing  <oPQ>  (2.15)  by 
the  expression  for  large  acatterer#  of  arbitrary  shape  (such  as  ellipsoids) , one  can  obtain  the  effects 
of  surface  roughness  on  large  acatterers  of  any  desired  shape. 

3.  Illustrative  Examples 

Assuming  a  homogeneous  isotropic  random  rough  surface  h^,  the  surface  height  spectral  density 
function  (2.2)  (Rice  1951)  considered  for  the  illustrative  examples  Is 


r 


9 


► 

9 


\ 
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W(vx.vt)  -  V(k) 


-  B/k4  k .  <  k  <  k 


in  which 


k  >  k  and  k  <  k. 


k2  -  v2  +  v2  (cm)"2  . 


The  smallest  vavenuaber  characterizing  the  rough  surface  h  la 


where 


k  -ii 

“d  d 


d  -  20  1 


is  the  diameter  of  the  sphere  and  Aq  la  the  wavelength  of  the  electromagnetic  wave 
1  -  0.555  x  10-4  ca  (k  -  -?1  -  1.132  x  105  ca*1). 

O  O  A 


The  spectral  cutoff  number  is  (Brown  1978) 


kc  ■  (.5  i  105  ca'1 


The  Bean  square  height  of  the  rough  surface  h#  la 

2a  k 


<h2>  - 

a 


o  k . 


K  k 

d  c 


2  2 

Thus  the  value  of  S  (3.1)  in  terns  of  the  parameter  B  -  4k  <h  >  la 

o  a 


B  - 


B  kc  kd 
2ko<ke'kd> 


For  8  «•  1.0 


the  corresponding  value  of  the  aean  square  height  la 


<h2>  -  0.195  x  ID'10  ca2 


thus 


B  -  0.125  x  10 


(3.1) 

(3.2) 

(3.3) 


(3.4) 

(3.5) 

(3.6) 

(3.7) 

(3.8) 

(3.9) 

(3.10) 


At  optical  frequencies  the  relative  dielectric  coefficient  of  alunlnua  is  (Ehrenreich  1965) 

c  -  -40  -  112  .  (3.11) 

r 

The  permeability  of  the  sphere  la  assuaed  to  be  that  of  free  space  p  ■  1,  For  the  unperturbed  sphere , 

o 

the  probability  density  function  of  the  slopes  (2.15)  is  given  by 

p(hx,hx)dhj(dhi  -  p(Y,J)drd«  •  Jfr-gr1!  (3.12) 

where  y  and  6  are  the  latitude  and  azlauth  angles  In  the  spherical  coordinate  ayatea. 
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t 


► 

9 


W 

In  Fig,  2  the  vertically  polarized  scattering  cross  section  <o  >  (2.9)  is  plotted  as  a  function  of 
f  2  2 

the  scatter  angle  0^  (see  Fig.  1).  The  parameter  0  •  4ko<h>>  -  1.0.  In  addition  to  the  plot  of 
W 

<o  >  (2.9)  (the  total  cross  section) , plots  are  also  given  for  the  Individual  terms  in  (2.9); 

W  i  s  1 2  W  W  W 

<o  >i  "  I  »  <0  >ai  ****  <0  >s2*  terms  <0  >8a  *or  ■  i  3  are  negligible.  The  value  of 

<0™>  ■  ]Ry|*  (corresponding  to  the  physical  optics  cross  section  for  the  unperturbed  sphere)  is  also 

W 

given  for  the  purpose  of  comparison.  Note  that  the  total  scattering  cross  section  <o  >  for  the  rough 

W 

sphere  is  significantly  smaller  than  that  of  the  unperturbed  sphere  <o  >.  Furthermore,  for  6-1.0 

yy  yy 

the  contribution  of  the  term  <o  (2.9)  is  not  negligible  and  <a  >  cannot  be  approximated  by  the 

first  term  <oVV>1  •  |RyXS|2-  The  corresponding  results  (6  -  1.0)  for  the  horizontally  polarized 
HB 

scattering  cross  sections  <o  >  are  presented  in  Fig.  3.  These  results  are  similar  to  the  results  for 

the  vertically  polarized  waves  except  near  the  quasi-Brewster  angle. 

HV  VH 

The  cross-polarized  section  <o  >  -  <o  >  is  presented  in  Fig.  4  for  B  -  1.0.  In  view  of  (2.13) 

there  is  no  physical  optics  contribution  to  the  cross-polarized  cross  section.  Note  also  that  for 
f  HV 

backscatter,  8^  -  0,  <o  >  becomes  vanishingly  small.  For  B  <  0.1,  the  terms  <®>sm  for  m  >  2  are 

negligible.  Furthermore  line.  e"8  *  0.9  for  8  -  0.1,  the  perturbation  solution  (Barrick  1970) 

is  approximately  equal  o  the  full  wave  solution.  For  very  small  values  of  0  the  full  wave  solutions 

equal  those  of  the  reformulated  current  method  (Abdelazeez  1983)  since  the  second  term  in  (2.9), 

<o  becomes  very  small  compared  to  However,  when  the  scale  of  the  roughness  is  very  small 

(0  <  0.1),  the  scattering  cross  sections  of  rough  spheres  are  not  significantly  different  from  that  of 

unperturbed  spheres.  As  0  (the  roughness  of  the  surface)  increases,  the  weighting  function  | xS  1  ^ 

decreases  and  the  contribution  of  the  term  <o^>#  increases.  Furthermore,  an  increasing  number  of 

PQ 

terms  <o  >  (m— 1,2,3. •••)  need  to  be  evaluated  as  0  increases, 

sm 

4.  Concluding  Remarks 

The  full  wave  approach  has  been  used  to  determine  the  scattering  cross  sections  for  electrically 

large  conducting  spheres  (d  »  1^)  with  very  rough  surfaces.  The  total  scattering  cross  sections  are 

significantly  modified  by  the  rough  surface  vtien  the  paraaeter  8  -  4k2<h2>  >  1.  In  these  cases  the 

o  s 

perturbation  solutions  are  not  valid.  For  0  <<  1  the  full  wave  solutions  reduce  to  the  perturbation 
solution  (Barrick  1970);  however,for  0  «  lf  the  modification  of  the  total  scattering  cross  section  is 
not  very  significant.  The  full  wave  solutions  are  compared  with  the  perturbation  solutions  (Barrick 
1970)  and  a  recent  solution  based  on  the  reformulated  current  method  (Abdelazeez  1983).  The  full  wav« 
solutions  presented  here  can  also  be  used  to  determine  the  effects  of  surface  roughness  on  the 
scattering  cross  sections  for  large  conductors  of  different  shapes  such  as  ellipsoids. 
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Scattering  of  electromagnetic  waves  from  a  rough 
conducting  sphere. 
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Scattering  by  Anisotropic  Models  of  Composite  Rough 
Surfaces— Full  Wave  Solution 

EZEKIEL  BAHAR.  FELLOW.  IEEE 

jtiflncr-Eipmston  for  the  mitering  cross  sections  of  anisotropic 
■•dels  of  composite  random  roagb  surfaces  are  derived  using  the  foil  wave 
approach  that  accoants  for  specular  point  scattering  aad  Bragg  scattering 
In  a  self-consistent  manner.  Backscalter  cross  sections  arc  evaluated  for 
vertical]'  and  horizontally  polarized  waves  as  a  function  of  angle  of 
Incidence  for  cross  wind,  ap  wind,  and  down  wind  directions.  The  cross 
sections  are  most  sensitive  to  wind  direction  for  angles  of  incidence  around 
40*. 

I.  INTRODUCTION 

Various  combinations  of  physical  optics  theory  and  perturba¬ 
tion  theory  have  been  used  to  determine  the  scattering  cross 
sections  for  composite  models  of  rough  surfaces  [J3J,  [12]. 
These  so.Jticns  are  based  on  a  two-scale  model  of  the  rough 
surface.  Physical  optics  [7]  accounts  for  specular  point  scat¬ 
tering  from  the  large  scale  surface  while  perturbation  theory 
[11]  accounts  for  Bragg  scattering  from  the  small  scale  surface. 
However,  the  results  based  on  the  perturbed -physical  optics 
approach  [8]  critically  depend  upon  the  manner  in  which  the 
composite  surface  is  decomposed  into  a  large  and  a  small  scale 
surface. 

Since  the  full  wave  approach  accounts  for  specular  point 
scattering  and  Bragg  scattering  in  a  unified  self-consistent  manner, 
the  solutions  for  the  scattering  cross  sections  can  be  derived  from 
a  single  integral.  However,  the  two-scale  model  can  also  be  adopted 
when  the  full  wave  approach  is  used  and  the  results  are  shown 
to  be  independent  of  the  wavenumber  kd  where  spectral  splitting 
is  assumed  to  occur,  provided  that  the  large  scale  surface  satisfies 
the  criteria  for  deep  phase  modulation  [5] 

In  this  work,  the  full  wave  approach  is  applied  to  a  rough 
surface  characterized  by  an  anisotropic  slope  probability  density 
function.  In  Section  11  the  full  wave  solutions  based  on  the  uni¬ 
fied  and  two-scale  model  are  presented,  and  in  Section  III  illustra¬ 
tive  examples  arc  presented.  Backscatter  cross  sections  for  both 
vertically  and  horizontally  polarized  waves  are  evaluated  for  all 
angles  of  incidence,  and  it  is  shown  that  the  results  are  most 
sensitive  to  wind  direction  for  angles  of  incidence  around  40°.  On 
examining  the  individual  terms  for  the  total  cross  sections  based 
on  the  two-scale  model,  it  is  shown  that  the  cross  sections  become 
insensitive  to  wind  direction  for  near  grazing  incidence. 

II.  FORMULATION  OF  THE  PROBLEM 

In  this  section  full  wave  analytical  solutions  are  derived  for 
the  like  and  cross  polarized  cross  sections  for  composite  models 
of  rough  surfaces  characterized  by  non-Gaussian  surface  slope 
probability  density  functions.  As  an  illustrative  example,  the 
analysis  is  applied  to  rough  surfaces  with  slope  probability  densi¬ 
ties  that  can  be  adequately  represented  by  the  Gram  Charlier 
expression  [9],  [10].  For  these  surfaces  the  surface  height 
and  slope  probability  densities  are  close  to  Gaussian.  The  devia¬ 
tion  of  the  slope  probability  density  from  the  Gaussian  probabil- 
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icy  density  is  characterized  by  a  set  of  skewness  and  peakedness 
coefficients  [9] .  (10]. 

Assuming  that  kJCh1 )  >  1  where  k0  is  the  free  space  wave- 
number  and  <hJ)  is  the  mean  square  height  of  the  rough  surface 
(see  Fig.  1),  the  full  wave  solution  for  the  normalized  scattering 
cross  sections  per  unit  area  is  given  by  (4),  (3], 


2 


•  exp  [r  u  •  ( f  -  r')J  dxd  dzd).  (!) 

In  (1)  Df®  depends  explicitly  upon  the  polarization  of  incident 
wave  (second  superscript  Q  =  V— vertical,  or  H— horizontal)  and 
the  polarization  of  the  scattered  wave  (first  superscript  P  =  V,H) 
the  direction  of  the  incident  and  scattered  wave  normals  n1 
and  nF,  respectively,  the  complex  permittivity  e  and  permeability 
p  of  the  medium  of  propagation,  and  the  unit  vector  n(hx ,  hz) 
normal  to  the  rough  surface  (lj,  (2].  For  a  random  rough  sur¬ 


face 

/(*.  y ,  z)  =  y  -  h(x,  z)  =  0  (2a) 

the  unit  vector  n  is 

«  =  V//IV/I  (2b) 

where 

V/  =  (-*.,«,  +  «>.-*,«,)  (3a) 

hx  s  dh/dx  h,  s  Bh/dz  (3b) 


and  ax,  ay,  a,  ate  unit  vectors  in  the  reference  coordinate  system 
(see  Figs.  1  and  2).  The  plane  y  =  0  is  chosen  to  be  the  reference 
plane.  The  function  fj(n^,  n'!n)  is  the  probability  that  a  point 
on  the  rough  surface  is  both  illuminated  and  visible  given  the 
value  of  the  slopes  fi(hx,  hz)  at  the  point.  The  vector  v  is  given  by 

S  =  V  -  V  =  k0(hr  -  a1)  =  UjSj,  +  Vyi,  +  vzi: 


=  *0  ((sin  «£  cos  4?  -  sin  »‘d  cos  p'jc,  +  (cos  0% 
+  cos  fi|,)a,  +  (sin  0^  sin  -  sin  S'0  sin 


r-r  =  (r  -  x')ix  +  (h  -  h')ay  +  (z  -  s’)?. 


Thus  in  (6) 

(4)  'R  =  A* V(y  -  V)/l  VO  -  hF)\s  7//I  V/l  =n  (9) 

where  hR(x,  z)  is  the  displacement  of  the  small  scale  surface  from 
the  large  scale  (filtered)  surface.  The  distance  vector  f  -  f  can 
also  be  expressed  as 


=  xday  +  (h  -  h')iy  +  zda,  (5) 

is  the  vector  joining  two  points  (jr,  h,  z)  and  (*',  h',  z')  on  the 
rough  surface.  The  symbol  <•)  denotes  the  statistical  average  over 
the  slopes  and  height  of  the  rough  surface.  For  convenience  the 
position  vectors  (from  the  origin  to  points  on  the  rough  surface) 
are  expressed  as  follows  (see  Fig.  3): 

r  =  fF  +  rR  (6) 

in  which 

rF  =  xax  +  hFay  +  ziz  (7) 

is  the  position  vector  to  a  point  on  the  Urge  scale  (filtered) 
surface  (4j.  Associated  with  the  large  scale  surface  it  a  local 
coordinate  system  (i,  y,  r)  (see  Figs.  2  and  3)  with  unit  vector 
R| ,  n2  and  ij  such  that 


f  -  r  =  (x  -  x’)ix  +  (z  -  z')az  +  ( hF  -  h'F)ay  +  (hR  -  h'R  )n 
a  (*  - *')«*  +  (z  -  z')5,  +  [hFx(x  -  x)  +  Af(z  -  z')]ay 


+  (hR~h'R)n  =  ?d-b(hR  -h„)n  (10) 

where 

hF  =  »hF/hx*ht  and  hf  =  ihF/iz  hz.  (11) 

Thus  fj)  is  the  distance  vector  measured  in  the  plane  tangent  to 
the  large  scale  surface 

y  «s  h/r(x,  z)  =  0.  ( 1 2) 

fd-*(x-  x')iz  +  (z  -  z')az  +  [Af(x  -  x)  +  fiF(z-  z'))Sy 
=  i+sj'ij  (13) 


n,  =  (n  X  «,)/!«  X  i,  |,  S,  =n,5j  =n,  X  n.  (g)  in  which  xd  and  zd  are  distances  measured  along  the  unit  vectors 
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nl  and  n3  in  the  plane  tangent  to  the  large  scale  surface.  Thus 
V  •  (r  -  f')  =  (px  +  v,h*)xd  +  (u,  +  uyh^)zj  +  v-y(h  -  A') 

=  (uixi  +  vt:„)  +  Vj(h  -  A') 

-v-fd  +  Vy(h  -  A')  (14) 


in  which 

*3  /■!  r/Q  |2 

<or°>F  *—  J  r^T-  f’j(«/.n'ln)lxJ? 

If  *  I  ft  *  0  y  I 


•  «P  I<(«,  +  vyhx)xa  +  i(px  +  tJ^A, )z„ ) 


in  which  Py  and  u-  and  px  are  components  of  the  veclor  5(4)  in 
the  local  coordinate  system. 

Vi  =  5  •  op  =  5  •  n  and  t>j  =  5  •  n}.  (15) 

The  scattering  cross  sections  (o'10),  (1)  for  composite  rough 
surfaces  can  therefore  be  expressed  as  follows: 

kl  f!  If0  I3 

(o^C)  =  -S<  I  - -  fJ(n/,n'lfi)exp  ffp  •  rd] 

n  J  I  n  •  5,  I 

•  Hx*!3  +  X?  -IXs  I3]  dxddzd).  (16) 

In  (1 6)  the  term 

IXRl,  =  l<exp(,V<)>|3  (17) 

has  been  added  and  subtracted  for  convenience.  The  expecta¬ 
tion  of  exp  (iOyh/f)  is  the  small  scale  surface  characteristic  func¬ 
tion  and 

xf  =  <exp  [iPp(A*  -  A*)>  (18) 

is  the  joint  characteristic  function  for  the  tmall  scale  surface. 
It  is  assumed  in  (16)  that  the  small  scale  surface  height  is  inde¬ 
pendent  of  the  surface  slopes  n(hx,  A,).  Thus  the  scattering  cross 
section  for  composite  surfaces  can  be  expressed  as  a  weighted 
sum  of  two  cross  sections  [4] 


■  dx„  dz, t  dhx  dh , 


(20) 


-rx*  I’Wh.A) 


•  exp  |ipx +  it} zd)dxd  dz„  dhx  dh,  (2 1 ) 

*0*1  P(hx,  Jij)  is  the  two-dimensional  probability  density  of  the 
slopes.  Note  that  in  (20)  the  integration  is  with  respect  to  xd 
and  z„  (distances  in  the  reference  plane)  while  in  (21)  the  inte¬ 
gration  is  with  respect  to  xd  and  zd  (distances  along  the  large 
scale  surface).  Thus  in  (21)  use  has  been  made  of  the  relationship 


d*j  dzj 

h-i. 


-  dxj  1  'v 


(22) 


To  evaluate  (20)  use  is  made  of  the  integral  representation  of 
the  Dirac  delta  functions 

j exp  [i(px  +  v^ix)xd  +  i(Pi  +  vyh,)z, j)  dxd  dzd 

=  4*5S(px  +  p/Ax)S(px  +  vyh,).  (23) 


Thus  on  integrating  with  respect  to  the  slopes  Ax  and  Ax  (20) 
reduces  to 


<p'<?>F 


I/O 


—  fJ("/-"'ls)P('')IX*(l'yA/t)l 


J  nm*t 


{o'a)  •=  <o,c)F  + 


(19) 


(24) 
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in  which  n,  is  the  value  of  the  unit  vecloi  normal  to  the  surface 
n  at  the  specular  points. 

ii,  =  i )/v=(nr-  h')l\  hr  -n‘\.  (25) 

In  (24)  <„:<?>  is  the  physical  optics  scattering  cross  section 
for  the  filtered  surface  y  =  hp(x,  z).  It  is  multiplied  by  the 
coefficient  lx*lJ.  This  weighting  function  which  is  less  than 
unity  accounts  for  the  degradation  of  the  physical  optics  cross 
section  due  to  the  effects  of  the  small  scale  surface  that  rides 
on  the  filtered  surface. 

To  evaluate  the  cross  section  associated  with  the  small  scale 
surface,  it  is  assumed  that  the  surface  hK  is  Gaussian.  Thus 
can  be  expressed  as  follows  [4] : 


<•'«>„  -  E  <«'£» 


m  J  n  •  av  '■ 


where  for  a  wind  speed  V=  14  m/s,  the  skewness  coefficients  are 


C2I  =  -0.1404,  C03  « -0.542  (30) 

and  the  peakedness  coefficients  are 

C40  =  0.40,  C22=0.12,  C04  =  0.23.  (31) 

The  cross  wind  and  up/down  wind  mean  square  slopes  are 

o’  =  0.02988  and  o’ =0.04824.  (32) 

In  (29)  the  dimensionless  quantities  £  and  tj  are 

t=hx/oc  and  rj  =  h2fou.  (33) 

The  surface  of  the  sea  is  assumed  to  be  perfectly  conducting  for 
simplicity.  The  frequency  of  the  radar  is 

/=  15  GHz  (X^  =  2  cm).  (34) 

The  spectral  density  function  Wx  for  the  small  scale  surface 
is  given  by 
2 

W,=-B/k*  kd<k<kc  (35) 


m! 


Piht.h^dh.dh, 


(27) 


and  W„(Vj,  is  the  dimensional  Fourier  transform  of 

(<hKh's'))m  14] .  Thus  W,  is  the  surface  height  spectral  density 
function  and 


in  which 

B  =  0.012  kc  =  12  (cm)"’  (36) 

and  the  wavenumber  kd  where  spectral  splitting  (between  the 
large  and  small  scale  surfaces)  is  assumed  to  occur  is  chosen  such 
that  (5 J 

<l  =  4*’(A’>=1.0  =  2*’i>^-^]-  (37) 

Thus 


-  ~y2  j (<h„h'K  >r  e*P  ('Vi*d  +  >vJd)  dxd  did 
'  17^  Vi)lt',(u;  -  v'i ,  v-,  -  v-Jdv';  dv- 


b'm-iO'i.Ui)  (tij.  Hi). 


In  (28)  the  symbol  •  denotes  the  two-dimensional  convolution 
of  H'm_,  with  H'j. 

III.  ILLUSTRATIVE  EXAMPLES 

For  the  illustrative  examples  considered  in  this  section,  the  two 
dimensional  slope  probability  density  function  is  given  by  [9] 


•  l)r»-^C0j(r?’  -  3)u 

+  -  C40(( 4  -  6(2  +  3)  -  -  C„«’  -  1)(tj’  -  1) 

24  4 

+  ^C#.(n,-fc»J  +  3)j  (29) 


kd  =  0.485  (cm)  *.  (38) 

In  Fig.  4  (avv)  the  backscatter  cross  section  for  vertically 
polarized  waves  is  plotted  as  a  function  of  the  angle  of  incidence 
6q,  for  the  cross  wind,  up  wind,  and  down  wind  directions.  The 
corresponding  result  for  the  horizontally  polarized  backscatter 
cross  section  {oHH)  is  given  in  Fig.  5.  For  normal  incidence 
(0q  =0)  there  is  no  difference  between  the  backscatter  cross 
sections  for  cross  wind,  up  wind,  and  down  wind.  This  is  because 
for  normal  incidence,  specular  point  scattering  (which  is  polariza¬ 
tion  independent)  dominates.  To  notice  significant  differences  in 
the  backscatter  cross  sections  at  normal  incidence,  it  is  necessary 
to  consider  surfaces  with  considerably  larger  skewness  and  mean 
square  slopes.  Furthermore,  all  three  cases  merge  for  grazing 
angles.  This  is  because,  the  principal  contribution  to  backscatter 
for  near  grazing  angles  is  due  to  Bragg  scatter  which  is  given  by 
the  term  io*Q)Rl  (27).  in  this  term  the  effects  of  the  anisotropic 
slope  distribution  are  averaged  out  and  the  dependence  on  wind 
direction  becomes  small  for  grazing  angles.  The  anisotropic  ef¬ 
fects  of  the  slope  distribution  are  most  pronounced  around 
fljj  =  40°.  This  is  Jiown  in  Fig.  6  in  which  iovv)  and  < oHH >  are 
plotted  as  functions  of  the  azimuth  angle  90°  <  0  <  270°  with 
the  angle  of  incidence  0Q  =  40°.  The  up  wind  and  down  wind 
directions  correspond  to  0  =  90°  and  0  —  270°,  respectively,  and 
cross  wind  corresponds  to  0°  and  1 80°. 

For  the  illustrative  examples  considered  here,  the  terms 
can  be  neglected  for  m  >  4.  Individual  terms  for  the 
total  cross  section  (oyy)  are  shown  in  Fig.  7  for  the  cross  wind 
case. 
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Fig.  7.  Individual  lerms  of  Ihe  lolal  cross  sections,  Twal  {«")  solid  line,  (u”),  {Xl ,  {»")„  (D).  +  (0«  (A). 


IV.  CONCLUDING  REMARKS 

The  full  wave  approach  has  been  used  to  determine  the  scatter¬ 
ing  cross  sections  for  composite  rough  surfaces  characterized  by 
anisotropic  slope  distribution  functions.  A  two-scale  model  of 
the  rough  surface  was  adopted  and  the  large  scale  surface  is 
assumed  to  satisfy  the  radii  of  curvature  criteria  and  the  condi¬ 
tion  for  deep  phase  modulation.  For  the  illustrative  examples 
the  large  scale  slope  probability  density  function  is  given  by  the 
Gram  Charlier  expression  (9).  The  small  scale  surface  is 
characterized  by  its  surface  height  spectra)  density  function.  The 
random  rough  surface  height  hK  is  assumed  to  be  stationary  and 
Gaussian.  Thus  it  is  assumed  that  the  slopes  p{n)  and  the  small 
scale  surface  heights  are  statistically  independent.  The  like 
polarized  bsckscatter  cross  sections  based  on  the  two-scale  model 
were  shown  to  be  independent  of  the  choice  of  kd  (spectral 


splitting  wavenumber)  provided  that  0  >  1.0.  On  the  other  hand 
the  perturbed-physical  optics  solution  for  the  backscatter  cross 
sections  [8)  is  very  sensitive  to  the  choice  of 

The  examples  in  Section  HI  illustrate  the  polarization  depend¬ 
ence  of  the  backscatter  cross  sections  for  all  angles  of  incidence. 
The  results  are  giver,  for  the  cross  wind,  up  wind  and  down  wind 
directions.  It  is  shown  that  the  backscatter  cross  sections  are 
insensitive  to  wind  direction  for  near  grazing  and  near  normal 
angles  of  incidence.  They  are  most  sensitive  to  wind  direction 
for  angles  of  incidence  around  40'  (see  Fig.  6). 

The  full  wav;  approach  can  be  applied  to  a  wide  class  of 
anisotropic  rough  surfaces  for  which  the  perturbed-physical 
optics  approach  is  not  suitable.  Furthermore,  since  the  full 
wave  approach  accounts  for  specular  point  scatter  and  Bragg 
scatter  in  a  unified  self-consistent  manner  (1),  it  is  nol  necessary 
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to  adopt  a  two-scale  model  of  the  surface  and  spectral  splitting 
can  be  avoided. 
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i  Scattering  and  depolarization  by  large  conducting  spheres 
with  rough  surfaces 

Ezekiel  Bahar  and  Swapan  Chakrabarti 


The  Kettering  crofts  sections  for  Urge  finitely  conducting  spheres  with  rough  surfaces  are  determined  for 
optical  frequencies  using  the  full  wave  approach.  For  the  roughness  scales  considered  the  scattering  cross 
sections  differ  significantly  from  those  of  smooth  conducting  spheres.  Several  illustrative  examples  are  pre¬ 
sented,  and  the  results  are  compared  to  earlier  solutions  to  the  problem. 


I.  Introduction 

The  purpose  of  this  investigation  is  to  determine  the 
like-  and  cross- polarized  scattering  cross  sections  for 
electrically  large  finitely  conducting  spheres  with  rough 
surfaces.  Perturbation  theory  has  been  used  to  deter¬ 
mine  electromagnetic  scattering  by  spheres  with  ran¬ 
dom  rough  surfaces  provided  that  the  parameter  fi  = 
4kl(h2,)  is  much  smaller  than  unity  (where  Aio  is  the 
wave  number,  and  (h])  is  the  mean  square  height  of  the 
rough  surface  of  the  sphere1).  However,  for  large  con¬ 
ducting  spheres  with  j9  «  1,  the  total  scattering  cross 
sections  are  not  significantly  different  from  the  physical 
optics  cross  section  for  smooth  (unperturbed)  con¬ 
ducting  spheres. 

In  this  paper  the  full  wave  approach  is  used  to  de¬ 
termine  the  scattering  cross  sections  for  large  spheres 
with  roughness  scales  that  significantly  modify  the  total 
cross  sections.  The  full  wave  approach  accounts  for 
specular  point  scattering  and  Bragg  scattering  in  a 
self-consistent  manner,  and  the  total  scattering  cross 
sections  are  expressed  as  weighted  sums  of  two  cross 
sections.2  In  Sec.  II  the  problem  is  formulated,  and  the 
principal  elements  of  the  full  wave  solution  are  pre¬ 
sented.  Several  illustrative  examples  at  optical 
frequencies  are  presented  in  Sec,  IQ,  and  the  results  are 
compared  to  earlier  solutions  based  on  the  perturbation 
approach1  and  a  recent  reformulated  current 
method.3 
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II.  Formulation  of  the  Problem 

The  purpose  of  this  investigation  is  to  determine  the 
like-  and  cross-polarized  scattering  cross  sections  at 
optical  frequencies  for  large  conducting  spheres  with 
very  rough  surfaces.  The  position  vector  rs  to  a  point 
on  the  rough  surface  of  the  sphere  is  (see  Pig.  1) 

r,  =  hod,  +  h,d,,  (1) 

in  which  &r  is  the  radius  vector  in  the  spherical  coordi¬ 
nate  system,  ho,  the  radius  of  the  unperturbed  sphere, 
is  large  compared  with  the  wavelength  \0  of  the  elec¬ 
tromagnetic  wave,  and  h,  is  the  random  surface  height 
measured  along  the  radius  vector  ar.  For  a  homoge¬ 
neous  isotropic  rough  surface  height  hs  the  spectral 
density  function1-4-5  is  the  Fourier  transform  of  the 
surface  height  autocorrelation  function  (h(x,c),h'- 

<*V)>: 

W'le.A)  «  —  J*  <Mi )  exp<iv,Xi>  +  (2) 

in  which  the  symbol  (•)  denotes  statistical  average,  and 
{h,h,)  is  a  function  of  distance  measured  along  the 
surface  of  the  sphere.  It  is  assumed  that  the  correlation 
distance  lc  for  the  rough  surface  height  hs  is  very  small 
compared  with  the  circumference  of  the  sphere.  The 
unit  vectors  n‘  and  n<  are  in  the  directions  of  the  inci 
dent  and  scattered  waves,  and  the  vector  v  is  given  by 

t  “  *0(d'  -  n'),  (3) 

where  ko  is  the  electromagnetic  wave  number  ( ko  = 
2r/X<>): 

«'■  -  -iy<J  (4) 

A1  *  0infl£d(c  +  co&${fiyo,  (5) 

in  which  d,o,  dyo,  and  d,o  are  unit  vectors  in  the  refer¬ 
ence  coordinate  system  (see  Fig.  1).  Associated  with 
a  point  on  the  surface  of  the  unperturbed  sphere  is  a 
local  coordinate  system  x,y,z  whose  unit  vectors  are 
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Fig.  1.  Scattering  of  electromagnetic  waves  from  a  rough  conducting 
sphere. 


ri  =  (ri  X  d,o)/|ri  X  d,o|.  n2  =  n  =  ns  =  rii  X  d.  (6) 

Thus  n2  =  n  is  in  the  direction  normal  to  the  surface  of 
the  sphere,  and  nr  and  123  are  tangent  to  the  surface  of 
the  sphere.  When  the  distance  rd  measured  along  the 
surface  of  the  sphere  is  commensurate  with  the  corre¬ 
lation  distance  lc, 

U  =  [(x  -  z')s  +  (x  -  x')2|1/2  -  (»1  +  xj)1/2  «  xh»  ns 

For  points  on  the  surface  of  the  sphere  at  a  distance  rd 
=  lc,  the  surface  height  autocorrelation  function  is 
(hth\)  =  {h2)/e  (where  (h])  is  the  mean  square  height, 
and  e  is  the  Neperian  number).  The  surface  h,  consists 
of  the  spectral  components 

kd<k-(vl  +  v',)'n<k„  !8) 

where  kd  =  2ir/d  is  the  smallest  wave  number  charac¬ 
terizing  the  rough  surface  of  the  sphere  (d  =  2/>o),  and 
kc  is  the  spectral  cutoff  wave  number.6  Perturbation 
theory  has  been  used  to  determine  electromagnetic 
scattering  by  rough  surfaces.1’4  6-8  To  apply  pertur¬ 
bation  theory,  it  is  necessary  to  assume  that  0  =  4Aq (h2) 
«  1.  For  large  conducting  spheres,  the  scattered  fields 
are  primarily  due  to  specular  point  scattering.  Thus, 
if  the  mean  square  height  <hj)  of  the  rough  surface  is 
restricted  by  the  perturbation  condition  0  «  1,  the  total 
scattering  cross  sections  for  spheres  with  rough  surfaces 
is  not  significantlydifferent  from  those  of  unperturbed 
conducting  spheres. 

Since  the  full  wave  approach2’910  accounts  for  spec¬ 
ular  point  scattering  and  Bragg  scattering  in  a  self- 
consistent  manner,  the  perturbation  restriction  need 
not  be  imposed  on  the  mean  square  height  <hj)  of  the 
rough  surface.  In  this  work  we  consider  spheres  with 
Urge  roughness  scales  whose  scattering  cross  sections 
differ  significantly  from  the  cross  sections  of  unper¬ 
turbed  spheres.  Thus  using  the  full  wave  approach  the 
total  normalized  scattering  cross  sections  per  unit 
projected  area  (ap°)  is  expressed  as  a  weighted  sum  of 
two  cross  sections: 

<»'’«)-  (<rP0><  +  <<rp«>„  .  (9) 


in  which  (opQ)i  is  the  cross  section  associated  with  the 
large  scale  unperturbed  surface,  and  (crp®>,  is  the  cross 
section  associated  with  the  small  scale  surface  h,  that 
is  superimposed  on  the  large  scale  surface,  The  first 
superscript  P  corresponds  to  the  polarization  of  the 
scattered  wave,  while  the  second  superscript  Q  corre¬ 
sponds  to  the  polarization  of  the  incident  wave.  The 
scattering  cross  section  (op®)[  is  given  by9 

(a80),  -  |x*M2  (10) 

in  which  is  the  characteristic  function  for  the  surface 

h,: 

X'(e)  ~  (exp(ri’/i,)),  (11) 

and  v  is  the  magnitude  of  the  vector  v  [Eq.  (3)].  Thus 
the  weighting  function  |  x '  |  2  is  less  than  unity.  It  ap¬ 
proaches  unity  for  (h?)  — -  0.  For  Gaussian  rough  sur¬ 
faces  h„ 

|X'P  =  eip|~4*2<Aj>  eos’(#4/2)l  -  exp(-l>2< h])).  (12) 

Since  in  this  work  the  unperturbed  surface  is  assumed 

to  be  the  surface  of  a  large  conducting  sphere  ( d  »  ) , 

the  cross  section  (tr£c>  is  given  by  the  physical  optics 
expression1 

(aCe)=J«}l  Rp\*.  (13) 

in  which  Up  is  the  Fresnel  reflection  coefficient  for 
vertically  (P  =  V)  or  horizontally  ( P  =  H)  polarized 
waves,  and  6pq  is  the  Kronecker  delta.  For  Gaussian 


6o  — 


Fig.  2.  Vertically  polarized  scattering  cross  section:  d  m  1.0,  0 ,  total 
crons  section  (o'™);  O,  (oKv)  “  |Rv| 2;  X.  (cvv)t  “  |RvX*l2l  +  . 
<ffvv)ji:  4i  (<,vv)tJ 
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rough  surfaces  h,  the  term  (op^),  can  be  expressed 
as 

<*'■«).-  £  (e"*)...  (14) 

m-1 

where 

-  (*'«>.„ -4 rkl  fOM! 

J  A  6, 

•  apNjf*,1))  (^)  —  pih,Mdhjdh,. 

12/  m! 

05) 

In  E<j.  (15)  L>jr  ,Uy,  and  v,  are  the  components  v  [Eq.  (3)] 
in  the  local  coordinate  system  [Eq.  (6)] 


V  “  V,At  +  UyA,  +  U,l\y  (16) 

The  shadow  function  PjOtf.ii'In)  is  the  probability  that 
a  point  on  the  rough  surface  is  both  illuminated  by  the 
source  and  visible  to  the  observer  given  the  slopes 
n(hx,hz)  at  the  point.11'12  The  function  p(ii)  - 
p(h,,h2)  is  the  2-D  probability  density  of  the  slopes  hx 
and  /ij.  The  expression  Dp®  depends  on  the  polar¬ 
ization  of  the  incident  and  scattered  waves,  the  unit 
vectors  n‘,nf,  and  n  and  the  relative  complex  permit¬ 
tivity  (r  of  the  conducting  sphere.  The  function 
W,m(i/,,Ui),22m  is  the  2-D  Fourier  transform  of  (h,h,) m. 
It  can  be  expressed  as  follows: 


Wm(u,,u,)  ^ 
22m 


;  <I*X)  "  eip(iu,n  +  iv,2j)dii<fij 


J"  W’.-i(x>i)H'i(».  -  -  v.  Wu.  dv,' 


-  H’»-i(v,.v,)©H'I(v,/i1). 


lit.  Illustrative  Examples 

Assuming  a  homogeneous  isotropic  random  rough 
surface  h„  the  surface  height  spectral  density  function 
(2)  (Ref.  4)  considered  for  the  illustrative  examples  is 

—B/k* 

H'(t>,^,) -»'(*)-  »  kj<k<k„  (16) 

0  k>  kt  and  k  <  ka, 

in  which 


**  -  vj  +  uj  (cm)'!.  (19) 

The  smallest  wave  number  characterizing  the  rough 
surface  h,  is 

*<  -  <2r)/d,  (20) 

where  d  =  20 Ao  is  the  diameter  of  the  sphere,  and  is 

the  wavelength  of  the  electromagnetic  wave: 

Xo  "  0.555  X  10~«  cm  |*o  *  ^  «  1.132  X  105  cm-‘j.  (21) 
The  spectral  cutoff  number  is6 

»45xi05cm-'.  (22) 

The  mean  square  height  of  the  rough  surface  h,  is 


Thus  the  value  of  B  [Eq.  (18)]  in  terms  of  the  parameter 

0  =  4*o  (hj>  18 


2*J<*,’  -  *5) 


(24) 


In  Eq.  (17)  ®  denotes  the  2-D  convolution  of  IVm-i 
with  VFj. 

It  should  be  noted  that  for  0  -*  0  the  scattering  cross 
section  [Eq.  (9)]  reduces  to  the  scattering  cross  sections 
for  large  conducting  spheres,  for  0  «  1,  it  reduces  to  the 
perturbation  solution,7  since  in  this  case  |x'|  1,  and 

Eq.  (14)  reduces  to  the  leading  term  m  =  1  (Bragg 
scatter).  In  a  recent  analysis  of  wave  scattering  from 
a  large  sphere  with  rough  surface  (using  a  reformulated 
current  method)  Abdelazeez3  obtained  a  solution  which 
corresponds  to  the  first  term  in  Eq.  (9).  Barrick,1  who 
considered  backscatter  by  spheres  with  small  scale 
roughness,  presents  a  solution  that  accounts  for  (opQ)i 
and  the  first  term  in  Eq.  (14).  The  weighting  function 
|X* Is  that  multiplies  (<r£?)  accounts  for  the  degrada¬ 
tion  of  the  specular  point  scattering  cross  section  due 
to  the  superimposed  rough  surface  h,.  The  second  term 
in  Eq.  (9),  {<?"*), ,  accounts  for  diffuse  scattering  due 
to  the  rough  surface  The  leading  term  in  {m 

m  1)  corresponds  to  Bragg  scatter.  In  the  next 
section  illustrative  examples  of  spheres  with  very  rough 
surfaces  are  considered.  The  significance  of  the  dif¬ 
ferent  terms  of  the  solution  (9)  are  considered  in  detail, 
and  the  results  are  compared  to  earlier  solutions.  On 
replacing  (<r£®)  [Eq.  (15)]  by  the  expression  for  large 
scatterers  of  arbitrary  shape  (such  as  ellipsoids)  one  can 
obtain  the  effects  of  surface  roughness  on  large  scat¬ 
terers  of  any  desired  shape. 


For  0  =  2.0  (case  a),  0  =  1.0  (case  b),  0  =  0.5  (case  c),  and 
0  =  0.1  (case  d)  the  corresponding  values  of  the  mean 
square  height  are 

’  0.390 X  1(T 10 era’,/?  «  2.0, 

0.195  XIO'10  cm1,  0«  1.0, 

(*?)-<  „  (25) 

0.975  X  10-11  cm2,  &  •  0.5, 

0.195  X  10-11  "  0.1. 

Thus 

0.250  X  10-*.  /?  -  2.0, 

„  0.125  X  10"*,  B  *1.0, 

B  -  ,  „  (26) 

0.625  X  10'3,  fl  «  0.5, 

,  0.125  X1O~S,0  -0.1. 

For  \)  =  0.555  X  10~4  cm  the  relative  dielectric  coeffi¬ 
cient  of  aluminum  is13 

,,  .  -40-112.  (27) 

The  permeability  of  the  sphere  is  assumed  to  be  that  of 
free  space  po  1.  For  all  the  cases  considered  here,  the 
mean  square  slope  of  the  rough  surface  h,  (with  respect 
to  the  surface  of  the  unperturbed  sphere)  is  <0.02.  The 
projection  (in  the  kioAro  plane)  of  an  elementary  area 
of  the  sphere  oriented  in  the  direction  ft  is  hf  cosy 
sinydyrfi,  where  y  and  S  are  the  latitudinal  and  azi¬ 
muthal  angles  in  the  spherical  coordinate  system. 
Therefore  in  Eq.  (15) 
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Fig.  3.  Horizontally  polarized  cross  section  &  "  1.0,  0 ,  total  cross 
section  (< rWK);  O,  <«r2H)  -  X.  -  IRhx'I2;  +, 

<a'"'),i;  a,  <<r""),s. 


p(h,Mdh,dh,  —  ply.Ddydl  -  *‘nT  'xV,d28l.  , 

0  <  1  <  -  .  0  <  5  <  2rr.  (28) 

2 

In  Fig.  2  the  vertically  polarized  scattering  cross 
section  (avv)  [Eq.  (9)J  is  plotted  as  a  function  of  the 
scatter  angle  8(,  (see  Fig.  1).  The  parameter  8  =  ikl(h]) 
=  1.0.  In  addition  to  the  plot  of  (avv)  (Eq.  (9)]  (the 
total  cross-section)  plots  are  also  given  for  the  individual 
terms  in  Eq.  (9):  ( avv)i  =  |RvX*l2»  <pv'v).i,  Mid 
(<rvv)ti-  For  8  -  1.  the  terms  ( avv),m  for  m  >  3  are 
negligible.  The  value  of  (<r.v)  =  |Rv|s  (corresponding 
to  the  physical  optics  cross  section  for  the  unperturbed 
sphere)  is  also  given  for  the  purpose  of  comparison. 
Note  that  the  total  scattering  cross  section  (avv)  for 
the  rough  sphere  is  significantly  smaller  than  that  of  the 
unperturbed  sphere  (<r*v).  Furthermore,  for  8  ~  1.0 
the  contribution  of  the  term  (<rvv),  (Eq.  (9))  is  not 
negligible,  and  (<r vv)  cannot  be  approximated  by  the 
first  term  (<rvv)i  =  |  R  vX’  I 2.  which  corresponds  to  the 
solution  based  on  Abdelazeez’s  reformulated  current 
method.3  The  corresponding  results  (fi  ■=  1.0)  for  the 
horizontally  polarized  scattering  cross  sections  {aHH) 
are  presented  in  Fig.  3.  These  results  are  similar  to  the 
results  for  the  vertically  polarized  waves  except  near  the 
quasi-Brewster  angle. 

The  cross-polarized  cross  section  (<rVH)  ■  {aHV)  is 
presented  in  Fig.  4  for  8  =  1.0.  In  view  of  Eq.  (13)  there 


Fig.  4.  Cross -polarized  cross  section,  fi  »  1.0,  +,  total  cross  section 
(oVH)  •  (o^V);  o.  <,VH 4l 


is  no  physical  optics  contribution  to  the  cross-polarized 
cross  section.  Note  also  that  for  backscatter,  0{,  =  0, 
(oVH)  becomes  vanishingly  small.  The  like-  and 
cross-polarized  cross  sections  for  8  -  2.0  (case  a),  8  - 
1.0  (case  b),  8  =  0.5  (case  c),  and  8  =  0.1  (case  d)  are 
presented  in  Figs.  5  and  6.  Thus  one  finds  that  for  8  < 
0.1,  the  terms  (o)m  for  m  >  2  are  negligible.  Fur¬ 
thermore,  since  e~*  =r  0.9  for  8  ~  0.1,  the  perturbation 
solution1  is  approximately  equal  to  the  full  wave  solu¬ 
tion.  For  small  values  of  8  the  full  wave  solutions  are 
also  approximately  equal  to  the  solutions  obtained  using 
the  reformulated  current  method3  since  the  second  term 
in  Eq.  (9)  (<rv'v>,  becomes  very  small  compared  with 
( <r vv ) i.  However,  Abdelazeez’s  solution  for  (<rVH)  = 
{aVH),  is  zero.  When  the  scale  of  the  roughness  is  very 
small  (8  <  0.1),  the  scattering  cross  sections  of  rough 
spheres  are  not  significantly  different  from  that  of  un¬ 
perturbed  spheres.  As  8  (the  roughness  of  the  surface) 
increases,  the  weighting  function  |x'l 2  decreases,  and 
the  contribution  of  the  term  <c rpQ),  increases.  Fur¬ 
thermore,  an  increasing  number  of  terms  ( <rp(>)lm  (m 
«  1,2,3 . . .)  needs  to  be  evaluated  as  8  increases.  (For 
8  =  2.0,  m  *.  1,2,3  is  used).  In  Figs.  5(a)-(d)  the  dif¬ 
ferences  between  the  full  wave  solution,  Barrick’s  so¬ 
lution,  and  Abdelazeez’s  solution  for  (a  vv)  are  shown 
to  increase  progressively  as  8  increases  from  0.1  to  2.0. 
In  Figs.  6(a)-(d),  the  full  wave  solution  and  Barrick’s 
solution  for  (oVH)  are  compared  for  8  between  0.1  and 
2.0. 
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Fig.  5.  Vertically  polarized  scattering  cross  section  for  (a)  d  *  2.0, 
(b)  $  «  1.0,  <cl  0  ■  0.5,  <dl  fi  “  0.1;  A,  (a  total  cross-section,  +, 
<evv),  +  (<rvv),i  (Barrick's  solution),  O,  <er vv >j  *  |/JvX*|* <Ab- 
delazeez's  solution). 


I 


IV.  Concluding  Remarks 

The  full  wave  approach  has  been  used  to  determine 
the  scattering  cross  sections  for  electrically  large  con¬ 
ducting  spheres  (d  »  X<t)  with  rough  surfaces.  The 
total  scattering  cross  sections  are  significantly  modified 
by  the  rough  surface  when  the  parameter  8  =  4ko(hJ> 
>  1.  In  these  cases  the  perturbation  solutions  are  not 
valid.  For  8  «  1  the  full  wave  solutions  reduce  to  the 
perturbation  solution1;  however,  for  8  «  1.  the  modi¬ 
fication  of  the  total  scattering  cross  section  is  not  very 
significant  The  full  wave  solutions  are  compared  with 
the  perturbation  solutions1  and  a  recent  solution  based 
on  the  reformulated  current  method.5  The  full  wave 
solutions  presented  here  can  also  be  used  to  determine 
the  effects  of  surface  roughness  on  the  scattering  cross 
sections  for  large  conductors  of  different  shapes  (such 
as  ellipsoids  or  cylinders). 


For  the  purpose  of  analysis,  the  surface  roughness  is 
characterized  by  its  spectral  density  function  W  or  by 
its  autocorrelation  function  {hh').  A  detailed  study 
of  the  like-  and  cross-polarized  scattering  cross  sections 
at  different  frequencies  could  shed  light  on  the  surface 
roughness  of  the  conducting  particles  (the  inverse 
scattering  problem). 


This  investigation  was  sponsored  by  the  U.S.  Army 
Research  Office  contract  DAAG-29-82-K-0123.  The 
manuscript  was  typed  by  E.  Everett. 


1824  APFUED  OPTICS  /  VW.  24.  No.  12  t  IS  June  1985 


Ill 


0  ■  0.5,  (d)  0  -  0.1;  a,  ( oVH ),  «  total  cross-section,  O, 

(oVM)t i  ■  (chv)m\  (Barrick's solution). 
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ABSTRACT 
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Like-  and  cross-polarized  scattering  cross  sections  are  determined  at  optical  frequencies  for 
conducting  cylinders  vith  very  rough  surfaces.  Both  normal  and  oblique  Incidence  with  respect  to  the 
cylinder  axis  are  considered.  The  full-vave  approach  Is  used  to  account  for  both  the  specular  point 
scattering  and  the  diffuse  scattering.  For  the  roughness  scales  considered,  the  scattering  cross 
sections  differ  significantly  from  those  derived  for  smooth  conducting  cylinders.  Several  Illustrative 
examples  are  presented. 


1.  Introduction 

The  problem  of  electromagnetic  scattering  by  finitely  conducting  circular  cylinders  or  spheres 
has  been  dealt  vith  extensively  In  the  technical  literature.  Perturbation  theory  has  been  used  to 

extend  these  results  to  scattering  by  slightly  rough  circular  cylinders  or  spheres  (Barrlck  1970)  . 

2  2 

However,  perturbation  theory  Is  limited  to  surfaces  for  which  the  roughness  parameter  8  “  4ko<hs> 

(k^  Is  the  electromagnetic  wavenumber  and  <h^>  is  the  mean  square  height  of  the  rough  surface,  Brown 
1978).  For  8  <  0.1  the  scattering  cross  sections  are  not  significantly  different  from  those  for 
smooth  conducting  circular  cylinders. 

In  this  work  the  full-wave  approach  Is  used  to  determine  the  like-  and  cross-polarized  scattering 
cross  sections  at  optical  frequency  for  finitely  conducting  cylinders  vith  roughness  scales  that 
significantly  modify  the  scattering  cross  sections.  The  radii  of  curvature  of  the  unperturbed  cyllndmo 
considered  are  large  compared  to  wavelength  X,  (However,  tbe  cross  section  of  the  unperturbed 
cylinder  need  not  be  circular).  Both  specular  point  scattering  and  diffuse  scattering  are  accounted 
for  In  the  analysis  In  a  self  consistent  manner  and  the  cross  sections  are  expressed  as  a  weighted  sum 
of  two  cross  sections. 

In  Section  2  the  special  forms  of  full-wave  solutions  are  presented  for  long  cylinders  vith 
mean  circular  cross  sections  and  both  the  specular  point  and  diffuse  contributions  are  Identified. 

In  Section  3  several  Illustrative  examples  are  considered  for  cylinders  vith  roughness  parameter 
8  *  1*  The  rough  surface  Is  characterized  by  Its  surface-height  spectral-density  function.  The 
results  are  compared  with  solutions  based  on  the  perturbation  apptjach. 
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2.  Formulation  of  tho  Problem 

The  acattored  rod lotion  floldo  for  two  dlmenalonally  rough  ourfoeoo  eon  bo  axpraaeod  In  matrix 
form  oo  follow#  (lohor  1981) 

,«]  f[DW  D73)  (cV1 

-  0  oxp[19*r  Ids  (1.1) 

H  J|DHV  D®J  g“J 

Vf  Bf 

In  which  C  ond  C  oro  tho  vertically  ond  horlaontally  polorlxod  (electric  or  nognetlc)  field# 

_£  W4  jn 

scatttrtd  at  a  distinct  r  in  the  direction  of  the  unit  vector  n  •  Similarly  C  and  G  are  the 
vertically  and  horizontally  polarized  flelde  incident  (at  the  origin)  in  the  direction  of  the  unit 
vector  n*.  The  ecattering  matrix  D  la  given  by 

D  -  C*n  Tf  T  T1  (1.2) 

in  which  the  transformation  matrices  T*  and  T*  relate  the  scattered  and  incident  waves  in  the  local 
planes  of  scatter  and  incidence  to  reference  planes  of  scatter  and  incidence  while  F  is  the  scattering 


matrix  defined  in  the  local  planes  of  incidence  and  scatter.  The  coefficient  G  la 

o 


the  vector  v  lo 

ond 


C  -  -lk  exp  (-lk  r)/2irr 
0  0  o 


v  -  it  (n*-n*)  •va+va+vl 
o  xx  y  y  xx 


-1« 


-n*  •  n 


(2.3) 

(2.4) 
(2.5' 


where  n  lo  the  unit  vector  normal  to  the  rough  aurfoce  S.  The  pooltlon  vector  to  0  point  on  the  rough 
aurface  lo  r(  ond  for  o  reference  croaa  aectlonol  area  In  the  x.a  plane 

dS  -  dx  da  /(n-»y)  .  (2.6 
The  expreoolon  (2.1)  lo  Invariant  to  coordinate  t rono format Iona .  For  very  (Infinitely)  long  cylinder# 
the  aurfoce  Integral  (2.1)  con  be  reduced  to  a  line  Integral  by  noting  that 


J 


exp(lv(t)da  -  2ir{(vt)  . 


(2.7, 


On  evaluating  the  expreaalono  for  the  radiation  (far)  flelda  from  the  expreaalona  for  their 
tranaforma  (ualng  the  ateapeat  daacent  method,  hahar  and  Raj  an  (1979)  It  can  be  ahovn  that 


exp[iV-(x  tx+  y  Iy)]dx/(n-ay) 


In  which 


Cf  -  C*  j  DC1 

G*  *  -I - 2 — j]  exp  (lx/ 4 )  exp  f-lk  (p  eoa8*+a  aloe*)"] 

0  2xp  coaeM  <-  0  0  °J 


(2.8) 


(2.9) 


and  for  oblique  Incidence  (with  raapect  to  the  a  axle)  the  direction  of  the  Incident  plane  wave  la 

(2.10) 


n1  ■  -coa8*  a  +  alnS1  a 
o  y  ox 
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The  direction  of  the  scattered  wave  in  (Bahar  1981) 

nf  -  sin8*  cosdf  1^+  cos6*  ay+  sin8*  sin*2'  ^  (2.11) 

(where  the  poler  angle  ie  measured  with  respect  to  the  y  exit,  eee  Fife.  1  end  2).  In  view  of  (2.7) 

sln8f  ain*f  -  sin6*  .  (2.12) 

o  o 

Thue  (2.11)  eac  eleo  be  expressed  ee 

n*  -  eoe8g(sin8'aj  +  coe^’ay)  +  ein82  ag  (2.13) 

where  the  azimuth  engle  ♦'  Is  measured  In  the  xy  plane  with  -  0  on  the  y  exle  (eee  Flge.  1  end  2). 
The  explicit  expression  for  the  scattering  coefficients  D  (2.2)  have  been  presented  earlier  when  the 
reference  Incident  plane  la  normal  to  n*x  ay  and  the  reference  scatter  plane  la  normal  to  nfx  ay. 
However,  If  the  plane  of  Incidence  (and  scatter)  la  taken  to  be  the  plane  normal  to  n1  and  n>  (the 
normal  to  the  cylinder  at  the  specular  point)  (Barrick  1970),  In  theae  expressions  for  Tf  and  T1  the 
unit  vector  B^aust  be  replaced  by  the  unit  vector 

n ^  -  v/v  ■  »in(^*/2)Ij+  cos (4  /2)a^  m 
ein0*  coe$*a  +  (coe0*  +  coe0*)a 

O  _  * _ O _ O _ T  .  fee  1A% 


[2  coe0*(cos0*  +  coaG^Jj 
*■  o  o  o 

The  .-normalized  scattering  cross  sections  (or  scattering  width)  ere  for  P.Q  »  T,H 


<oPQ>  <|CPf|i>  2rp 

|CQ1|2  « 

k0  |dp9d!’Q*  exp[lv>(x-x')*  lvy(y-r’)] 


^.cose1 

O  . 


(n.ay)(n’.ay) 


dx  dx'» 


where  the  radius  vector  to  the  surface  of  the  cylinder  Is 


rg  -  (e+h^)!^  -  (a+hg) 


(x  •  +  y  I) 


and  a  -  (x2+  y2)*5  la  the  radius  of  the  unperturbed  cylinder.  The  characteristic  function  X  the 
joint  characteristic  function  Xj  f°r  rand  oa>  rougb»eurf  ace  height  h^  are 

X  ■  <exp(iv  h#)>  (2. 


For  Cauaaian  distributions 


v  •  2k  cos(#  / 2 ) 
o 


Xj  -  <exp[iv(hg-hg)]>  . 

Jx|2  "  eos2(8'/2)] 

Xj  ■  Ixl*  exp(v2<hghg>) 
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B  -  4k2<h2> 


ud  the  surface-height  autocorrelation  function  <hh’>  ia  the  Fourier  transform  of  the  eurface  height 


spectral  density  function  V 


-ri  fthh'i 

4  2v  Is  a 


exp(ikT)dT 


In  (2.23)  <h  h'>  ia  assumed  to  be  a  function  of  the  distance  measured  along  the  cylinder's  circumference. 
The  normalized  Scattering  cross  section  (2.15)  ia  expressed  as  a  weighted  sum  of  two  cross  sections 


(Bahar  1981,  Bahar  and  Barrick  1982) 


^  >-|x|2<  <£Q  >  ♦  <  o"  >s  . 


The  first  term  in 


(2.24)  is  the  physical  optics  contribution  <  0^  >  modified  by  the  coefficient  I X I 


It  can  be  shown  (using  the  steepest  descent  method)  that  for  a  conducting  cittular  cylinder 

PQ  ko  f*  .PQ  2  -  “»<♦'/*>  PPQ  2 

<  °“  *  Ti-  I  - -  expdv  x  +  lv  y)  dx  com282  n.a 

TTacose  *  , - .  r  x  y  o  y 

o  -a  (n.a  )  3  3  - 

y  n*n 

s 

When  the  plane  of  incidence  is  taken  to  the  normal  to  n*  x  t 

<oJ Q  >  -  coa($’/2)|llp|2«p<3 

in  which  Rp  is  the  Fresnel  reflection  coefficient  and  <5pQ  is  the  Kronicker  delta. 

Due  to  the  surface  roughness  the  contribution  due  to  specular  scattering  is  decreased  by  the 
factor  h(2  (2.20).  The  surface  roughness  also  gives  rise  to  the  diffuse  scattering  term 

>  -  I  <aPQ  > 

R  *•_  Rm 


00  2k 

c  o 

"I  1 

m-1  cos0^ 


|  D1^  P2  (nf.ni]n  )  .  exp(-v2  <  h2  >£n LV“  ^ 

-i/2  '  ' 


JlillL  .  i_  j  <h  h’>B  exp(icr)dT  (2.28) 

22”  2,1  -m 

in  which  V  and  v  are  the  components  of  v  (2.7)  normal  and  tangential  to  the  surface  of  the  unperturbec 
n  T 

circular  cylinder  and  Pj(n£,  n1^)  ia  the  shadow  function  (Bahar  and  Barrick  1982). 

3.  Illustrative  Examples 

Assuming  thet  the  rendom  rough  (homogeneous  and  inotropic)  aurface  height  autocorrelation  function 
<hh’>  la  a  function  of  dlatanee  meaaured  around  the  circumference  of  the  unperturbed  cylinder,  we 
consider  in  the  following  examples  the  surface-height  spectral  density  function  V(k)  (2.23)  given  by 
(Rice'1951) 
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The  unified  full-wave  solutions  for  the  vertically  and  horizontally  polarized  scattered  radiation  fields  and  the  like- 
and  cross-polarized  scattering  cross  sections  for  random  rough  surfaces  are  presented  in  this  paper.  They  are 
compared  with  the  corresponding  physical-optics,  geometric -optics,  and  perturbation  solutions  that  are  obtained  on 
adopting  a  two-scale  model  of  the  composite  rough  surface.  Computations  based  on  the  unified  full-wave  solution 
(which  accounts  for  both  specular  point  scattering  and  diffuse  scattering  in  a  self-consistent  manner)  as  well  as  those 
based  on  the  two-scale  representation  of  the  rough  surface  are  provided  for  several  illustrative  examples.  It  is 
shown  that  the  two  solutions  for  the  cross-polarized  backscatter  cross  sections  differ  significantly  for  near-normal 
incidence.  The  solution  based  on  the  unified  approach  is  consistent  with  experimental  data. 


1.  INTRODUCTION 

Solutions  for  the  like-  and  cross-polarized  scattered  radia¬ 
tion  fields  are  presented  for  rough  surfaces  using  the  full- 
wave  approach.1'3  The  fufl-wave  solutions  account  for  spec¬ 
ular  point  scattering  and  diffuse  scattering  in  a  self-consis¬ 
tent  manner.  Unified  full-wave  expressions  for  the  like- 
and  cross-polarized  cross  sections  are  also  presented  for  ran¬ 
dom  rough  surfaces.  In  addition,  on  adopting  a  two-scale 
model  of  the  rough  surface,  the  cross  sections  are  expressed 
as  a  weighted  sum  of  two  cross  sections.  The  first  accounts 
for  specular  point  scattering  from  the  large-scale  filtered 
surface  hi ,  and  the  second  accounts  for  diffuse  scattering 
from  the  small-scale  surface  h,  that  rides  on  the  large-scale 
surface  h/.  The  solutions  based  on  the  two-scale  model  are 
shown  to  be  consistent  with  the  corresponding  perturbation, 
physical-optics,  and  geometric-optics  solutions. 

In  Section  4  several  illustrative  examples  are  presented 
that  use  both  the  unified  full-wave  expressions  and  those 
based  on  the  two-scale  model.  The  discrepancies  between 
the  two  solutions  for  the  like-  and  cross-polarized  backseat- 
ter  cross  sections  are  examined  in  detail.  In  particular,  near 
normal  incidence  (0O  *  15°)  there  is  a  difference  of  about  15 
dB  between  the  two  computed  values  of  the  ratio  of  the  like- 
to  cross -polarized  cross  sections  (oHH)/(oVH)  (V  and  H  cor¬ 
respond  to  vertical  and  horizontal,  respectively).  The  uni¬ 
fied  full-wave  solution  for  the  ratio  is  consistent  with  experi¬ 
mental  data. 


2.  FORMULATION  OF  THE  PROBLEM 

The  full -wave  solution  for  the  radiation  fields  scattered  by 
two-dimensionally  ros.gh  surfaces  fix ,  z)  =  y  -  hix,  z)  «  0  is 
expressed  as  follows  in  matrix  notation  (see  Fig.  1): 

Gf  «  Go  j  D(hf,  r)')exp|/v  •  r) dAG'  =  SG',  (2.1) 

in  which  n‘  and  hf  are  unit  vectors  in  the  directions  of  the 
incident  and  scattered  fields,  and  the  vector  v  is 


v  =  (n'  -  rt')k0  =  u,oL  +  u>&}  +  v,o,  s  bj  -  1^',  (2.2) 

where  k0  =  w(mo*o)1/2  is  the  free-space  wave  number  of  the 
electromagnetic  wave.  The  integration  is  over  An„  the  illu¬ 
minated  and  visible  portions  of  the  rough  surface,  and 

|  dA  =  j  j  dxdz/n  •  av  -  Ay  J  -  dA  =  j  • dA , 


(2.3) 


where  h  is  the  unit  vector  normal  to  the  surface  fix,  z)  =  0, 


n  =  V//|V/| 


-htat  +  dv  -  htat 
~(lThx2  +  h,2)l/2  : 


hI  = 


dh 

6x 


(2.4) 


and  r  is  the  position  vector  to  a  point  on  the  rough  surface. 
The  elements  of  the  2X1  column  matrix  G'  are  the  incident 
vertically  and  horizontally  polarized  complex-wave  ampli¬ 
tudes  GVt  and  GHl  at  the  origin  with  n'  X  ay  defined  as  the 
vector  norma!  to  the  plane  of  incidence.  Similarly,  GUs  a  2 
X  1  column  matrix  whose  elements  are  the  vertically  and 
horizontally  polarized  complex-wave  amplitudes  GVf  and 
GHf  (with  hf  X  by  defined  as  the  vector  normal  to  the  scatter 
plane)  at  the  point  given  by  the  position  vector 

r 1  *  xfbg  +  yJby  +  z'bt  =  r*  -hf.  (2.5) 

Thus 

and 


where  i?0  **  (*n>/<o)1/2  is  the  free-space  wave  impedance.  The 
coefficient  Go  is  given  by 

c0  -  V  exp[-i  (2.7) 
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Fig.  1.  Planes  of  incidence  and  scatter  with  respect  to  the  refer¬ 
ence-coordinate  system.  (Mean  reference  plane  for  rough  surface  is 
y  m  0). 


Fig.  2.  Local  planes  of  incidence  and  scatter  and  local-coordinate 
system  (A|,  A2,  A3). 


and  a  supressed  exp(iwt)  time  dependence  is  assumed  in  this 
work. 

The  like*  and  cross- polarized  local  scattering  matrix 

tnvv  nVH\ 

<2-8> 

is  derived  by  (X)  using  the  2  X  2  matrix  THft'",  ft')  to  trans¬ 
form  the  incident  vertically  and  horizontally  polarized  wave 
from  its  representation  in  the  fixed  reference  coordinate 
system  (4„  4„  4,)  to  its  representation  with  respect  to  the 
local  coordinate  system  (A|,  A,  “  A,  As)  [the  unit  vector  ft'"  is 
the  representation  of  the  vector  A1  in  the  local  coordinate 
system  (see  Fig.  2)|,  (2)  using  the  2  X  2  local  scattering 
matrix  (-A1  •  A)  F(nl",  A'")d/t  to  account  for  like-  and  cross- 
polarized  scattering  by  an  element  6A  of  the  rough  surface 
(Af"  is  the  representation  of  the  vector  ft1  in  the  local  coordi¬ 
nate  system),  and  finally,  (3)  using  the  2  X  2  matrix  TH.ftf , 
ft /“)  to  transform  the  scattered  vertically  and  horizontally 
polarized  wave  from  its  representation  in  the  local  coordi¬ 
nate  system  to  its  representation  in  the  reference  coordinate 
system.  The  full-wave  solutions  (Eq.  (2.1))  are  invariant  to 
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coordinate  transformations,  and  they  satisfy  the  duality  and 
reciprocity  relationships  in  electromagnetic  theory.  In  Eq. 
(2.1)  multiple  scattering  and  the  contributions  from  shadow 
regions  of  the  rough  surface  are  neglected.  Explicit  expres 
sions  for  the  local  scattering  matrix  D{hf,  n')  [Eq.  (2.8))  are 
found  in  the  published  literature.1 

The  full-wave  solution  for  the  scattered  field  can  be  ap¬ 
plied  to  random  rough  surfaces.2  Thus  the  scattering  cross 
sections  per  unit  projected  area  Ay  for  an  incident  wave  with 
polarization  Q  =  V  or  H  and  a  scattered  wave  with  polariza¬ 
tion  P  ~  V  or  H  are  given  by 


<^») 


■(¥) 


h  •  av 


P2{nf,  n*ln) 


...  /  dxdx'dzdz'V  .. 

X  exp[(jv  *  (r  —  r  )] - — - \  •  (2.9) 


in  which  the  symbol  (*)  denotes  the  statistical  average  over 
the  heights  h,  h '  and  the  slopes  h ,  n'.  The  probability-den¬ 
sity  functions  for  the  random  slopes  n,  A'  and  random 
heights  h ,  h '  are  assumed  to  be  independent.  In  addition,  it 
is  assumed  that  the  slopes  are  more  strongly  correlated  than 
the  heights  [p(A,  A')  —  p(A)i(A'  —  A)].  In  this  paper  the 
rough  surface  is  assumed  to  be  isotropic  (independent  of 
direction),  and  its  characteristics  are  independent  of  posi¬ 
tion  (r).  Thus  the  rough-surface  height  characteristic  func¬ 
tion 

x(Uyh)  -  < exp(ivyh ))  *  /  expUv>Ji)p(h)dh  (2.10) 

is  independent  of  position,  whereas  the  rough-surface- 
height  joint  characteristic  function 
x2(tyi  ~  Vyh')  =  (expjuv^h  -  A')]) 

~  j  exp[it-\(/»  -  h’)\p(h,  h')dhdh’  (2.11) 

is  only  a  function  of  distance  r  measured  in  the  (x,  z)  refer 
ence  plane 

rd  *=  (x  -  x')dx  +  (z  -  2')a*. 
|rJ*r«((x-x')2  +  (2-2')2lI/2.  (2.12) 

In  Eqs.  (2.9)  PjifJ,  A^A)  is  the  probability  that  a  point  on  the 
rough  surface  is  both  illuminated  (A‘)  and  visible  (A/),  given 
the  value  of  the  slope  (A)  at  that  point.4 

Since  the  full-wave  solution  (Eq.  (2.9) J  accounts  for  both 
specular  point  (physical  optics)  scattering  as  well  as  diffuse 
scattering  in  a  seU-consistent  manner,  there  is  no  need  to 
adopt  an  artificial  two-scale  model.  To  use  the  two-scale 
mode),  it  is  assumed  that  the  surface  hj(x,  z)  consisting  of  the 
large-scale  components  of  the  surface-height  spectral-densi¬ 
ty  function  W(u„  ut)  is  independent  of  the  surface  A,(x,  z) 
consisting  of  the  small-scale  components  of  the  surface- 
height  spectral -density  function.  The  surface- height  spec¬ 
tral-density  function  is  the  two-dimensional  Fourier  trans¬ 
form  of  the  rough-surface-height  autocorrelation  function 
(Ah').  Thus 

W(u lO  i  rm 

- a - *  — 2  (AA')exp(iv  •  Td)dxjdzd 

4  4>r  /-• 


=  j- <AA')J0(*r)rdr,  (2.13a) 

where  Jo  » the  Bessel  function  of  order  zero  and  the  spatial 
wave  number  A  is 
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k  -  u„  -  (v2  +  u2)}n,  (2.13b) 

in  which  use  has  been  made  of  the  fact  that  (hh')  is  only  a 
function  of  t.  Similarly, 

r-  W(vx,  v  ) 

(hh’)  =  I  - - — —  exp(-iv  * 

=  2t  JT  J0(kr)kdk  =  «<t)<A5>,  (2.14) 

in  which  |/?(r)[  <  1  is  the  normalized  correlation  coefficient 
and  (h2)  is  the  mean-square  height 

(ht)-(hh')'.0-2w£^kdk.  (2.15) 

Thus,  using  the  two-scale  model,  it  is  assumed  that  the  large- 
scale  surface  ht  is  associated  with  the  surface- height  spec¬ 
tral-density  function  W(k)U(kd  -  h)  and  the  small-scale 
surface  h,  is  associated  with  the  surface-height  spectral- 
density  function  W(k)U(k  -  kd)  in  which  (/{•)  is  the  unit 
step  function  and  kd  is  some  arbitrary  value  of  k  where 
spectral  splitting  is  assumed  to  occur.5  Brown  chooses  kd 
such  that  the  parameter 

(5-4*.5<V>c0.1  (2.16) 

satisfies  the  perturbation  condition  for  the  small-scale  sur¬ 
face.  However,  he  shows  that  the  computed  value  of  the 
scattering  cross  sections  critically  depends  on  the  choice  of  0 
and  therefore  on  the  specified  value  of  kd.  Bahar  and  Bar- 
rick6  considered  the  two-scale  model  using  the  full  wave 
approach.  It  is  shown  that  if  kd  is  chosen  such  that  deep 
phase  modulation  occurs,  it  is  necessary  to  choose  0  >  1. 
For  a  range  of  values  of  kd  corresponding  to  0  between  1  and 
2  it  is  shown7  that  the  values  of  the  scattering  cross  sections 
do  not  depend  on  kd.  For  problems  of  scattering  by  random 
surfaces  the  dimensions  of  the  projected  area  Ay  *  \LXLX  are 
such  that  Lx  »  rc  and  Lt  »  rf  [where  R(r()  *  exp(-l)  and  rf 
is  the  correlation  length).  For  distances  r  »  rf,  X2  -♦  |xf2, 
since  <hh')  -*  (h2).  Thus,  assuming  statistical  indepen¬ 
dence  between  the  surfaces  and  ht  [p(h<,  h,)]  “  p(h/)p(h,)], 
the  characteristic  and  the  joint  characteristic  functions  of 
the  total  surface  are  expressed  as 

X  =  X  V.  X*  s  X*(v  -  A),  x* E  x'hy), 

Xt‘X,’(yn),  (2.17a) 

x2  -  x2'x2*  =  (x2'  -  |x12)U12  +  <X2'  -  1x1  V  +  Ix'xl*. 

(2.17b) 

in  which  the  superscripts  /  and  s  denote  quantities  associat¬ 
ed  with  the  large-  and  small-scale  surfaces,  respectively. 
Using  the  two-scale  model,  it  is  also  assumed  that  th^  slopes 
for  the  small-scale  (perturbation)  surface  are  small  such  that 
the  slope  probability-density  function  for  the  total  surface  is 
equal  to  the  slope  probability  function  for  the  large-scale 
surface  p(n)  ae  p(n,)(A»  *=  ?///( v/)  and  //  *  y  -  h|).  Thus  the 
unified  and  two-scale  expressions  for  the  scattering  cross 
sections  [Eq.  (2.9))  are,  respectively, 

(cp<))v  =  |  A^h',  A\  AJpWdajQW',  Af) 

+  ±1V>.X  I  txp(w,x  +  iu^)dxdij!j  (2.18t) 


Qfn'.n')  =  I I*J  (x2  —  lx|J)e*p(<v  •  ra)dxddzj,  (2.18b) 


p(A)dA  =  p(h,,ht)dh,dht, 


(bf9)t  =  |  xTM^fn^  A',  A,)  [ A1) 

+  -j-|u>x,eIP(u',x  +  iy,z)did;|2J 
+  J  A^ih1.  h\  A)A  •  6>(}S(A/,  A',  A)p(A)dn 
slx1!(</®>,+  (»P<J)..  (2.19a) 

where 

Q,(n',  A‘) «  a*  I  (x2‘  -  |x1J)exp((v  •  rJdxjdtj,  (2.19b) 
Q.IA7,  A',  A)  =  u,!  |  <x2‘  -  |x*|2>e*p(<v  •  Tld)dxlddz,d.  (2.19c) 

In  Eqs.  (2.18b),  (2.19b),  and  (2.19c)  the  integration  limits  are 
(-«,*>)  since  LXf  Lx  »  rc  and  A^inf,  ft1,  h)  is  defined  in  Eq. 
(2.18c). 

To  derive  the  first  term  in  Eq.  (2.19a),  the  slope-depen- 
dent  function  n‘,  n)  is  replaced  by  its  value  at  the 

specular  point  where 

A  —  ri,  «  v/o,  v  *  |%’|  -  v-  nt.  (2.20) 

For  surface-height  probability-density  functions  that  are 
Gaussian 

lx1**exp(-i/,2</.?))«  1.  (2.21) 

Xt  m  expl-u/ih,*)  +  uy2(hth,'»  =*  exp(vy2</il/i/> )|  xl 2- 


Thus  for  k0 2(h2)  »  1  it  can  be  shown  that  the  two-dimen¬ 
sional  Fourier  transform  [Eq.  (2.19b))  is  given  by 

Ql(hf,ni)  =  Ar2p(hl),  (2.23) 

in  which  p(ht )  is  the  slope  probability-density  function  at 
the  stationary  phase  points3 

1  r  (b,2  +  V)~| 

2xff«2  expj^  2<j,2  J*,  (2  24) 

in  which  the  value  of  the  slope  at  the  specular  point  is 
(V  +  K\.  “  tan2>,  =  v,//vy’t, 

h,  •  &y  m  cos  yt,  (2.25a) 

and  the  mean-square  slope  <r„2  is 

W[k)k,Ak-  (2-25b) 

Thus  (be  first  term  in  Eq.  (2.19«)  is  given  by 
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lxf<^>,  -hrtWW.  n‘.  n,)|4i*p(n.) 

+  "'U  "jxV  sinc^u^lsincfy/.,)).  (2.26) 

in  which  sinc(a)  *  sin(«)/a,  and  Ay  -  4LXLZ  is  the  projected 
area  of  the  rough  surface  on  the  z,  z  plane.  In  Eq.  (2.26) 
(opQ)t  is  precisely  the  physical -optics  solution  for  scattering 
by  the  large  scale  (filtered  surface).  Thus  the  coefficient 
jxl2  <  1  accounts  for  the  degradation  of  the  physical-optics 
(specular  point)  contribution  that  is  due  to  the  small-scale 
surface. 

To  derive  the  second  term  in  Eqs.  (2. 19),  it  is  assumed  that 
„  over  a  correlation  length  of  the  small-scale  surface,  the  large- 
scale  surface  is  approximately  flat  and  that  the  small-scale 
(perturbed)  surface  height  is  measured  normal  to  the  large- 
scale  surface.  Thus 

v  -  (r  -  r')  =  v  •  (rt  -  r,')  +  v(h  -  h')ay 

*=  v  *  rid  +  v  •  Mh  -  h'),  (2.27) 

in  which  the  distance  ty  is  measured  along  the  large-scale 
surface  in  the  local  coordinate  system  (nt,  =  n,  h3): 

“  *u  n.  +  InJ  “  (2.28) 
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(ar<i)r  =  j  n\  n)p(n)dn|Q(n/,  n1) 

+  A>\UyX\‘  sincz(o,Lx)sinc^(oiLi)j  (2.32) 

and 

=  Ixl*^  ^(u^,  A\  /i,)[Q,(n',  n‘) 

+  ^  J1\x12sinc2(r,i,,)sinc2(r,/.I)j 

+  j  h\  n)n  ■  dyQt(Af,  n‘,  h)p{h)dh.  (2.33) 

To  facilitate  the  computations  in  Eq.  (2.33),  in  which  Q,  is  a 
function  of  h  for  a  given  v  and  /?( r ),  a  set  of  values  of  QJl\ 2  is 
first  computed  and  stored  as  a  function  of 

vn  =  (-vskx  +  uy  -  vzhz)/(\  +  hx2  +  hz2)l/2.  (2.34) 

The  integration  with  respect  to  dn  =  dhIdhz  is  performed 
using  values  of  Q „  interpolated  from  the  stored  set.  For 
Gaussian  surface-height  probability-density  functions, 

Q.(n',  h\  h)  =  2x0, 2  f  exp (-i\,2(/i,2)) 
h 

X  |exp|t'>(2(/t,2)ft(r,)]  -  1| 

XJ0U\,lT,)r^7, 


Thus,  in  the  expression  for  (<r**)„  the  integration  is,  with 
respect  to  distances,  measured  along  the  large-scale  surface 
and  not  the  reference  surface.  This  is  in  agreement  with  the 
expressions  obtained  intuitively  by  Wright  and  Valen¬ 
zuela83  “mostly  based  on  physical  considerations.”  Thus 
can  be  regarded  as  an  average  of  the  scattered  power 
from  patches  of  slightly  rough  surfaces  that  ride  the  large- 
scale  surface.  Brown’s5  solutions,  which  are  based  on  a 
combination  of  Burrows’s  perturbation  theory10  and  physi¬ 
cal  optics,11  are  in  agreement  with  the  full-wave  expressions 
for  (a^),  only  in  the  limit  of  small-scale  slopes,  since  in  his 
work  h,  is  measured  normal  to  the  reference  plane.  Howev¬ 
er,  in  Burrows’s  perturbation  theory  the  small-scale  surface 
height  h,  is  measured  normal  to  the  large-scale  surface  ht. 

The  two-dimensional  Fourier  transform  |Eq.  (2.18b)]  can 
be  expressed  as 


Qln'.Vi  «  2 rtf, 2  jf  (*;(!),) -)x(D,)(V0(u„r)rdr.  (2.29) 

since  the  surface-height  correlation  function  ( W)  is  only  a 
function  of  r  «  r4  « \rj[.  The  corresponding  expression  for 
the  Fourier  transform  [Eq.  (2.19c)]  is  dependent  on  the 
slope.  Thus 


Q/A1,  fi‘,  rt) 


'<»•") 


“IxTvdtlVe^r^rjdr,,  (2.30) 


j7i  ’rVt'.wV(v  •  n)|2H'(t',„).  (2.35) 

Thus  for  n  — ■  avandd«  1  the  last  term  in  Eq.  (2.33),  (c^),, 
reduces  to  the  perturbation  solution3 


(<^<?><  —  (<rPQ)p  =  •  nl/W,  n')|2W'(f1j). 

(2.36) 

Note  that  Eq.  (2.33)  reduces  to  Eq.  (2.32)  if  we  set  (hr)  — - 
0  and  that  Eq.  (2.32)  reduces  to  Eq.  (2.33)  if  we  set  (hs2)  —  0 
and  replace  A^inf,  h‘,  n)  by  n',  nf).  The  term 

containing  the  product  of  the  sine  functions  is  the  coherent 
scattered  field.  This  term  vanishes  as  |  x (U\  )| 2  —  0. 

For  cases  in  which  the  physical-optics  solutions  are  valid, 
the  corresponding  geometrical-optics  expressions  for  (0^)1 
are  obtained  by  replacing  h  by  ht  in  Eq.  (2.1)  and  integrating 
over  the  area  Au.  (using  the  stationary  phase  method)  before 
the  expectations  (•)  are  evaluated.  Thus  in  the  neighbor¬ 
hood  of  a  stationary  phase  point  r  =  rop,  where  vx  +  i\ht  =  0 
and  vx  +  Uyhx  =  0,2-12  it  can  be  shown  that 

f  expl'v  ■  r|  -  j  expfiv  •  rj 


X  expj-— -  |A,„.rp!  +  5v,/p2]  jd-TpdZp 


expQ’v  •  r„p)  (2ri) 

v-n.W,,/,,,!’'2 


v  •  n,  =  2*„(-n'  •/),),  (2.37) 


in  which 

v  •  rM  *  v  •  (xwA,  +  z,/3)  *  vltx,d  +  uzlzld,  (2.31a) 

+  (2.31b) 

and  vMh  v,i ,  and  vyi  are  the  components  of  v  in  the  local 
coordinate  system  (At,  h7  *  A,  A3).  Thus  the  scattering  cross 
sections  can  be  expressed  as  follows  for  the  unified  and  two- 
scale  models: 


in  which  the  integral  has  been  expressed  in  terms  of  the  local 
coordinates  at  the  stationary  plane  point  (xp.  yp,  zp)  associat¬ 
ed  with  the  unit  vectors  (A|,  A2  *  ft.  A3),  «i»  and  rk3,  the 
vectors  in  the  tangent  plane,  are  chosen  such  that  the  princi¬ 
pal  radii  of  curvature  rjp  *  |1/A„J  and  rtp  *  |l/h„J  are 
measured  along  the  At  and  A3  directions.  As  seen  by  an 
observer  in  the  region  y  >  h(x,  z),  the  curvatures  hxxp  and 
hup  are  positive  when  the  surface  is  concave.  They  are 
negative  when  the  surface  is  convex.  When  hItp  or  hnp  is 
negative,  the  curvatures  are  expressed  as  (h„p)1/2  *=  i/(rip),/2 
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and  (h„p)1/2  =  i/(r,p)lf7.  Thus  the  geometric-optics  contri¬ 
bution  to  the  normalized  cross  section  from  ;V  randomly 
located  specular  points  per  unit  surface  area  is 

(<^)op  =  rr,prlpN\lT>FT\t  ^P,(n',  (2.38) 


in  which 


F(h>.  h\ 


o  ' 


(2.39) 


and  Rv(0Op‘)  are  the  Fresnel  reflection  coefficients  at  the 
specular  points  where  the  local  angles  of  incidence  and  scat¬ 
ter  are  — n*  •  Af  =  nf  •  A,  *  cos  flop*.  Note  however,  that  the 
surface  will  depolarize  the  incident  wave  if  the  triple  prod¬ 
ucts  (A  •  n‘  -  Qy)  and  (Anf  •  ay)  do  not  vanish.  [When  (An1  •  a,) 
and  (rthf  •  a^)  vanish,  V  and  V  become  identity  matrices  ] 
The  expectation  of  (rIprtpN)  in  Eq.  (2.38)13-14  is 


( rxPrzpN )  =  Pin,)/(n,  *  oy)4.  n$  •  ay  *  Vy/(v  •  nf);  (2.40) 


thus 


<<r^>.  = - — zPfr.'ttPFfU^Pjifi'.nln,),  (2.41) 

(A,  •  ay)4 

in  agreement  with  (art>)i,  Thus  for  backscatter  the  geomet¬ 
ric-optics  theory  predicts  no  depolarization: 

(o&itf  =  -h‘))m  =  - — p(ftl)P2(~ft‘,  o'!  ht)Rp(80  =  0). 

(A,  ' 

(2.42) 

In  the  following  illustrative  examples  the  unified  full- 
wave  solution  is  compared  with  the  solution  based  on  the 
two-scale  model.  In  addition,  the  computed  ratios  of  the 
like-  to  cross -polarized  cross  sections  (oHH)/(oVH)  are  com¬ 
pared  with  the  experimental  data.1516 


3.  ILLUSTRATIVE  EXAMPLES 

The  illustrative  examples  considered  are  at  X  band  8.91 
GHz;  thus  the  wavelength  and  wave  number  k0  are 

Xo*  3.367  cm,  k0  =  1.87  cm'1.  (3.1) 

The  wind  velocity  assumed  is  V  -  24  m/sec,  the  relative 
complex -dielectric  coefficient  for  the  sea  is  r,  =  55  -  i37,17 
and  the  relative  permeability  pr  =  1.  The  surface-height 
spectral -density  function  is  assumed  to  be5 

W(*)=  mv„vt)‘^Sful,v,) 

0 

in  which  S  is  the  corresponding  quantity  defined  by  Brown.9 
In  Eq.  (3.2) 

kr  -  12  cm-',  «  -  (335.2  V4)1'2  =  0.948  +  1(T4  cm*1. 

(3.3) 

The  surface-height  autocorrelation  coefficient  R(r)  corre¬ 
sponding  to  W(k)  [Eq.  (3.2)]  is  given  inclosed  form  for  «  «  k, 
—  «  (Ref.  18): 

R(r)  *  [l  +  |  (crAcriK^r)  -  (<r)%Ur),  (3.4) 


k<k. 


(3.2) 


in  which  Kq  and  K|  a.e  the  modified  Bessel  functions  of  the 
second  kind  and  of  order  zero  and  one,  respectively.19  The 
mean-square  height  of  the  rough  surface  is 

<hs>  -  B/|6«2<1  +  «*/*,*)’]  a  -5-  .  (3.5) 

6* 2 

and  the  mean-square  slope  is 

f  i  *r2  +  «2  At2(6«4  +  15»2*2  +  1U.4)' 

‘S[2ln— 72  12(.2  +  hc2)3 

^  B(ln*,/«  -  11/12),  (3.15) 

and  the  slope  probability-density  function  is  assumed  to  be 
Gaussian.  Two  values  of  B  are  assumed  in  this  work.  The 
corresponding  values  for  ( h 2>  and  <rn2  and  for  kd,  with  0  =  1 
for  the  two-scale  model,  are  given  below: 


_ case  (a) 

b  =  0.0046 
(h7)  =  0.853  X  JO5  cm2 
o7  *=  0.0498 
kd  *0.179  cm'1 


_ case  (b) _ 

B  =  0.0092 

(h2)  =0.171  X  106  cm2 

o  2  =0.0997 

kd  =  0.253  cm"1  (3.7) 


In  Fig.  3  the  normalized  spectral-density  function 
Wik/kl/Wnut  is  plotted  as  a  function  of  uxt/k  =  k/k  (W'  * 
Wmfllati’41  =  *)-  The  corresponding  surface-height  corrrl  i- 
lion  coefficient  /?(*r)  is  plotted  in  Fig.  4  as  a  function  of  tho 
dimensionless  quantity  kt.  The  above  parameters  approxi¬ 
mate  the  range  of  conditions  prevailing  during  the  measure¬ 
ments  conducted  by  Daley  et  a/.16  [wind  speed  24  m/sec  (</, 
=r  0.05);  average  wave  height  650  cm  (</i2)  =  1.05  X  105  cni ) |. 
In  Figs.  5-7,  the  like-  and  cross-polarized  backscatter  cro  -> 
sections  (ft!  =  -n')(<trvv>,  (oHH),  and  (oVH)  *  (oHV)  are 
plotted  as  functions  of  the  angle  of  incidence  60  using  tiie 
unified  and  two-scale  approaches  [Eqs.  (2.32)  and  (2.33))  for 
case  (a).  The  corresponding  quantities  are  plotted  in  FiK  =. 
8-10  for  case  (b).  The  most  significant  differences  between 
the  results  based  on  the  unified  and  two-scale  approaches 
occur  near  normal  incidence  for  the  cross-polarized  back- 
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Fig.  3.  The  normalized  surface -height  spectral -density  func: 
WAl/H'M. 
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Fig.  5.  The  backscatter  %a<  ' -  'ing  cross  section  <cvv)  for  case  (a). 
A,  Unified  full -wave  solution,  two-scale  model. 


scatter  cross  sections.  In  Figs.  11  and  12  the  like*  to  cross- 
polarized  backscatter  cross-section  ratio  (ot1H)l(cVH)  is 
plotted  for  cases  (a)  and  (b),  respectively,  using  both  analyti¬ 
cal  approaches.  In  these  figures  the  symbol  x  corresponds 
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Fig.  6.  The  backscatter  scattering  cross  section  <  oHH)  for  case  (a). 
A,  Unified  full-wave  solution;  □,  two-scale  model. 


nw  (a),  a.  Unified  full-wave  solution;  O,  two-scale  model. 
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Fig.  8.  The  backscatter  scattering  ctoss  section  («w)  for  case  (b). 
A,  Unified  full-wave  solution;  □,  two-scale  model. 


Fig.  9.  The  backscatter  scattering  cross  section  ( cHH)  for  case  (b). 
A,  Unified  full-wave  solution;  O,  two-scale  model 
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Fig.  10.  The  backscatter  scattering  cross  section  ( oHV )  «  (oVH)  for 
case  (b).  a,  Unified  full -wave  solution;  □,  two-scale  model. 


to  the  measurement  taken  by  Daley  et  at.  (For  large  wine 
speeds  few  data  are  given  for  the  like-  and  cross- polarized 
cross  sections  near  normal  incidence  at  X  band.)  To  under 
stand  the  significant  difference  between  the  solutions  based 
on  the  unified  and  two-scale  approaches  for  the  cross-polar¬ 
ized  backscatter  cross  section,  it  is  necessary  to  note  that  for 
backscatter  at  the  specular  points,  V  -  V  are  identity  ma¬ 
trices,  and  for  |x12  «  1  the  contribution  to  (0^)7  (Eq 
(2.33)]  from  the  large-scale  surface  h/  reduces  to3 

— V TjIxlV^P.Q-  <38) 

(n'  •  ay) 

in  which  *=  &hv  *  0»  &hh  —  &vv  =  1  and  Rv  and  Rh  are  the 
Fresnel  reflection  coefficients  at  normal  incidence  for  verti¬ 
cally  and  horizontally  polarized  waves.  Thus,  as  is  expect¬ 
ed,  physical-optics  theory  predicts  no  cross  polarization  for 
backscatter  by  the  large-scale  surface  h{.  However,  the  local 
scattering  matrix  D **  becomes  diagonal  only  at  the  specular 
point,  and  the  contributions  to  (oVH)  come  from  the  neigh¬ 
borhood  of  the  specular  points.  Physical -optics  techniques 
fail  to  predict  backscatter  cross- po]arized  cross  sections 
since  the  integrand  A^Hf,  A\  A)  [Eqs.  (2.18)]  (P  *  Q) 
vanishes  at  the  stationary  phase  points  where  A  *  A,.  For 
the  like- polarized  case,  or  for  bistatic  scattering  in  general 
when  A\  Af)  0,  the  physical -op tics  solutions  are 

suitable  for  the  large-scale  filtered  surface.  Furthermore, 
for  scattering  at  grazing  angles  (— A*  •  A  -*  0  and  A^  •  A  -*  0) 
except  forward  scattering  in  the  specular  direction,  the  coef¬ 
ficient  A^iAf,  A',  A)  has  a  pole  near  the  stationary  phase 
points,  and  the  physical -optics  solution  [Eq.  (2.33)]  is 
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Fig.  11.  The  ratio  (aHH)/(aVH)  for  &  e  (a);  the  symbol  x  corre¬ 
sponds  to  experimental  data.1*  a,  Unified  full-wave  solution;  □, 
two-scale  model. 


Fig.  12.  The  ratio  {ct,H)/(oVH)  for  case  (b);  the  symbol  x  corre¬ 
sponds  to  experimental  data.'*  a,  Unified  full-wave  solution;  □, 
two-scale  model. 

not  suitable.  In  this  case  the  full-wave  (complete  spectral) 
approach  can  be  used  to  account  for  the  pole  in  the  vicinity 
of  the  stationary  phase  points  (ft  -*  ft,).® 

There  are  other  reasons  for  the  discrepancies  between  the 
solutions  based  on  the  unified  and  the  two-scale  model.  To 
facilitate  spectral  splitting  of  the  surface,  it  is  assumed  that 
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P(ft„  h/)  =  p{h%)p(ht).  However,  in  general,  statistical  inde¬ 
pendence  cannot  be  assumed  between  the  large-  and  small 
scale  surfaces.  Using  the  two-scale  model,  it  is  also  assumed 
that  h  =s  hi  and  that  p(n)  sr  p(nt).  Thus  the  slopes  of  thr 
small-scale  surface  are  totally  ignored  when  the  two-scale 
model  is  used.  In  order  to  derive  the  expression  for  scatter¬ 
ing  by  the  large-scale  surface,  it  is  assumed  that  the  majoi 
contributions  to  the  scattered  fields  come  from  the  vicinity 
of  specular  points  and  that  A^iht,  nl,  n)  — •  ApQ(nf,  ft*,  ht) 
However,  for  backscatter  near  grazing  angles,  specular 
points  are  practically  nonexistent  unless  the  surface  is  very 
rough.  Thus,  for  the  like-  and  cross-polarized  backscattei 
cross  section,  the  discrepancies  between  the  two  solutions 
increase  as  the  angle  of  incidence  60  approaches  90°. 

Finally,  with  reference  to  Figs.  11  and  12,  it  is  seen  from 
the  published  experimental  results  marked  x  that  for  60  = 
15°,  ( oHH)/{aVH )  20  dB.  Using  the  unified  approach, 

this  ratio  is  21.5  dB  for  case  (a)  and  18  dB  for  case  (b). 
However,  using  the  tw’o-scale  model,  ( oHH)f(oVH )  *  36  dB 
for  case  (a)  and  34  dB  for  case  (b).  Recently  designed  dual- 
polarized  receivers  with  significantly  improved  performance 
make  it  more  feasible  to  use  both  like-  and  cross- polarized 
data  for  the  purposes  of  remote  sensing.  To  this  end,  addi¬ 
tional  measurements  are  needed  to  make  more  extensive 
comparisons  between  theory  and  experiment. 

4.  CONCLUDING  REMARKS 

In  this  paper  the  solutions  for  the  backscatter  like-  and 
cross -polarized  cross  sections  based  on  the  unified  full -wave 
solutions  have  been  compared  with  the  solution  based  on  the 
two-scale  model.  For  the  two-scale  model  the  wave  number 
A*  where  spectral  splitting  is  assumed  to  occur  is  chosen  such 
that  d  =  4fc02(h,2)  =  1.’  It  is  also  assumed  that  the  two 
surfaces  hi  and  hf  are  statistically  independent  and  that  the 
slope  of  the  small-scale  surface  was  neglected  (n  =*  n<).  It  is 
shown  that  for  the  like-polarized  case,  the  difference  be¬ 
tween  the  two  solutions  increases  as  d0  — *  */2.  However, 
except  for  near-grazing  angles,  the  tw-o  solutions  for  the  like- 
polarized  cross  sections  are  separated  by  about  3  dB.  For 
the  cross-polarized  case,  the  difference  between  the  two  so¬ 
lutions  is  most  significant  near  normal  incidence  60  <  40°. 
For  normal  incidence  (0O  =  0),  the  two-scale  solution  for  the 
cross-polarized  cross  section  is  about  15  dB  below  the  uni¬ 
fied  solution.  As  the  angle  of  incidence  increases,  the  differ¬ 
ence  decreases  and  the  two  solutions  cross  over  at  80  ~  65°. 

As  in  the  case  of  the  like-polarized  cross  sections,  the  differ¬ 
ence  between  the  two  solutions  increases  as  80  —  ir/2.  The 
large  discrepancy  near  normal  incidence  occurs  because  ele¬ 
ments  of  the  rough  surface  that  are  oriented  specularly  do 
not  depolarize  the  backscattered  wave.  The  depolarization 
comes  from  the  neighborhood  of  these  specular  points,  and 
even  the  filtere  I  large-scale  surface  depolarizes  the  incident 
waves.21  However,  the  physical-optics  contribution  to  cross 
polarization  is  zero.  The  discrepancy  near  grazing  angles 
occurs  because  as  0O  —  v/2,  for  backscatter  there  are  practi¬ 
cally  no  specular  points  on  the  surface  and  again  the  physi¬ 
cal-optics  approximations  are  invalid.  The  solutions  based 
on  the  unified  approach  are  in  agreement  with  experimental 
data  for  near-normal  incidence.  Finally,  it  should  be  re¬ 
called  that  the  assumption  p(ft,  n ')  *=  p(rt)6(ft,  n  )  is  valid 
only  if  most  of  the  scattering  comes  from  the  neighborhood 
of  the  stationary  phase  points  n  =  n,.  For  near-grazing 
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angles  this  assumption  is  not  valid,  since  there  are  practical¬ 
ly  no  stationary  phase  points  as  60  -*  *•/ 2.  Thus,  for  near¬ 
grazing  angles,  the  solution  can  be  improved  provided  that  it 
is  possible  to  determine  the  slope  joint  probability-density 
function  p(h,h')  =  p(ri)p(n1n)  and  the  joint  probability  that 
two  points  on  the  rough  surface  are  both  illuminated  and 
visible  given  the  slopes  n  and  n'  at  the  points  P*(nft  n*]n,  n'). 
This,  however,  is  not  necessary  if  |x|2  “*  0  and  if  it  can  be 
assumed  that  n  h'  for  distances  r  less  than  tc  (the  correla¬ 
tion  length  for  the  surface  heights). 
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SCATTERING  AND  DEPOLARIZATION  BY  RANDOM  ROUGH  SURFACES 


UNIFIED  FULL  WAVE  APPROACH— AN  OVERVIEW 
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Abstract 

In  this  paper  the  principal  elements  of  the  full  wave  approach  to  problems 
of  scattering  and  depolarization  by  nonuniform  stratified  media  are  summarized. 
Scattering  by  random  rough  surfaces  is  considered  in  detail  and  the  full  wave 
solutions  are  compared  with  earlier  solutions  based  on  physical  optics  and 
perturbation  theories.  It  is  shown  that  since  the  full  wave  approach  accounts 
for  both  specular  point  scattering  as  well  as  Bragg  scattering  in  a  self- 
consistent  manner,  it  resolves  the  discrepancies  between  the  physical  optics 
and  perturbation  solutions  and  bridges  the  wide  gap  between  them.  Thus,  on 
applying  the  full  wave  approach  to  scattering  by  composite  random  rough 
surfaces  it  is  not  necessary  to  adapt  a  two-scale  model  of  the  rough  surface. 

The  full  wave  solutions  satisfy  duality,  reciprocity  and  realizability 
relations  in  electromagnetic  theory  and  the  results  are  invariant  to 
coordinate  transformations.  The  full  wave  approach  also  accounts  for  coupling 
between  the  radiation  fields,  the  lateral  waves  and  the  surface  waves  that 
constitute  the  complete  expansions  of  the  fields  and  it  can  be  applied 
directly  to  problems  of  scattering  at  near  grazing  angles. 
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1.  Introduction  and  Overview 

Rigorous  closed  form  solutions  for  the  reflection  and  transmission  of 
electromagnetic  waves  have  been  derived  for  multilayered  dielectric 
structures  of  uniform  thickness  (Wait  1962).  (See  Fig.  1).  However,  in  a 
large  variety  of  pertinent  radio  wave  propagation  problems  the  thicknesses 
of  the  layers  are  nonuniform  and  the  height  of  the  interface  between  two 
adjacent  dielectric  layers  is  a  random  function.  (See  Fig.  2).  In  these 
cases  the  incident  waves  are  depolarized  and  scattered  into  both  propagating 
and  evanescent  waves.  Furthermore,  an  incident  plane  wave  may  be  coupled 
into  guided  surface  waves  and  lateral  waves  of  the  structure. 

Often  the  problem  that  is  actually  solved  is  a  highly  idealized  version 
of  the  original  problem  and  concepts  such  as  "effective  dielectric  coef¬ 
ficient  "  and  "effective  surface  impedance"  are  introduced  in  order  to  make 
the  solution  of  the  original  problem  more  tractable.  However,  the  validity 
of  such  approximations  is  very  limited  and  often  questionable  and  they  do 
not  necessarily  satisfy  reciprocity  (Schlak  and  Wait  1967,  1968). 

Using  a  full  wave  approach  it  is  possible  to  analyze  more  realistic 
models  of  the  original  physical  structure  without  introducing  simplifying 
approximations  that  cannot  be  justified  a  priori  (Bahar  1973c, d). 

The  principal  properties  of  the  full  wave  solution  and  its  relationships 
to  earlier  solutions  of  scattering  problems  are  also  summarized  here  (Bahar 
1981a).  This  summary  is  also  presented  schematically  in  Figs.  3  and  4. 

The  reader  of  this  manuscript  who  is  not  familiar  with  the  full  wave  approach 
will  find  this  summary  useful  even  though  the  details  of  the  full  wave  method 
have  been  reported  earlier  (Bahar.  1973c,d,  1974,  1981a). 
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A.  Principal  Elements  of  the  Full  Wave  Approach  (See  Fig.  3) 

(a)  The  electromagnetic  fields  are  expressed  in  terms  of  complete 
expansions  of  vertically  and  horizontally  polarized  waves.  These  include 
the  radiation  fields,  the  lateral  waves  and  the  surface  waves  (Bahar  1973c, d, 
1974}. 

(b)  Exact  boundary  conditions  are  imposed  at  the  irregular  surface. 

(c)  Using  the  orthogonal  properties  of  the  basis  functions  appearing 

in  the  complete  expansions  of  the  fields.  Maxwell's  equations  are  integrated 
over  the  transverse  plane  (y,z)  (Bahar  1973c, d,  1974).  Green's  theorems 
are  used  to  avoid  term-by-term  differentiation  of  the  field  expansions. 

(d)  Maxwell's  equations  for  the  electromagnetic  fields  are  converted 
into  coupled  first  order  ordinary  differential  equations  for  the  forward 
and  backward  traveling  wave  amplitudes  which  are  only  functions  of  the 
variable  x  (Bahar  1973c, d,  1974).  (In  view  of  the  integration  in  the  trans¬ 
verse  plane  (y,z)  the  telegraphists'  equations  are  only  functions  of  x) . 

The  coupled  equations  for  the  wave  amplitudes  are  referred  to  the  generalized 
telegraphists'  equations  (Bahar  1981a). 

(e)  A  variable  coordinate  system  that  conforms  with  the  local  features 
of  the  irregular  boundary  is  introduced  and  the  resulting  solutions  for  the 
scattered  fields  are  shown  to  be  invariant  to  coordinate  transformations. 

(f)  Closed  form  second  order  iterative  solutions  for  the  radiation 
fields  are  obtained  from  the  telegraphists'  equations  on  neglecting  multiple 
scattering  from  the  rough  surface.  These  second  order  iterative  solutions 
account  for  wave  scattering  in  arbitrary  directions. 

(g)  The  full  wave  solutions  are  compared  with  earlier  geometric  optics 
physical  optics  and  perturbation  solutions.  The  suitability  of  the  two-scale 
model  is  investigated. 
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B.  Principal  Properties  of  the  Full  Wave  Approach  (See  Fig.  4) 

(a)  The  full  wave  solutions  are  shown  to  satisfy  the  reciprocity  realizability 
and  duality  relationships  in  electromagnetic  theory. 

(b)  The  full  wave  approach  not  only  accounts  for  scattering  and 
depolarization  of  the  radiation  fields  but  also  accounts  for  coupling  between 
the  surface  waves,  the  lateral  waves  and  the  radiation  fields. 

(c)  The  versatility  of  the  full  wave  approach  is  demonstrated  by  determining 
its  relationship  to  earlier  solutions.  Thus,  on  using  a  stationary  phase 
approach  to  evaluate  the  integrals  for  the  scattered  fields,  the  full  wave 
approach  is  shown  to  reduce  to  the  geometric  optics  solutions  (Bahar ,  1981a). 

(d)  If  the  vector  n  normal  to  the  rough  surface  is  replaced  by  its  value 
at  the  specular  points  n^,  the  full  wave  expressions  for  the  scattered  fields 
are  shown  to  reduce  to  the  Physical  Optics  solutions.  Thus  the  Physical 
Optics  approach  is  valid  only  if  the  contributions  to  the  scattered  fields 
come  primarily  from  the  neighborhood  of  specular  points  on  the  rough 
surface. 

(e)  In  a  survey  of  the  technical  literature  one  finds  several  different 
forms  of  Physical  Optics  solutions.  The  discrepancies  between  the  different 
Physical  Optics  solutions  and  the  appearance  of  the  so-called  "edge  effect" 
have  been  shown  to  be  the  result  of  premature  truncation  of  the  closed  surface 
integrals. 

(f)  If  one  assumes  that  the  scale  and  the  slopes  of  the  rough  surface 
are  small,  it  is  shown  that  the  full  wave  solutions  reduce  to  the  perturbation 
solutions. 

(g)  The  Physical  Optics  solutions  for  the  backscattered  fields  become 
singular  for  near  grazing  angles.  Thus  in  this  case,  even  if  the  rough 
surface  satisfies  the  radii  of  curvature  criteria  (associated  with  the 
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Kirchhoff  approximations  of  the  surface  fields),  the  Physical  Optics  solutions 
cannot  be  used  and  the  far  fields  cannot  be  represented  by  plane  waves  at 
grazing  angles.  This  is  because  at  near  grazing  angles,  the  principal 
contributions  to  the  backscattered  fields  do  not  come  from  specular  points  of 
the  rough  surface.  (In  this  case  specular  points,  if  they  existed,  would  be 
on  vertical  portions  of  the  rough  surface).  It  is  shown  that  the  full  wave 
solutions  for  the  backscattered  fields  remain  valid  as  one  approaches  grazing 
angles  (Bahar  1982) . 

(h)  The  full  wave  solutions  have  been  compared  with  the  hybrid  pertur bed- 

physical  optics  solutions  (Bahar  and  Barrick  1983,  Bahar  et  al  1983)  based 

on  a  two-scale  model  of  the  rough  surface.  It  is  shown  that  while  the  solutions 

based  on  the  perturbed-physical  optics  approach  critically  depend  upon  the 

wavenumber  kj  where  spectral  splitting  is  assumed  to  occur,  the  solutions 

based  on  the  full  wave  approach  are  relatively  insensitive  to  the  choice  of  k,  for 

d 

the  like  polarized  case  (Brown  1978).  However,  for  the  cross  polarized  case, 
the  results  based  on  the  two-scale  model  are  incorrect  (particularly  for  back- 
scatter  for  near  normal  incidence).  This  is  because  the  physical  optics 
contribution  to  backscatter  from  the  large  scale  surface  is  assumed  to  be  zero. 

2.  Formulation  of  the  Problem 

For  the  convenience  of  the  reader  the  principal  steps  in  the  derivation 
of  the  full  wave  approach  are  summarized  in  this  section.  It  is  assumed  that 
both  electric  and  magnetic  sources  (J,p  and  M.p^)  are  present  in  any  of  the 
nri-1  layers  of  the  structure.  A  suppressed  exp(iwt)  time  dependence  is  assumed 
In  this  work.  The  ith  layer  of  the  structure  is  characterized  by  the  complex 
electromagnetic  parameters  e^  and  and  the  Interface  between  medium  i  and 
i+1  is  given  by  the  surface  (See  Fig.  2). 
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Maxwell's  equations  for  the  transverse  components  of  the  electric  and 
magnetic  fields,  Ej  and  H^,  respectively  are  (Bahar  1973c, d). 

-  -fe  “  ^(5r  x  :*J  -  i  vtY(5t  x  V 

+  *t  x  K  +  ife  V*  ( 

an<J  3H_ 

"  “3  ‘  ^(*x  X  V  -  VtY(‘*  X  V 

+  vJi+i¥x'  ( 


in  which  the  operator  Vj  is  given  by 

V  -  a  ^  +  a 
T  y  dy  z  dz 


and  the  transverse  vectors  are 

A_  “  a  A  +  a  A  ,  A  -  E.H.J  or  M  (5) 

l  y  y  z  z 

The  following  field  transform  pairs  provide  the  basis  for  the  complete 
expansion  of  the  transverse  electric  and  magnetic  fields  into  vertically  (V) 
and  horizontally  (H)  polarized  waves: 


Ej(x.y,z)  «  £  C,  [EV(x»v»w)®j  +  ^(x.v.wje^dw, 

^(x.v.w)  «  £  ^(x.y.z)-^  x  a^Jdydz,  P-V  or  H, 
Hjtx.y.z)  “  l  C,  [HV(x,v,w)h^  +  HH(x,v,w)h^]dv, 


^(x.v.w)  -  jTSjCx.y.z)  (a^  x  f>p)dydz,  P-V  or  H, 

The  basis  functions  for  the  vertically  polarized  vaves  are 

ij  -  zV/(v.y)  - -  ^|aZl)»(w,z) 

*  u  +  w  y 
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and 


bj  *  «2<l'V(v,y)i(i(w,z) 

(11) 

and  the  complementary  basis  functions  for  the  vertically  polarized  waves 

are 

^  -  zV(a-/(v,y)  +  *‘(v,z) 

"  u  +  w  ' 

(12) 

and 

h^  -  a2»V<(,V(v,y)i<iC(w,z). 

(13) 

For  the  horizontally  polarized  waves,  the  basiE  functions  and 

the  complementary 

basis 

functions  are  respectively, 

(14) 

£  -  A- :/(».,)  ♦  *£%*»-)♦(.,.>  , 

y  u  +  w  y 

(15) 

and 

ty  “  Oy^1* ( v  ,y )$C  (v.z)  , 

(16) 

q  -  *■>(.;  ♦«(».,)  -  Y”  2  . 

^  u  +  v  y 

(17) 

p  p  p 

In  which  N  are  normalization  coefficients,  Z  and  Y  are  the  wave  Impedance  and 

admittance  and 

4(v,z)  «  exp(-iwz)  and  $c(w,z)  -  tt/2ir)exp(iwz)  (18) 

The  scalar  basis  functions  are 


_Dh . P ,  . 

*PoVV'y> 


exp  (lvQy)  +  exp(-ivoy). 

for  medium  0, 
r  T® 

U— ^rp-expfi  I.v  ,  h  ) 
n.l  T®H  1  P'1.9  q-i»q' 

q  Pq 

x  [exp  (iv^y)  +  expC-lv^)], 

"  ^ «2»3, • • • I®, 


for  medium  r 


(19) 
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11  UH  CXp  ^lVq  ,nrfl-<ihin-q  ,nri-l7 

<1‘i  TPm-<j 

*  Eexp(-ivry)  +  exp(ivry)  ,  for  medium  r"0,l,2,. 
exp(-iv^y)  +  expdv^y),  for  medium  m, 

exp[-ivn(y~h  . )  ] ,  for  medium  0, 

O  OjJl 

— J  exp(-iv"  h0jl)[exp(iv"y)+R^  exp(-iv°y)], 

*P1  for  medium  1, 

q  Pq 


x  exp (iqI2Vq-l , q^q-1 ,q) [«*  <*  V>  +  *JJ  exp (-iv"y) ] , 
for  medium  r“2,3t\ . . ,m. 


where 


C^(v,h  )]2 

6  0,1 


,.JS  d  1 

u/iZ  V  - - r— 

o  o  du  _D 


*P0 


(22) 


The  6calar  functions  for  vertically  and  horizontally  polarized  waves 

V  H 

1>  (v,y)  and  ^  (v,y),  are  given  by  (19),  (20),  and  (21),  on  replacing  the 
letter  P  in  all  the  expressions  by  V  and  H  respectively.  The  reflection 
coefficient  at  the  i,i  +  1  interface  for  waves  Incident  from  above  is 
and  is  the  reflection  coefficient  at  the  i  -  1,  i  interface  for 
waves  Incident  from  below  (See  Fig.  1).  Thus,  for  P  *  V  or  8, 

J  ft  rD  (Ri+l,i  +  ^i+l5  .  .  . 

'^“717 P — ‘  . .  ’ 

-  U  +  ^i+l.iPi+l) 


and 


<K 


n  _  n  v  i-l.i 
*P0  “  *Pi  - 


+o 


» +  ii.O 


1.2. 


(23) 


.  ,m-l 

(20) 


(21) 
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vhere  R^  and  R^  are  the  two  medium  Fresnel  reflection  coefficients 
for  vertically  and  horizontally  polarized  waves  respectively,  and 

*W  “  *Ti  Clp('i2viHi)*  “  *?i  exp(12vihi.i+l)' 

*Pi  “  *Pi  ■»P<-i2v1H1>.  «S“R?i  “P^Vi-l,!5*  (2A) 


The  transmission  coefficients  are 


I* 

Pi 

T®H 

Pi 


1  +  Rji 


Pi 


1+R?i 


(25) 


and  )T^  are  normalization  coefficients.  The  symbol  denotes  summation 
over  the  entire  wavenumber  spectrum  v.  The  generalized  Fourier  transform 
consists  of  two  infinite  integrals  (continuous  parts  of  the  wavenumber 

spectrum)  which  are  associated  with  the  radiation  and  the  lateral  wave  terms 
and  a  finite  set  of  surface  wave  terms  (discrete  part  of  the  wavenumber 
spectrum) .  The  infinite  integrals  in  the  v  plane  are  associated  with 
branch  cut  integrals  Im(v  )  ■>  0  and  Im(v  )  *  0  in  the  complex  v  plane,  while 

O  ID 

the  surface  vave  terms  are  associated  with  the  residues  of  the  poles  at 
l/R^g  «  0(or  1/R^  “  0) .  The  modal  equation  which  determines  the  surface 
vave  parameters  v11  ( Im  (v )  *  OX  is  given  by 

1  ■  ^  ^  exp (-12VjHj)“  0,  wi  =  (k2-  u2-  w2)*5.  (26) 

for  P  equals  V  or  H  and  i  “  1,2, 3,..., or  m  -  1. 

The  irregular  interfaces  y  «  h^  are  assumed  here  to  be  continuous 
functions  of  x  only.  Thus  the  exact  boundary  conditions  at  y  “  h^  “  h(x) 
can  be  expressed  exclusively  in  terms  of  the  transverse  field  components 
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ST  V (ST  *  V  -  -  Ey  ^  •  [*,]£  “  0  <27> 

The  complete  field  expansions  are  substituted  into  Maxwell's  equations 


for  the  transverse  field  components  and  use  is  made  of  the  orthogonality 

relationship.  Green’s  theorem,  and  the  exact  boundary  conditions,  to  obtain 

p  P 

the  differential  equations  for  the  field  transforms  E  and  H  .  These  may  be 

P  P 

expressed  in  terms  of  the  forward  and  backward  vave  amplitudes  a  and  b  , 
respectively,  as  follows: 


H*  -  aP  +  bP  and  Z*  -  a*  f  bP  ,  P 


V,  [upper  sign 


H,  lower  sign 


Thus  Maxwell's  equations  are  converted  into  the  following  generalized 
telegraphists'  equations  for  P«V  or  H  (Bahar,  1973c, d) 


da  t  P  r  r  r/rBA  Q  ,  «.BB  .Q.  ,  .  .P 
-  iua  -  I  I,/(SpQ  ar  +  SpQ  b  )dw'  -  A  , 


iubP  -  Z  I,/(sJJ  aQ  +  sj!  bQ)dw'  +  BP  . 
ox  q  v  rq  rq 


(30) 

(31) 


Explicit  closed  form  expressions  for  the  reflection  and  the  transmission 
scattering  coefficients  Jiave  been  derived  (Bahar  1973d). 

Excitations  of  vertically  and  horizontally  polarized  waves  (with 

p 

respect  to  the  reference  (x,z)  plane)  are  considered.  The  terms  A  and 

p 

B  appearing  in  (30)  and  (31)  account  for  the  electric  and  magnetic  sources 
J,P  and  M.p^. 
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The  first-order  iterative  solutions  for  the  wave  amplitudes  a  and 

p 

b  are  obtained  by  neglecting  the  transmission  and  reflection  scattering 
coefficients  in  (30)  and  (31).  These  first-order  solutions  are  substituted 
on  the  right  side  of  (30)  and  (31),  and  the  resulting  equations  are  solved 
to  obtain  the  second-order  iterative  solution  for  the  wave  amplitudes. 

These  second-order  iterative  solutions  are  used  in  the  complete  expansions 
for  the  electromagnetic  fields  to  obtain  the  desired  iterative  solutions 
for  the  scattered  radiation  fields  through  the  use  of  the  steepest  descent 
method.  Thus  the  first-order  solutions  to  (30)  and  (31)  are  the  unperturbed 
vertically  and  horizontally  polarized  fields  excited  by  the  vertical  electric 
and  magnetic  dipoles  respectively.  The  second-order  iterative  solutions 
which  account  for  depolarization  and  scattering  in  arbitrary  directions  are 
suitable  when  multiple  scattering  can  be  ignored.  Since  the  full  wave 
expressions  for  the  fields  (6),  (8)  are  valid  for  all  points  in  space,  they 
can  also  be  used  to  determine  the  surface  fields.  The  above  iterative 
procedure  can  be  extended  to  account  for  multiple  scattering.  In  Section  3 
we  consider  the  specific  case  of  scattering  and  depolarization  by  a  random 
rough  interface  between  two  semi-infinite  media. 


3.  Scattering  by  Rough  Surfaces — 

Unified  and  Two-Scale  Formulation 

The  full  wave  solution  for  the  radiation  fields  scattered  by  two 

dimensionally  rough  surfaces  f(x,z)  ■»  y  -  h(x,z)  -  0  (see  Fig.  5  )  is 

expressed  as  follows  in  matrix  notation 


Gq|  D(n^,n^)exp[iv*r]dA  G*  =  SG* 


"iv 


(32) 
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■where  CQ  is  the  free  space  wave  impedance.  The  coefficient  G^ 

is  given  by 

G  «  k^  exp[^ik  r^]/2nik  r^  (3 

o  o  o  o 

and  a  suppressed  exp(iwt)  time  dependence  is  assumed  in  this  work.  The 
like  and  cross  polarized  local  scattering  matrix  Dfa^.n1) 


D(nf,ni) 


>w 

D™ 

|HV 

(-ni-ii)Tf  F  T1 


is  derived  by  (a)  using  the  2x2  matrix  T*(nin,n*)  to  transform  the 
incident  vertically  and  horizontally  polarized  wave  from  its  representation 
in  the  fixed  reference  coordinate  system  (a^.a^.a^)  to  its  representation 
with  respect  to  the  local  coordinate  system  (n^.n^  “  n,n.j)  (the  unit 
vector  nin  is  the  representation  of  the  vector  n*  in  the  local  coordinate 
system  (see  Fig.  6)),  (b)  using  the  2x2  local  scattering  matrix  (-n^n)’ 

F(nfn,nln)dA  to  account  for  like  and  cross  polarized  scattering  by  an 
element  dA  of  the  rough  surface  (n^n  is  the  representation  of  the  vector 
nf  in  the  local  coordinate  system)  and  finally  (c)  using  the  2x2  matrix 
T^(n^,n^n)  to  transform  the  scattered  vertically  and  horizontally  polarized 
wave  from  its  representation  in  the  local  coordinate  system  to  its 
representation  in  the  reference  coordinate  system.  The  full  wave  solutions 
(32)  are  invariant  to  coordinate  transformations  and  they  satisfy  the 
duality  and  reciprocity  relationships  in  electromagnetic  theory.  In  (32) 
multiple  scattering  by  the  rough  surface  is  neglected.  Explicit  expressions 
for  the  local  scattering  matrix  D(n^,nS  (39)  are  found  in  the  published 
literature  (Eahar  1981a) . 
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The  full  wave  solution  for  the  scattered  field  can  he  applied  to 
random  rough  surfaces  (Bahar  1981b).  Thus  the  scattering  cross  sections  per 
unit  projected  area  Ay  for  an  incident  wave  with  polarization  Q=V  or  H  and 
scattered  wave  with  polarization  P=V  or  H  are  given  by 

P2(5f,51|5)exi>(iv.(?-?- )  (40) 

y 

in  which  the  symbol  <•>  denotes  the  statistical  average  over  the  heights 
h,h'  and  the  slopes  n,n'.  The  probability  density  functions  for  the  random 
slopes  n,n'  and  random  heights  h,h'  are  assumed  to  be  independent.  In 
addition-  it  is  assumed  that  the  slopes  are  more  strongly  correlated  than 
the  heights  (p(n.n')  -*■  p(n)6(n'-n)).  In  this  work  the  rough  surface  is 
assumed  to  be  isotropic  (independent  of  direction)  and  its  characteristics 
are  independent  of  position  (r).  Thus  the  rough  surface  height  characteristic 
function 

X(vyh)  -  <exp(ivyh)>  =  jexp(ivyh)p(h)dh  (41) 

is  independent  of  position  while  the  rough  surface  height  joint  characteristic 
function 

X2(vh-vyh’)  «  <exp[ivy(h-h')]> 

«  |exp[ivy(h-h')]p(h,h’)dhdh'  (42) 

is  only  a  function  of  distance  T  measured  in  the  (x,z)  reference  plane 

rd  -  (x-x’)ax  +  (z-z')az,  jrj  -  x  *=  [(x-x')2  +  (z-z')2J's  (43) 

In  (40)  P2(iJ^n^  |n)  is  the  probability  that  a  point  on  the  rough  surface  is 
both  illuminated  (n*)  and  visible  (n^)  given  the  value  of  the  slope  (n) 
at  that  point  (Sancer,  1968). 

Since  the  full  wave  solution  (40)  accounts  for  both  specular  point 
(physical  optics)  scattering  as  well  as  diffuse  scattering  in  a  self-consistent 


manner  there  is  no  need  to  adopt  an  artificial  two-scale  model.  To  use  the 
two-scale  model,  it  is  assumed  that  the  surface  h^(x,z)  consisting  of  the 
large  scale  components  of  the  surface  height  spectral  density  function 
W(vx>vz)  is  independent  of  the  surface  hs(x,z)  consisting  of  the  small 
scale  components  of  the  surface  height  spectral  density  function.  The 
surface  height  spectral  density  function  is  the  two  dimensional  Fourier 
transform  of  the  rough  surface  height  autocorrelation  function  <hh’>.  Thus 


is  associated  with  the  surface  height  spectral  density  function 

W(k)U<k,-k)  and  the  small  scale  surface  h  is  associated  with  the  surface 
□  s 

height  spectral  density  function  W(k)U(k-k.)  in  which  U(-)  is  the  unit 

d 


11*1* 


step  function  and  k.  is  some  arbitrary  value  of  k  vhere  spectral  splitting  is 


assumed  to  occur  (Brown  1978).  Brovn  chooses  k^  such  that  the  parameter 

8  =  l*k2<h2>  =  0.1 
o  s 


<UT) 


satisfies  the  perturbation  condition  for  the  small  scale  surface.  However, 

he  shows  that  the  computed  value  of  the  scattering  cross  sections  critically 

depends  on  the  choice  of  8  and  therefore  the  specified  value  of  k^.  Bahar 

and  Barrick  (1983)  considered  the  two-scale  model  using  the  full  wave  approach. 

It  is  shown  that  if  k^  is  chosen  such  that  deep  phase  modulation  occurs  it 

is  necessary  to  choose  8=1.  For  a  range  of  values  of  k^  corresponding  to  8 

between  1  and  2  it  is  shown  (Bahar  et  al.  1983)  that  the  values  of  the 

scattering  cross  sections  do  not  depend  on  k^ 

For  problems  of  scattering  by  random  rough  surfaces  the  dimensions  of 

the  projected  area  A^  =  kL^  L ^  are  such  that  >>  Tc  and  »  Tc  (where 

R(t  )  =  exp(-l)  and  T  is  the  correlation  length).  For  distances  T  >>  T  ; 
c  c  c 

2  2 

X2  I X I  since  <hh'>  •+  <h  >.  Thus  assuming  statistical  independence  between 

the  surface  h^  and  hg  (p(h^,hs)  =  p(h^)p(hs))  the  characteristic  and  the 
Joint  characteristic  functions  of  the  total  surface  are  expressed  as 

x  =  X1  XS;  XS=  XS(^'n).  x*=  Xt(vy).  x2  =  X2(^‘n),  x2  -  X2(vy)  (l*8a) 


x2  =  x2  x2  =  (x2  -lx£l2)lxsl2+tx2  -1xsI2)x2  +  ix£  xsl2 


(i*8b) 


in  which  the  superscripts  l  and  s  denote  quantities  associated  with  the 
large  and  small  scale  surfaces,  respectively.  Using  the  two-scale  model,  it 
is  also  assumed  that  the  slopes  for  the  small  scale  (perturbation)  surface 
are  small  such  that  slope  probability  density  function  for  the  total  surface 
is  equal  to  the  slope  probability  function  for  the  large  scale  surface 
p(n)  =  p(n^)(n^  =  Vf^/(7f)  and  f^  =  y  -  h^).  Thus  the  unified  (u)  and  two- 
scale  (T)  expressions  for  the  scattering  cross  sections  (1*0)  are  respectively. 


<0PQ>U  =  |APQ(nf,n1,n)p(5)d5jQ(nf,n1)+ ^|vyxjexp(ivxx+ivz2)dx  dz  |  2j  ( ii9a. ) 

vhere 


=  v2 


(x0-lxl " 


)exp(iv-rd)dxd  dzd 


(*<9b) 


PQ/-f  -i  1 

•*  ‘n  *n  *n>  =  „ 


k  D 
o 


PQ 


v  n'a 

y  y 


(b9c) 


p(n)d£  =  p(hx>hz)dhx  dh^  (^9<l) 

and 

<0p%  =  |  Xs  I  2  APQ(nf,n1)nt.)^£(nf,n1)+  iv^+iv^  )dx  dz|j 

♦  |AP^(nf,ni ,n)n‘a^  Qr (n‘ , n ^ ,n)p(n)dn 

H  |xB|?<oPft>t  ♦  <oPQ>s  (50a) 

vhere 

Q£(nf,iii)  =  v;(o.t-|;1£  '  ,  ex;  !  i  v*  ?d)dxd  dzd  (50b) 

Qg(nf,ni,n)  =  yP|  ( X- -  !  >.S' ! '  '<-xj  ( i  v'r^Jdx^  dz£d  (50c) 

In  (l)9b),  (50b)  and  (‘0c)  th>.  integral  ion  limits  are  (-®,«)  since 

L  ,L  »  T  and  AP^(  n^ ,ri*  , n  )  is  defined  in  (b9c). 

X  z  c 

To  derive  the  first  term  ir,  (50a),  the  slope  dependent  function 
AP^(nP,n*,n)  is  replaced  by  its  value  at  the  specular  point  vhere 

n  •+  ng  =  v/v,  t  =  |  v |  =  v’ng  (  51 ) 

For  surface  height  probability  density  functions  that  are  Gaussian 


|X*|2=  exp(-v2<h2>)  «  1  (52) 

X*  =  exp(-v2<h2>  +  v2<h£h£>)  =  exp(v2<hJth^>)|x*'|2  (53) 

2  2 

Thus  for  v  <h  >  >>  1  it  can  be  shovn  that  the  two  dimensional  Fourier 

y 

transform  (50b)  is  given 

Q£(nf,ni)  =  its2  p(ng )  (51*) 

in  vhich  p(ng)  is  the  slope  probability  density  function  at  the  stationary 
phase  points  (Bahar  198lc) 


1  he 


(59) 


V 


1**7 


PQ 

Thus  in  the  expression  for  <0  >  ,  the  integration  is  vith  respect  to  distances 

measured  along  the  large  scale  surface  and  not  the  reference  surface.  This  is 

in  agreement  vith  the  expressions  obtained  intuitively  by  Wright  and 

Valenzuela  "mostly  based  on  physical  considerations"  (Wright,  1968; 

po 

Valenzuela,  1968).  Thus  <0  >g  can  be  regarded  as  an  average  of  the 
scattered  pover  from  patches  of  slightly  rough  surfaces  that  ride  the 
large  scale  surface.  Brown’s  (1978)  solutions  which  are  based  on  a  combin¬ 
ation  of  Burrows'  perturbation  theory  (Burrows  1967)  and  physical  optics 

PQ 

(Beckmann  1963)  are  in  agreement  with  the  full  vave  expressions  for  <0 
only  in  the  limit  of  small  scale  slopes  since  in  his  work  h^  is  measured 
normal  to  the  reference  plane.  However,  in  Burrows'  perturbation  theory 
the  small  scale  surface  height  h£  is  measured  normal  to  the  large  scale 
surface  h^. 

The  two-dimensional  Fourier  transform  (l;9b)can  be  expressed  as 

OO 

Q(Sf,n1)  =  2ttv2  I  (x2(vy)-|x(vy)|2)J0(vx2t)tdT  (60) 

o 

since  the  surface  height  correlation  function  <hh’>  is  only  a  function  of 
T  =  r^  =  |?d|.  The  corresponding  expression  for  the  Fourier  transform 
(50c)  is  dependent  on  the  slope.  Thus 

OO 

Q  (5f,Si,H)  =  2mv2  [  (x2(v-n)-|xS(v-H)|2)j  (vxz£T£)T£dT£  (61) 

y 

in  which 


v'?£d  =  *'WdV  Zid"3)  =  V  x£d  +  Vz£  Z£d 

-  -  -  r  2  ^  2  -h 

=  vy£  >  Vxz£  =  [vx£  +  Vz£ 


(62a) 

(62b) 


and  v  - ,  v  «  and  v  .  are  the  components  of  v  in  the  local  coordinate  system 
x£  z  l  y  l 

(n^,?^  =  n.n^).  Thus  the  scattering  cross  sections  can  be  expressed  as 
follows  for  the  unified  and  two-scale  models 

<aPQ>u«jAPQ(5f,5i,H)p(5)dH[Q(^Hi)My|vyXj2sinc2(vxLx)sinc2(v2Lz)]  (63) 


( 


j 

i 


1 


1 


1 


148 


<o\'  I XS  1 2  APQ(nf  .n1,!!  )[Q,(nf  .^J+A  jv  vi|2sinc2(v  L  )sinc2(v  L  )] 
s 

+|AP^(if)ni  ,n)n‘a^  Q^ii^.n'5' ,n)p(n)dn  (64) 

To  facilitate  the  computations  in  (64)  in  vhich  Q£  is  a  function  of  n, 

_  2 

for  a  given  v  and  R(t),  a  set  of  values  of  Q  /v  are  first  computed 

s  y 

and  stored  as  a  function  of 

v-n  =  (-v  h  +  v  -  v  h  )/(l  +  h2  +  h2)^  (65) 

x  x  y  z  z  x  z 

The  integration  vith  respect  to  dn  =  dh^dh^  is' performed  using 
values  of  interpolated  from  the  stored  set.  For  Gaussian  surface 
height  probability  density  functions  (52)  and  (53) 


Qs  (5f .51  ,n)=2Uv2  | exp ( -v2£<h2> )  [exp[ v^ <h2>R ty] -l] JQ  (' ) T^dt* 

m  v2  ft^.^.v-H)^2  v2  v^lx“(v*SfH(v3BA)  ( 

Thus  for  rr*-a  and  6  «  1  the  last  term  in  (64)  <oP®>  reduces  to  the 
y  s 

perturbation  solution  (Bahar  198lc) 

<oPQ>  -  <CPQ> p=TTk2v2|xE(v  )(~^E)F(St,Ei)  I  V(v  )  ( 


Note  that  (6U)  reduces  to  (63)  if  ve  set  <h^>  -+•  0  and  (63) 

reduces  to  (64)  if  ve  set  <hs>  0  and  replace  A  '‘(n  ,n  ,n)  by 

AP®(nf,ni,ns).  The  term  containing  the  product  of  the  sine  functions 

is  the  coherent  scattered  field.  This  term  vanishes  as  lx(Vy)|2  0. 

For  cases  in  vhich  the  physical  optics  solutions  are  valid  the 

corresponding  geometrical  optics  expressions  for  <cPt^>£  are  obtained 

by  replacing  n  by  n  in  (32)  and  integrating  over  the  area  A.  (using 
s  iv 

the  stationary  phase  method)  before  the  expectations  <•>  are  evaluated. 
Thus  in  the  neighborhood  of  a  stationary  phase  point  r  ■=  r  ,  vhere 
▼x+  Vyh^  and  v^t  Vyh^  *=  0  (Barrick  1910,  Bahar  198lb)  it  can  be  shovn 


that 


[exp[iv*r]  — — •  =  [exp[iv*r  ]exp{ — [h  x^  +  h  z^]}dx  dz 
J  5.5  J  °P  *  2  xxo  p  zzo  pJ  p  p 


exp[iv-r  ]  (2iTi) 
_ op _ 


'h  h 
xxp  zzp 


2k  (-n  *n  ) 
o  s 


in  which  the  integral  has  been  expressed  in  terms  of  the  local  coordinates 

at  the  stationary  plane  point  (x  ,y  ,z  )  associated  with  the  unit  vectors 

P  P  P 

(n^.n^  n.n^)  and  n^  and  n^.  the  vectors  in  the  tangent  plane,  are  chosen 

such  that  the  principal  radii  of  curvature  r  =  |l/h  I  and  r  =  |l/h  I 

xp  1  xxs1  zp  1  eis.1 

are  measured  along  the  n^  and  a  directions.  As  seen  by  an  observer  in 

the  region  y  >  h  (x,z),  the  curvatures  h  and  h  are  positive  when 

xxp  zzp  e 

the  surface  is  concave.  They  are  negative  when  the  surface  is  convex. 

When  h  or  h  are  negative,  they  are  expressed  t^h  =  i/*/r  and 
xxp  zzp  J  *  xxp  xp 

Sh—  =  i//r  .  Thus  the  geometric  optics  contribution  to  the  normalized 
zzp  zp 

cross  section  from  N  randomly  located  specular  points  per  unit  surface 


area  is 


in  which 


(cPQ)  op  =  wr  r^  N[TfF  TX]PQ  P2(5f  .E1^) 

s 


r  (e1  )  o 


f(S1,5x)h  -  v 

S 


and  R  (61  )  and  R  (6*  )  are  the  Fresnel  reflection  coefficients  at  the 
V  op  Ji  op 

specular  points  where  the  local  angles  of  incidence  and  scatter  are 
_d^‘us=  Lf,nE=  cos0^.  Note  however,  that  the  surface  will  depolarize 
the  incident  wave  if  the  triple  products  (n  n1  a^'  and  (n  n*"  a^)  do  not 
vanish.  (When(n  n*  a^l  and  (n  nf  a^)  vanish  T*  and  Tf  become  identity 
matrices). 

The  expectation  of  (r  r  N)  in  (64)  (BarriCk  1972,  Earrick  and 
xp  zp 


Bahar  1981)  is 
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<r  r  N>  =  p(n  )/(n  -a  )  ,  n  -a  =  v  /(v-n  ) 

xp  zp  r  s  s  y  ’  s  y  y  s 


(Tl) 


thus 


<0 


— Z-J  pfsjfrW]  Q|p2(5f,ni|n£ 
(ns-ay)  I  a. I 


(72) 


in  agreement  with  <o  >^.  Thus  for  backscatter  geometric  optics  theory 
predicts  no  depolarization  and  for  the  like  polarized  case 

<aPP(nf=  -n1)^  =  —  3  ^  P(n )U  (0  =0) 

(n  -a  )  •  y 

s  y 


(73) 


It.  Concluding  Remarks 

The  solutions  for  the  backscatter  like  and  cross  polarized  cross 

sections  based  on  the  unified  full  wave  solutions  has  been  compared 

with  the  solution  based  on  the  two-scale  model.  For  the  two-scale  model 

the  wavenumber  k^  where  spectral  splitting  is  assumed  to  occur  is  chosen 
2  2 

such  that  g  =  ltk  <h  >  =  1,  (Bahar  et  al.  1983).  It  is  also  assumed  that 
o  s 

the  two  surfaces  h^  and  h£  are  statistically  independent,  and  the  slope 
of  the  small  scale  surface  was  neglected  (n  =  n^).  Except  for  near  grazing 
angles  the  two  solutions  for  the  like  polarized  cross  sections  are  in 
good  agreement.  For  the  cross  polarized  case,  the  difference  between 
the  two  solutions  is  most  significant  near  normal  incidence.  The  large 
discrepancy  near  normal  incidence  is  due  to  the  fact  that  elements  of 
the  rough  surface  that  are  oriented  specularly  do  not  depolarize  the 
backscattered  wave.  The  depolarization  comes  from  the  neighborhood  of 
these  specular  points  and  even  the  filtered  large  scale  surface  depolarizes 
the  incident  waves  (Bahar  and  Fitzwater  19BU).  However,  the  physical 
optics  contribution  to  cross  polarization  is  zero. 


I 
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The  discrepancy  near  grazing  angles  is  due  to  the  fact  that  for  .  . 

61  ir/2,  there  are  practically  no  specular  points  on  the  surface  and 

o 

again  the  physical  optics  approximations  are  invalid. 
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6.  Figure  Captions 

1.  Electric  and  magnetic  sources  distributed  in  the  layers  of  a  uniform 
multilayered  structure. 

2.  Electric  and  magnetic  sources  distributed  in  the  layers  of  a  nonuniform 
multilayered  structure. 

3.  Principal  elements  of  the  full  wave  approach. 

1*.  Principal  properties  of  full  wave  approach. 

5.  Planes  of  incidence  and  scatter  with  respect  to  the  reference  coordinate 
system.  Mean  (reference  plane  for  rough  surface  is  y  =  o). 

6.  Local  planes  of  incidence  and  scatter  and  local  coordinate  system 
(n1,n2,n3). 


FIG.  1.  Electric  and  magnetic  sources  distributed  in  the  layers  of  a 
uniform  multilayered  structure. 
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FIG.2.  Electric  and  magnetic  sources  distributed  in  the  layers  of  a 
nonuniform  multilayered  structure. 
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FIG.  3.  Principal  elements  of  the  full  wave  approach. 
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ABSTRACT 

The  incoherent  specific  intensities  for  the  vaves  scattered  by  a  random  distribution  of  particles 
vith  rough  surfaces  are  derived.  Since  large  roughness  scales  are  considered,  tbe  diffuse  scattering 
contributions  to  the  like  and  cross  polarized  scattering  cross  sections  are  given  by  the  full  vave 
solutions.  The  scattering  matrix  in  the  expression  for  the  equation  of  transfer  is  given  by  a  veighted 
sum  of  the  scattering  matrix  for  the  smooth  particle  and  tbe  diffuse  contribution  due  to  the  rough 
surface  of  tbe  particle.  Illustrative  examples  are  presented  for  the  propagation  of  a  circularly 
polarized  vave  normally  incid_.it  upon  a  parallel  layer  of  particles.  Particles  vith  different  surface 
height  spectral  density  functions,  roughness  scales,  complex  permittivities  and  sizes  a-e  considered. 

Both  first  order  (single  scatter)  and  •■mltiple  scatter  solutions  are  provided  and  tbe  results  for 
particles  vith  smooth  and  rough  surfaces  are  compared. 
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1.  UTTRODUCTIOI? 

Scattering  of  electromagnetic  waves  in  media  consisting  of  random  distributions  of  particles  has 
been  investigated  extensively  using  the  equation  of  transfer  (Chandrasekhar  1950,  Ishimaru  1978).  The 
main  difficulty  in  setting  up  the  equation  of  transfer  lies  in  the  determination  of  the  elements  of  the 
scattering  matrix  for  the  individual  particles.  Thus  most  of  the  work  has  been  done  for  particles 
of  idealized  shapes  such  as  spheres. 

In  this  work  a  method  is  presented  for  the  modification  of  the  results  derived  for  particles  with 
idealized  shapes  to  account  for  the  random  surface  roughness  of  the  particles-  To  this  end  the  full  wave 
approach  was  used  to  determine  the  rough  surface  contributions  to  the  like  and  cross  polarized 
scattering  cross  sections  and  the  elements  of  the  scattering  matrix  are  given  in  terms  of  a  weighted  sum 
of  the  Mie  solutions  and  the  diffuse  scattering  terms  due  to  the  particle  surface  roughness  (See  Section 
2).  For  convenience  in  this  work  a  circularly  polarized  wave  is  assumed  to  be  normally  incident  upon  a 
parallel  layer  consisting  of  a  random  distribution  of  irregular  shaped  particles- 

For  the  illustrative  examples  presented  in  Section  3  both  first  order  (single  scatter)  and  multiple 
scatter  results  are  presented  for  smooth  particles  and  for  particles  with  rough  surfaces.  The  matrix 
characteristic  value  technique  is  used  to  account  for  multiple  scattering  (ishimaru  and  Cheung  I960). 

2,  FORMULATION  OF  THE  PROBLEM 


In  this  section  the  principal  elements  of  the  full  wave  solutions  for  the  like  and  cross  polarized 
differential  scattering  cross  sections  of  nonspherical  particles  are  summarized.  The  contributions  of 
these  cross  sections  to  the  familiar  equation  of  transfer  (Ishimaru  1978),  in  a  medium  consisting  of  a 
random  distribution  of  nonspberical  particles  are  also  indicated  explicitly. 

The  radius  vector  from  the  center  to  the  irregular  surface  of  the  particle  is  given  by  (see  Fig.  l) 

(2.1) 


in  which  a  is  the  unit  vector  in  the  direction  of  the  radius  vector,  b  is  the  radius  of  the 
r  o 

unnerturbed  sphere  and  is  the  random  rough  surface  height  measured  in  the  direction  normal  to  the 

surface  of  the  unperturbed  sphere.  In  this  work  it  is  assumed  that  the  mean  square  of  the  rough  surface 
2 

height,  <b#>,  can  be  sufficiently  large  such  that  standard  perturbation  techniques  are  not  applicable 
(Barrick  1970).  Tbus  the  rough  surface  parameter,  B  ■  ^h^<h^>,  considered  in  this  work  la  in  the  range 
0  <  B  <  10. 

The  full  wave  solutions  for  the  normalized  scattering  cross  sections  <o*^>  per  unit  cross  sectional 
:«re«  (Ay  *  »h^)  are  expressed  ms  m  weighted  sum  fBahar  and  Chakrabarl  1  1985) 


01J>  ■  <Oi^>.  ♦  <0*^> 


(2.2) 


I 
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the  symbol  <*>  denotes  the  statistical  average.  In  the  above  expression  the  first  and  second  super¬ 
scripts  indicate  the  polarisations  of  the  scattered  and  incident  vaves  respectively.  Thus  1  ,J  «  1 
denotes  Vertical  polarisation  and  i,J  ■  2  denotes  Horizontal  polarisation.  The  cross  section  <a^>^  is 
the  modified  cross  section  associated  vith  the  unperturbed  sphere. 

<oii>l  -  !x*{v)l2  <a1J>Mie  (2.3) 

In  (2.3)  *s  the  Kie  solution  (Ishiaaru  1978).  for  the  like  and  cross  polarised  cross  sections 

of  the  unperturbed  sphere.  For  large  spheres,  k^b^  *  20,  (k^  is  the  free  space  wavenumber),  the  most 
significant  parts  of  the  solution  are  the  specularly  reflected  veve  and  the  shadow  forming  wave  (Morse 
and  Feshback  195M.  The  coefficient  of  **  the  rough  surface  height  characteristic  function 

X*(v)  -  <exp  lvb#>  (2.1*) 

in  vbich  v  is  the  magnitude  of  the  vector 

v  ■  k  (nf-n*)  (2.5) 

o 

vhere  nf  and  n*  are  unit  vectors  in  the  direction  of  the  scattered  and  incident  wave  normals.  The 
coefficient  jx*]^  accounts  for  the  degradation  of  the  reflected  wave  due  to  surface  roughness.  The 


coefficient  is  minimum  for  backscatter  and  approaches  unity  for  forward  scattering. 

The  second  term  in  (2.2)  <0^>^  is  the  contribution  to  -.he  total  scattering  cross  section  due  to 
the  surface  roughness.  It  is  expressed  as  (Bahar  and  Cbahrabarti  1985) 


<0^>  *  (  A*^(i>f  ,n*  ,n)(n*a  )Q  (5f  ,n*  ,n)p(n)dn 

s  j  y  a 


in  which  n  is.  a  unit  vector  normal  to  the  surface  of  the  scatterer, 

1  „  rM  \2 


e,(ZV.J)  -  (»•»,.)*  j"(x|(v,.rMx^’',»r)|s)«p(i»-rd)<udd»a 


and  p(n)  Is  the  prohahility  density  function  for  the  slope  of  the  surface  of  the  scatterer.  In  (2.7), 
Is  the  scattering  coefficient  which  depends  on  the  polarisations  and  the  directions  of  the  wave 
normals  for  the  incident  and  scattered  waves  as  well  as  the  complex  electromagnetic  parameters  (c,u)  of 
the  scatterers.  The  term  P^tn^.n^Jn)  is  the  probability  that  a  point  on  the  rough  surface  is  both 
illuminated  by  the  source  and  visible  to  the  observer  given  the  slopes  (n)  of  the  surface  of  the 
scatterer  (Smith  1987*  Sancer  19^9).  Since  n  *  a^,  P^  *  u(-n*‘n)u(nf,n)  where  u(*)  is  the  unit  step 
function. 

j  In  (2.8)  )£(r*Ir)  is  the  rough  surface  height  Joint  characteristic  function 

I  x2,;‘:r>  ■ 

.in  which  vr  ■ 


(2.9) 
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VI th  the  above  expressions  for  the  scattering  cross  sections  (2.2),  the  general  expression  for  the 
equation  of  transfer  (Ishimaru  1978)  can  be  vritten  as  follovs  for  a  plane  parallel  slab  consisting  of 
rough  spherical  particles  (see  Fig.  2) 

V  «  -  [I]  *  j  [S)[I,]4ll,d*'  .  [Ij]  (2.10) 

In  (21.10)  T  is  the  optical  distance  in  the  z  diredtion  (normal  to  the  plane  parallel  slab) 

T  -  p[ot]z  =  |  ot  n(D)dD  z  ,  D  -  2ho  (2.11) 

vhere  n(D)  is  the  particle  size  distribution  and  is  the  extinction  coefficient.  Since  <0*^>s 
vanishes  in  the  forward  direction,  the  extinction  matrix  (ishimaru  and  Cheung  1980)  for  the  rough 
sphere,  can  be  represented  by  a  scalar  quantity.  The  matrices  [l]  and  [i*]  are  the  (l»xl)  incoherent 


specific  diffuse  intensity  matrices  for  waves  scattered  from  the  particles  in  the  direction  6  *  cos  u 
and  $  and  for  waves  incident  In  the  direction  6*  *  cos  \i*  and  respectively.  The  elements  of  [i] 
are  the  modified  Stokes*  parameters.  The  (hxl)  scattering  matrix  [s]  in  the  reference  coordinate  system 
can  be  expressed  in  terms  of  the  scattering  matrix  [S’]  in  the  scattering  plane  as  follows: 

IS)  -  [X(-i  ♦  a)][S’][Z(a*)]  (2.12) 


In  (2.13)  rsme3  is  given  by 


pr|rnf] 

rs  ]  «  ll  p[,r21i  ] 

lSKi.J  pT^TT 


[S']  .  x)s(--i  )!?rsm  J  ♦  [si 


p[|r12l2]  pR«tfuf*p 

p[|r22lz]  ps«[f21f22] 


-pi»tfufj2] 

f2ir;p 


“*  1  P2s.[fufjp  P22,[f12p*2]  P^[rn4‘V«J  -pI"rfllf22'ri2f21] 

P2ta[r12r*p  (8.n) 
where  f^  are  elements  of  the  2x2  scattering  amplitude  matrix  [f]  and  p[»]  denotes  integration  over  the 
!partlcle  size  distribution  n(D)  (2.12) 


El  m  fll  f12  Ei  exp(-ikr) 

ErJ  ’  [r21  f22j  1e;j  r 


In  (2.15)  E^  and  E^  are  the  vertically  and  horizontally  polarized  field  components  in  the 
scattering  plane  and  r  is  the  distance  frcac  the  center  of  the  sphere  to  the  field  point.  An  exp(iwt) 
time  dependence  Is  assumed  in  this  work. 

For  a  smooth  sphere  the  elements  f . .  are  given  by  the  Mie  solution  for  a  smooth  sphere  (Barrick 

I  lj  •  ■ 

1970,  Ishimaru  1978).  The  transformation  matrices  ItC)  in  (2.12)  account  for  the  angles  of  rotation 
"between  the  reference  planes  of  incidence  and  scatter  and  the  scattering  p’  ane  containing  n*  and  n*. 

•  In  (2.13)  the  coefficient  |x*(v*ar)|^  accounts  Tor  the  fact  that  the  specular  point  contributions 
jto  the  scattering  cross  sections  are  decreased  because  of  the  rough  surface  (]x*J*  K  1  end 


I 


lx' I  *1  M  B4  0).  The  diffuse  scattering  aatrix  [S#]  due  to  the  randan  rough  surface  Is  given  by 

[s'p  o  61 


p[s.]  - 


p[S^] 


[s|2) 


(2.16) 


vhere 


p[sIj]*i^Tp[<olJ>.] 


(2.17) 

and  pf-D  denotes  Integration  vitb  respect  to  tie  particle  distribution  n(D).  For  the  contributions  due 
to  the  random  rough  surface  b#,  the  only  nonvanishing  terns  are  of  the  fora  p[  Jf^j^see  equation  (2.1U), 
the  expectations  of  the  phasor  Quantities  vanish). 

In  order  to  simplify  the  solution  of  the  transfer  equation  (2.10),  it  is  assumed  in  this  vork  that 
the  normally  incident  vave  is  circularly  polarised.  Thus  the  incident  Stokes  matrix  at  z  ■  0  is  given  by 

ri' 


Cliuc] 


Mu'-UStf)  =  i  Kv'-i)C(y) 


(2.16) 


vhere  tbe  -  and  ♦  signs  correspond  to  the  right  and  left  circularly  polarized  vaves  and  u’  *  cos6'  . 

The  reduced  incident  intensity  is  therefore, 

[Irl]  ■  tllnc]  Mp(-t)  (2.19) 

In  (2.10)  the  (^xl)  excitation  aatrix  [l^]  is  given  by 


-  |  [s)[iri)dp-d*-  -  [s][:o3 


•exp(-i) 


(2.20) 


p*-l 

♦  *“0 


vhere  1^,  the  incident  Stokes'  aatrix  is  defined  by  (2.lB). 

Since  the  normally  incident  circularly  polarized  vave  Is  independent  of  the  azimuth  angle  the 


Stokes'  matrices  for  the  incoherent  specific  intensities  are  also  independent  of  And  there  is  no 
coupling  hetveen  U,V  (2.10)  and  the  equation  of  transfer  for  the  normally  incident, 

circularly  polarized  vave  decouples  into  the  folloving  tvo  aatrix  equations 
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in  which  3ij  and  I ^  are  the  first  two  elements  of  the  excitation  matrix  ll^]  (2.20)  while  and 
are  the  third  and  fourth  elements  of  the  excitation  matrix. 

3.  ILLUSTRATIVE  EXAMPLES 

For  the  illustrative  examples  considered  in  this  section,  the  random  rough  surface  height  b 
(measured  normal  to  the  surface  of  the  unperturbed  spherical  particle  of  diameter  D  *  is  assumed 

to  he  homogeneous  and  isotropic,.  The  surface  height  spectral  density  function  Vfv^.v^)  (vhich  is  the 
two  dimensional  Fourier  Transform  of  the  surface  height  autocorrelation  function  <h#h^> )  is 


v(vT)  .  w(vx,vi)  .  -i  |  ♦  1V«5‘Vi 

*  T  PV2 


where  J^fv^r^)  is  the  Bessel  function  of  the  first  kind  and  v^  and  r*  are  .components  of  v  in  the 
direction  of  the  unit  vectors  tangent  to  the  surface  of  the  unperturbed  sphere.  Thus 

TI  *  <Vx  *  \)h  *  1t2  -  Tr)'5 

Similarly  the  surface  height  autocorrelation  function  <htV>  is  given  hy  the  inverse  formula 


(3.1) 


(3.2) 


f"  V(v  ,v  ) 

<*>,»;>  *  J  — t —  “p(-iv6'1»t,4)ilT*4Ti 

*  f  1  W(vT,Jo(V4>V’T 


(3.3) 


The  specific  expression  for  the  surface  height  spectral  density  function  is 


T  (v  -v  ) 

v(v  )  -  2f  - ?  -f-  r 

L'vV  *  t». 


■  0  elsewhere 

In  (3»M  the  smallest  spatial  wavenumber  is 


and  the  cutoff  wavenumber  is 


Vj  -  4/J) 


Ak 


(3  M 


(3.5a) 


(3.5b) 


vhere  k&  is  the  wavenumber  for  the  electromagnetic  wave.  The  constant  C  Is  chosen  such  that  the  scale 
of  the  random  rough  surface  is 

B  -  lk?<hS>  ■  1  (3.6) 

o  s 

In  (3*6)  <h#>  is  the  mean  square  height 

■  I J wt  W’t  (3-7) 
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The  corresponding  value  for  the  mean  square  slope 

°M  f  V(Y 


)vIdvT 


(3.8) 


is  •  0.013.  The  parameter  vhere  VU^)  is  maximum  is  v^  *  1.2/D.  The  exponent  in(3.l»)isn«l*  aDd 
the  material  of  the  particle  is  aluminum,  for  wavelength  X  *  10  tun  the  relative  (complex)  dielectric 
coefficient  is  Cy  “  -t>000(l*i)  (Gxrenreich  196 5).  The  diameter  of  the  unperturbed  spherical  particle 
is  D  *  5*  and  its  total  (extinction)  cross  section  is  a ^  «  2.059. 

For  surfaces  vith  small  scale  roughnesses  B  <  1,  the  contribution  (2.6)  to  the  total  scattering 
cross  sections  due  to  surface  roughness  can  also  be  expressed  as  a  series 

|o1J|2  r.l2*  w.(vT) 


o^>  .  T  tlk 

4  _  « 


*21' 

(Viy) 


rt  V  iv_j 

ft 

I )'  )7‘»i%i;'.:‘l.-|fta‘  "-y 't' 


it  t/2 


(3.9) 


in  vMcii  V  (r  }/2  Is  the  tw?  nixension^  Xourjtr  trmnsforiB  of  <b  h 1  >E  and  the  Integration  is  over 
®  T  s  s 

the  polar  angle  f  and  azimuthal  angle  6.  For  6  «  1  only  the  first  term  in  (3*9)  is  non-negligible . 

Tbis  term  Corresponds  to  first  order  Bragg  scattering  from  rough  surfaces  (Bahar  l<?8l).  For  6*1, 

it  is  necessary  to  evaluate  only  tvo  terms  of  the  series  in  (3.9) •  For  large  values  of  roughness 

scales  (6  >  l)  it  is  more  convenient  to  evaluate  using  (2.6). 

For  the  illustrative  examples,  it  is  assumed  that  a  right  circularly  polarized  vave  is  normally 

incident  at  t  *  0  (x  *  o)  upon  a  parallel  layer  of  optical  thickness  T  (see  Fig.  2).  The  equation  of 

o 

transfer  for  the  axumutbally  Independent  modified  Stokes'  parameters  (2.21)  are  solved  using  the  matrix 
characteristic  (eigen)  value  technique  (ishimaru  and  Cheung  1980)  subject  to  the  boundary  conditions 
for  the  incoherent  specific  diffuse  intensities 

fl]  *  0  for  0  <  p  <  1  it  T  ■  0 

(forward  scattered  incoherent  diffuse  intensities  a re  zero  «t  r  *  0)  and 

Cl]  •  0  for  0  >  V  > -1  »t  T  ■  T 
■  *  o 

(backward  scattered  incoherent  diffuse  Intensities  are  xero  at  T  *  T  J. 

o 

In  Figs.  3  and  It  1^  (vertical  polarization)  and  (horizontal  polarization)  are  plotted 

respectively,  as  functions  of  the  scatter  angle  8  (0,90°)  (forward  scattering)  for  ■  10.  The  solid 

curves  correspond  to  first  order  scattering  solutions  only  (Ishimaru  1978)  for  the  smooth  (unperturbed 

spherical)  particles  and  particles  with  rough  surfaces.  The  surface  roughness  of  the  particles  tends 
i  ' 

to  smooth  out  the  incoherent  diffuse  intensities  as  functions  of  8.  Bote  that  the  vertically  polarized 

! intensity  Is  sore  oscillatory  than  the  horizontally  polarized  intensity. 
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The  corresponding  solutions  that  account  for  multiple  scatter  are  also  given  for  the  smooth  (♦) 
and  rough  (A)  particles.  We  note  that  since  the  albedos  for  the  rough  particles  are  slightly  lower 
than  the  albedos  for  the  smooth  particles  (aee  Table  2),  the  incoherent  diffuse  intensities  are 
somewhat  lower  for  the  rough  particles.  For  optically  very  thick  layers  of  particles,  the  diffuse 
intensities  2^  and  1^  are  practically  equal  and  rather  flat  functions  of  6.  Multiple  scattering 
cannot  be  neglected  in  these  cases. 

h.  CONCLUDING  RZMARX5 

In  this  work  scattering  of  electromagnetic  waves  by  particles  with  moderate  to  very  large  roughness 
scales  (that  cannot  he  accounted  for  using  ,ie  standard  perturbation  methods)  has  been  considered.  The 
incoherent  diffuse  scattering  intensities  for  the  rough  particles  have  been  compared  with  the  cor¬ 
responding  results  for  smooth  particles.  Both  first  order  (single  scatter)  and  multiple  scatter  results 

have  been  presented  for  the  case  listed  in  Table  I. 

2  2 

As  the  scale  of  roughness  8  »  tko<h#>  *Dcre*ses*  scattering  coefficients  as  well  as  the 

incoherent  diffuse  scattering  intensities  become  practically  independent  of  the  scattering  angle. 

In  addition,  for  large  t  the  incoherent  scattering  intensities  decrease  as  the  roughness  scale 
o 

increases.  As  the  optical  thickness  of  the  layer  increases,  the  incoherent  diffuse  scattering 
intensities  become  less  dependent  on  scatter  angle. 
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ABSTRACT 

The  incoherent  specific  intensities  for  the  vaves  scattered  by  a  random  distribution  of  particles 
vith  rough  surfaces  are  derived.  Since  large  roughness  scales  are  considered,  the  diffuse  scattering 
contributions  to  the  like  and  cross  polarized  scattering  cross  sections  are  giveD  by  the  full  vave 
solutions.  The  scattering  matrix  In  the  expression  for  the  equation  of  transfer  is  given  by  a  weighted 
sum  of  the  scattering  matrix  for  the  smooth  particle  and  the  diffuse  contribution  due  to  the  rough 
surface  of  the  particle.  Illustrative  examples  are  presented  for  the  propagation  of  a  circularly 
polarized  vave  normally  incident  upon  a  parallel  layer  of  particles.  Particles  vith  different  surface 
height  spectral  density  functions,  roughness  scales,  complex  permittivities  and  sizes  are  considered. 
Both  first  order  (single  scatter)  and  multiple  scatter  solutions  are  provided  and  the  results  for 
particles  vith  smooth  and  rough  surfaces  are  compared. 
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l.  introduction 

Scattering  of  electromagnetic  waves  in  media  consisting  of  random  distributions  of  particles  has 
been  investigated  extensively  using  the  equation  of  transfer  (Chandrasekhar  1950,  Ishimaru  1978).  The 
main  difficulty  in  setting  up  the  equation  of  transfer  lies  in  the  determination  of  the  elements  of  the 
scattering  matrix  for  the  individual  particles.  Thus  most  of  the  work  has  been  done  for  particles 
of  idealized  shapes  such  as  spheres. 

In  this  work  a  method  is  presented  for  the  modification  of  the  results  derived  for  particles  with 
idealized  shapes  to  account  for  the  random  surface  roughness  of  the  particles.  To  this  end  the  full  wave 
approach  was  used  to  determine  the  rough  surface  contributions  to  the  like  and  cross  polarized 
scattering  cross  sections  and  the  elements  of  the  scattering  matrix  are  given  in  terms  of  a  weighted  sum 
of  the  Hie  solutions  and  the  diffuse  scattering  terms  due  to  the  particle  surface  roughness  (See  Section 
2).  For  convenience  in  this  vork  a  circularly  polarized  wave  i6  assumed  to  be  normally  incident  upon  a 
parallel  layer  consisting  of  a  random  distribution  of  irregular  shaped  particles. 

For  the  illustrative  examples  presented  in  Section  3  both  first  order  (single  scatter)  and  multiple 
scatter  results  are  presented  for  smooth  particles  and  for  particles  with  rough  surfaces.  The  matrix 
characteristic  value  technique  is  used  to  account  for  multiple  scattering  (Ishimaru  and  Cheung  I960). 

2.  FORMULATION  of  the  problem 

In  this  section  the  principal  elements  of  the  full  wave  solutions  for  the  like  and  cross  polarized 
differential  scattering  cross  sections  of  nonspherical  particles  are  summarized.  The  contributions  cf 
these  cross  sections  to  the  familiar  equation  of  transfer  (Ishimaru  1978),  in  a  roediuo  consisting  of  e 
random  distribution  of  nonspherical  particles  are  also  indicated  explicitly. 

The  radius  vector  from  the  center  to  the  Irregular  surface  of  the  particle  is  given  by  (see  Fig.  1) 


in  which  a  Is  the  unit  vector  in  the  direction  of  the  radius  vector,  h  is  the  radius  of  th^ 
r  o 

unperturbed  sphere  and  bg  is  the  random  rough  surface  height  measured  in  the  direction  normal  to  the 

surface  of  the  unperturbed  sphere.  In  this  work  it  is  assumed  that  the  mean  square  of  the  rough  surface 
2 

height,  <b8>*  can  be  sufficiently  large  such  that  standard  perturbation  techniques  are  not  applicable 
(Barrick  1970).  Thus  the  rough  surface  parameter,  6  •  kAh**,  considered  in  this  work  is  in  the  range 
0  <  8  <  10. 

The  full  wave  solutions  for  the  normalized  scattering  cross  sections  per  unit  cross  sect  ual 

area  (Ay  »  wh^)  are  expressed  as  a  velghted  sum  (Bahar  and  Chakrabarti  1981) 

<o*^>  *  <oi^>,  ♦  <o^> 

*  s 


(2.2) 
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the  symbol  <•>  denotes  the  statistical  average.  In  the  above  expression  the  first  and  second  super¬ 
scripts  indicate  the  polarizations  of  the  scattered  and  incident  vaves  respectively.  Thus  i,J  '  1 
denotes  Vertical  polarization  and  i,J  »  2  denotes  Horizontal  polarization.  The  cross  section  is 

the  modified  cross  section  associated  vith  the  unperturbed  sphere. 

<OiJ>1  -  |xE(v)I2  <01J>me  (2-3) 

In  (2.3)  <0*^^  is  thc  Mic  solution  (Ishimaru  1978),  for  the  like  and  cross  polarized  cross  sections 
of  the  unperturbed  sphere.  For  large  spheres,  k  h  >  20,  (ko  is  the  free  space  wavenumber ) .  the  most 
significant  parts  of  the  solution  are  the  specularly  reflected  wave  and  the  shadow  forming  wave  (Morse 
and  Feshback  195M.  The  coefficient  of  <0^>  .  is  the  rough  surface  height  characteristic  function 

XS(v)  -  <exp  lvhfi>  (2.M 

In  which  v  is  the  magnitude  of  the  vector 

v  *  k  (n^-n^)  (2.5) 

o 

where  nf  and  n*  are  unit  vectors  in  the  direction  of  the  scattered  and  incident  wave  normals.  The 
coefficient  )xS]^  accounts  for  the  degradation  of  the  reflected  wave  due  to  surface  roughness.  The 


coefficient  is  minimum  for  backscatter  and  approaches  unity  for  forward  scattering. 

The  second  term  in  (2.2)  <01^>g  is  the  contribution  to  the  total  scattering  cross  section  due  to 
the  surface  roughness.  It  is  expressed  as  (Bahar  and  Chakrabarti  I985) 


<0i^>s  *  |  A^fn^n*  ,n)(n*ay)Qs(uf  ,ni,n)p(n)dn 


in  which  n  is  a  unit  vector  normal  to  the  surface  of  the  scatterer. 


A1^(nfto1,n)  «  -  j 


(v-fir ) (ey-BJ 


P2(nf,n  |n) 


(2.6) 

(2.7) 


Q  (n**,n*,n) 


and  p(n)  is  the  probability  density  function  for  the  slope  of  the  surface  of  the  scatterer.  In  (2.7 ), 
is  the  scattering  coefficient  which  depends  on  the  polarizations  and  the  directions  of  the  wave 
normals  for  the  incident  and  scattered  waves  as  well  as  the  complex  electromagnetic  parameters  (c,u)  of 
the  scatterers.  The  term  P^n^.n^Jn)  is  the  probability  that  a  point  on  the  rough  surface  is  both 
illuminated  by  the  source  and  visible  to  the  observer  given  the  slopes  (n)  uf  the  surface  of  the 
scatterer  (Smith  1967 •  Sancer  1969)*  Since  n  e  a^,  P^  *  u(^ni#n)u(nf*n)  where  u(*)  is  the  unit  step 
function. 

In  (2.8)  Xg(^**r)  is  the  rough  surface  height  Joint  characteristic  function 

•  XgCv’ij.)  *  <exp[ivj_(hB^h^)]>  (2.9) 

!in  which  v  -  v*a  . 
i  r  r 
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With  the  above  expressions  for  the  scattering  cross  sections  (2.2),  the  general  expression  for  the 
equation  of  transfer  (Ishlmaru  1978)  can  he  vritten  as  follows  for  a  plane  parallel  slab  consisting  of 
rough  spherical  particles  Csee  Fig.  2) 

v  Sill .  -  [i]  ♦  |  [s3[r3ap'd*'  ♦  [i13  <2.10) 

In  (2.10)  T  is  the  optical  distance  in  the  z  diredtion  (normal  to  the  plane  parallel  slab) 

t  a  p[ot3t  =  |  n(D)dD  1  ,  D  «  2h^  (2.11) 

where  n(D)  is  the  particle  size  distribution  and  ot  is  the  extinction  coefficient.  Since  fo1^ 
vanishes  in  the  forward  direction,  the  extinction  matrix  (ishimaru  and  Cheung  1980)  for  the  rough 
sphere,  can  he  represented  by  a  scalar  quantity.  The  matrices  Il3  and  Il*3  are  the  (1x1)  incoherent 
specific  diffuse  intensity  matrices  for  waves  scattered  from  the  particles  in  the  direction  6  »  cos  3u 
and  t  and  for  waves  Incident  in  the  direction  8'  -  co s~\'  and  respectively.  The  elements  of  [i] 
are  the  modified  Stokes'  parameters.  The  (1x1)  scattering  matrix  [S3  in  the  reference  coordinate  system 
can  he  expressed  in  terms  of  the  scattering  matrix  [S' 3  in  the  scattering  plane  as  follows: 

[s3  *  [X(-»  ♦  o)3[s'3UT(o‘)3  (2.12) 


In  (2.13)  given  by 


'ptl»urJ 

p[|fal23 


[s-3  -  xls(5-ir)|2[£Ki^  *  Is,] 

pI]t12123  pRetfnf*23 

p[ |fj2|23  pRe[f2if223 


-plmrfuf*2) 

-Plm[fa^23 


_  j  _  1  •  *  21  *  ^'22'  "  ‘  21  22'  r  -  21  22~ 

Mie  pToJT  p2Re[f11f213  PRef  fllf224f12f21^  'pIt‘^riir22','l2f21-* 

p2Imtfi:if2,3  p2Im[f12f223  PI“[f11f22',ripra3  PR'tr1ir22','12f2i]_  (2.11) 

vhere  f^  are  elements  of  the  2x2  scattering  amplitude  matrix  [f]  and  p[‘]  denotes  integration  over  the 
T>article  size  distribution  n(D)  (2.12) 


1  fU  f12  E1  exp(-ik  r) 


In  (2.15)  E^  and  Ef  are  the  vertically  and  horizontally  polarized  field  components  in  the 
scattering  plane  and  r  is  the  distance  from  the  center  of  the  sphere  to  the  field  point.  An  exp(iwt) 
time  dependence  is  assumed  in  this  work. 

For  a  smooth  sphere  the  elements  are  given  by  the  Mie  solution  for  a  smooth  sphere  (Barrick 

1970,  Ishlaaru  1978).  The  transformation  matrices  [jC]  in  (2.12)  account  for  the  angles  of  rotation 

-i  -f 

"between  the  reference  planes  of  incidence  and  scatter  and  the  scattering  plroe  containing  n  and  n  . 

In  (2.13)  the  coefficient  |x'(v-ar)|2  accounts  for  the  fact  that  the  specular  point  contributions 
(to  the  scattering  cross  sections  are  decreased  because  of  the  rough  surface  ( Jx*  1 2  <  1  and 
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in  which  I and  1^  arc  the  first  two  elements  of  the  excitation  matrix  [i^  (2.20)  while  \J^  and 
are  the  third  and  fourth  elements  of  the  excitation  matrix. 

3-  ILLUSTRATIVE  EXAMPLES 

For  the  illustrative  examples  considered  in  this  section,  the  random  rough  surface  height  bg 

(measured  normal  to  the  surface  of  the  unperturbed  spherical  particle  of  diameter  D  *  2h  )  is  assumed 

o 

to  be  homogeneous  and  isotropic,.  The  surface  height  spectral  density  function  W(v  ,v^)  {vhich  is  the 
two  dimensional  Fourier  Transform  of  the  surface  height  autocorrelation  function  <hgV> )  is 


w(vT)  -  vtvV  *  *2  j  4 


<h  h*>  J  (v-r  )r  dr . 
s  s  o  T  d  d  d 


(3.1) 


where  J  (v_r. )  is  the  Bessel  function  of  the  first  kind  and  t  and  v  are  components  of  v  in 
o  J  q  xx 

direction  of  the  unit  vectors  n^,n^  tangent  the  surface  of  the  unperturbed  sphere.  Thus 

T-  -  (V?  ♦  yf)h  -  (v?  -  v2)h 


(3.2) 


Similarly  the  surface  height  autocorrelation  function  <hgh^>  is  given  by  the  inverse  formula 

’  V(v  ,v  ) 


<Vi>  *  J - c — 

*  I  j  v(vi,Jo(Ya)vA 


(3.3) 


The  specific  expression  for  the  surface  height  spectral  density  function  is 


V(vj) 


(vV 


'V’d^4  < 


m  0  elsewhere 

In  (3.M  the  smallest  6patial  wavenumber  is 


(3-L) 


(3.5b) 


and  the  cutoff  wavenumber  is 


:  *k 


(3.5b) 


vhere  k  is  the  wavenumber  for  the  electromagnetic  wave.  The  constant  C  is  chosen  such  that  the  scale 
o 

of  the  random  rough  surface  is 

(3.6) 


B  «  ik2<h2>  *  1 
o  s 


In  (3.6)  <h  >  is  the  mean  square  height 


<h*>-f  Jv( 


v_) v_dv_ 
TXT 


(3.7) 


1 


I 


1 


i 
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The  corresponding  value  for  the  mean  square  slope 


°M|  K!vT)v;dvT 


is  Cg  *  0.013*  The  parameter  vft  vhere  V(v^)  is  maximum  is  «  1.2/D.  The  exponent  in  (3-M  is  n  *  and 
the  material  of  the  particle  is  aluminum.  For  wavelength  A  ■  10  pm  the  relative  (complex)  dielectric 
coefficient  is  *  -6000(l+i)  (Ehrenreich  1965).  The  diameter  of  the  unperturbed  spherical  particle 

is  D  *  5  A  and  its  total  (extinction)  cross  section  is  0^,  *  2.059. 

For  surfaces  with  small  scale  roughnesses  B  <  1,  the  contribution  (2.6)  to  the  total  scattering 
cross  sections  due  to  surface  roughness  b  can  also  he  expressed  as  a  series 


<01J>  -  T  4,7k2  < - -pA T-r -  U  S-S-  x(v  )> 

J5  ®  o  l  2I  a.  r 

I  kk2  J  Jfe1*|2Pg(Sf,51|S>p§)  ~vT)Xt-Vr)"  slcYdyai 


in  which  va(^T)/2  is  the  two  dimensional  Fourier  transform  of  <hghg>°  and  the  integration  is  over 
the  polar  angle  y  and  azimuthal  angle  6.  For  B  «  1  only  the  first  term  in  (3.9)  is  non-negli gable . 
This  term  corresponds  to  first  order  Bragg  scattering  from  rough  surfaces  (Bahar  198l).  For  B  *  1 , 
it  is  necessary  to  evaluate  only  two  terms  of  the  series  in  (3-9)*  For  large  values  of  roughness 
scales  (B  >  l)  it  is  more  convenient  to  evaluate  <0^>g  using  (2.6). 

For  the  illustrative  examples,  it  is  assumed  that  a  right  circularly  polarized  wave  is  normally 
incident  at  1  «  0  (2  «  o)  upon  a  parallel  layer  of  optical  thickness  Tq  (see  Fig.  2).  The  equation  of 
transfer  for  the  azumuthally  Independent  modified  Stokes'  parameters  (2.21 )  are  solved  using  the  matrix 
characteristic  (eigen)  value  technique  (ishimaru  and  Cheung  1980 ) subject  to  the  boundary  conditions 
for  tbe  incoherent  specific  diffuse  intensities 


[i]  *  0  for  0  <  v  <  1  at  t  ■  0 

(forward  scattered  incoherent  diffuse  intensities  are  zero  at  T  *  0)  and 

[i]  *  0  for  0  >  p  > -1  at  t  *  T 
-  o 

(backward  scattered  incoherent  diffuse  intensities  are  lero  at  T  «  t  ). 

o 

In  Figs.  3  and  1*  1^  (vertical  polarization)  and  (horizontal  polarization)  are  plotted 
respectively,  as  function.*  of  the  scatter  angle  0  (0,90°)  (forward  scattering)  for  ■  10.  The  solid 
curves  correspond  to  first  order  scattering  solutions  only  (ishimaru  1976)  for  the  smooth  (unperturbed 
spherical)  particles  and  particles  with  rough  surfaces.  The  surface  roughness  of  the  particles  tends 
to  smooth  out  the  Incoherent  diffuse  intensities  as  functions  of  0.  Mote  that  tbe  vertically  polarized 
intensity  is  more  oscillatory  than  the  horizontally  polarized  intensity. 
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The  corresponding  solutions  that  account  for  multiple  scatter  are  also  given  for  the  smooth  (+) 
and  rough  (A)  particles.  We  note  that  since  the  albedos  for  the  rough  particles  are  slightly  lover 
than  the  albedos  for  the  smooth  particles  (see  Table  1),  the  incoherent  diffuse  intensities  are 
somewhat  lover  for  the  rough  particles.  For  optically  very  thick  layers  of  particles,  the  diffuse 
intensities  1^  and  are  practically  equal  and  rather  flat  functions  of  6.  Multiple  scattering 
cannot  be  neglected  in  these  c&scs. 

b.  CONCLUDING  REMARKS 

In  this  work  scattering  of  electromagnetic  waves  by  particles  vith  moderate  to  very  large  roughness 
scales  (that  cannot  be  accounted  for  using  the  standard  perturbation  methods)  has  been  considered.  The 
incoherent  diffuse  scattering  intensities  for  the  rough  particles  have  been  compared  vith  the  cor¬ 
responding  results  for  smooth  particles.  Both  first  order  (single  scatter)  and  multiple  scatter  results 

have  been  presented  for  the  case  listed  in  Table  I. 

2  2 

As  the  scale  of  roughness  B  ■  bko<hg>  increases,  the  scattering  coefficients  as  veil  as  the 
incoherent  diffuse  scattering  intensities  become  practically  independent  of  the  scattering  angle. 

In  addition,  for  large  To  the  incoherent  scattering  intensities  decrease  as  the  roughness  scale 
increases.  As  the  optical  thickness  of  the  layer  increases,  the  incoherent  diffuse  scattering 
intensities  become  less  dependent  on  scatter  angle. 
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Abstract 

Using  the  complete  expansions  of  the  fields  and  on  imposing 
the  exact  boundary  conditions  at  the  interfaces  of  an  irregular  stratified 
medium.  Maxwell 's  equations  are  transformed  into  a  rigorous  set  of 
coupled  first  order  differential  equations  for  the  wave  amplitudes. 

This  full  wave  approach  is  applied  to  a  large  class  of  propagation 
problems.  Since  these  solutions  account  for  specular  point  as  well  as 
diffuse  scattering  in  a  unified  self-consistent  manner,  it  is  not  necessary 
to  apply  a  hybrid  physical  optics-perturbation  approach  to  problems  of 
rough  surface  scattering.  The  full  wave  solutions  satisfy  realizability, 
duality  and  reciprocity  relationships  in  electromagnetic  theory.  They 
are  invariant  to  coordinate  transformations. 


Presented  at  the  Workshop  on  Waves  in  Inhomogeneous  Media,  Schlumberger- 
Doll  Research,  Ridgefield,  Connecticut,  August  8-9,  1985. 
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1.  Introduction 

In  this  paper  the  principal  elements  of  the  full  vave  approach  to 
problems  of  radio  wave  propagation  in  irregular  multilayered  media  are 
summarized.  The  relationships  between  the  full  vave  solutions  and  earlier 
solutions  to  scattering  problems  are  also  presented.  To  demonstrate 
the  versatility  of  the  full  vave  approach,  three  broad  classes  of 
propagation  problems  are  considered  in  some  detail.  In  Section  3,  the 
full  vave  approach  is  applied  to  problems  of  scattering  and  depolarization 
by  a  random  rough  interface  that  separates  two  media  with  different 
(complex)  electromagnetic  parameters.  In  Section  1 ,  radio  vave  propagation 
in  a  three  layer  structure  is  considered.  The  thickness  of  the  intermediate 
layer  is  assumed  to  vary  in  thickness.  Finally,  in  Section  5,  the  boundaries 
of  the  irregular  structure  are  assumed  to  be  highly  reflecting,  thus  the 
exact  continuity  conditions  for  the  electric  and  magnetic  fields  are 
replaced  by  the  approximate  impedance  boundary  conditions.  In  this  case, 
the  fields  in  the  layered  structure  are  expressed  in  terms  of  trapped 
waveguide  modes. 

The  Principal  Elements  of  the  Full  Wave  Approach  are  (Bahar  1973a, b): 

(a)  The  electromagnetic  fields  are  expressed  in  terms  of  complete 
expansions  of  vertically  and  horizontally  polarized  waves.  These  include 
the  radiation  fields,  the  lateral  waves  and  the  surface  vaves. 

(b)  Exact  boundary  conditions  are  imposed  at  the  irregular  surface b. 

(c)  Using  the  orthogonal  properties  of  the  basis  functions  appearing 

in  the  complete  expansions  of  the  fields.  Maxwell's  equations  are  integrated 
over  the  transverse  plane.  Green's  theorems  are  used  to  avoid  term-by- 
term  differentiation  of  the  field  expansions. 
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(d)  Maxwell's  equations  for  the  electromagnetic  fields  are  converted 
into  coupled  first  order  ordinary  differential  equations  for  the  forward 
and  backward  traveling  wave  amplitudes.  The  coupled  equations  for  the 
wave  amplitudes  are  referred  to  as  the  generalised  telegraphists'  equations. 

(Section  2)  ,  (Bahar  197^*). 

2.  The  Generalised  Telegraphists'  Equations 
For  horizontally  stratified  media  (see  Fig.  l)  the  following  field  transform 
pairs  provide  the  basis  for  the  complete  expansion  of  the  transverse  (y ,z) 
components  of  the  electric  and  the  magnetic  fields  and  H,p  respectively  in  terms 
of  the  vertically  (V)  and  horizontally  (h)  polarized  field  transforms  (Bahar 
1973a,b): 

Ejtx.y.z)  =  I  /  [EV(x,v,w)5^  +  EH(x,v,w)S”]dw,  (l) 


EP(x,v,w)  =  \  ET(x,y,zMhp  x  ax)dydz,  P=V  or  H, 

_oo 

ST(x,y,z)  =  I  /  [HV(x,v,w)h^  +  Ax.v.wjjyldv, 


H^x.v.v)  =  J  HT(x,y,z)  (ax  x  ip)dydz,  P=V  or  H,  (M 

-DO 

In  the  above  expressions  and  (P=V,H)  are  the  electric  and  magnetic 

field  transforms  and  e^  and  h^  are  the  electric  and  magnetic  field  basis  function 

vhile  ip  and  hp  are  the  reciprocal  basis  functions  for  horizontally  stratified 

media.  The  symbol,  .  . 

)  denotes  summation  over  the  entire  vavenumber  spectrum  v.  The  generalized 

Fourier  transform  consists  of  tvo  infinite  integrals  (continuous  part  of 

the  vavenumber  spectrum)  vhich  are  associated  vith  the  radiation  and  the 

lateral  wave  terms  and  a  finite  set  of  surface  wave  terms  (discrete  part 

of  the  vavenumber  spectrum) . 
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The  basis  functions  for  the  vertically  polarized  waves  are 


► 

9 


V  ir  v  a  IV 

eT  =  Z  (ay</  (v,y)  - 


2  2  *£*!->♦<.,,) 


U  +  V 


and 


=  a2^V(v,y)4)(wlz) 


(5) 


(6) 


and  the  complementary  basis  functions  for  the  vertically  polarized  waves  are 

;!  -  .'.Vivi  *  (7) 


and 


a  iw 
z 

2 

u  +  w 
,C, 


h^  =  aaMV<iV(v,  y)4>l"(w,z). 


(8) 


For  the  horizontally  polarized  waves,  the  basis  functions  and  the  complementary 
basis  functions  are  respectively, 


and 


=  aiV|M(v,y)^(v,i)  , 

E?  -  y »<-:  *V,y) .  lal  , 

J  u  +v  ^ 


"  az8iVfl(v,y)^c(u,,)  , 


hj  .  yV(-i/(v,y)  -  %*-* .  M  . 

*  u  +V  y 

in  which  are  normalization  coefficients,  2?  and  are  the  wave 
impedance  and  admittance  and 

$(v,z)  =  exp(-iwz)  and  <J>c(w,z)  =  (l/2n)exp(iwz) 


(9) 

(10) 

(11) 

(12) 


(13) 


The  scalar  basis  functions  for  the  radiation  fields  and  the  lateral  waves  are 

f  exp(ivoy)  +  r££  exp{-ivoy). 

for  medium  0, 

T° 

n  ~P^r1  exp(i  I  v  h  ) 

<3=1  T?H  ^  P'1^  I"1’* 

Pq 

x  [exp(ivry)  +  R^£  exp(-ivry)]  , 

for  medium  r  =  1,2,3, ...  ,m,  (lh ) 


_Dh  P,  , 
RP0V0(v’y)  * 


f 


183 


The  basis  functions  satisfy  the  biorthogonal  relationships  for  P  and  Q  equal 


to  V  or  K 


V  (h^xax)  'dy  dz 


•  (axxep)  'dy  dz 


=  6p  v-v' )A(w-w’ ) 


in  which,  for  the  primed  quantities  the  variables  are  u',  v',  and  v'  and 
A(v-v’)  =  d 


d(v-v'),  v'jiv 


The  complete  field  expansions  are  substituted  into  Maxwell's  equations 
for  the  transverse  field  components  and  use  is  made  of  the  orthogonality 
relationship.  Green's  theorem,  and  the  exact  boundary  conditions  for  irregular 
stratified  media  (for  example  see  Fig.  l)to  obtain  the  differential  equations 

for  the  field  transforms  E^  and  .  These  may  be  expressed  in  terms  of  the 

P  P 

forward  and  backward  wave  amplitudes  a  and  b  ,  respectively,  as  follows: 


H15  =  aP  +  bP  and 


E*  =  aP  T  bP  , 


V, I  upper  sign 


lover  sign 


Thus  Maxwell’s  equations  are  converted  into  the  following  generalized 
telegraphists*  equations  for  P=V  or  H  (Bahar  1973a,b): 


da  .  P  r  v  ^  / ~BA  Q  „BB  ,  Q\ „  «  .P 

S  -  l“  ■  n,  )  <spQ  ■  *  Sj,  l-tav  -  «*■  , 


-  ‘-h  *  ■  l  l,  I  Is"  *  s“  -“W  *  BP 


Explicit  closed  form  expressions  for  the  reflection  and  the  transmission 
scattering  coefficients  C  *  S?q  ^  have  been  derived  (Bahar  197 3b). 
Thus,  for  instance,  S^(v,w,v'  ,w' )  accounts  for  coupling  of  the  incident 

JJ 

horizontally  polarized  forward  wave  amplitude  a  (v',w')  into  the  reflected 

V  BA 

vertically  polarized  wave  amplitude  b  (v,w).  Similarly,  S^fvjW.v'  ,w' ) 
accounts  for  coupling  of  the  incident  vertically  polarized  forward  wave 


amplitude  aV(v',w')  into  the  forward  scattered  horizontally  polarized 
wave  amplitude  a  (v,v).  In  (23)  and  (2l*),  the  terms  A  and  B  account 
for  the  electromagnetic  source  excitation  in  any  of  the  layers  of  the 
structure  and  (u',v',w'),  (u,v,v)  are  the  orthogonal  components  of  the 
vector  wavenumbers  k'  and  k  in  the  directions  of  the  incident  and 
scattered  waves.  The  incident  and  scattered  wave  vectors  k'  and  k  are  in 
general  associated  with  either  the  radiation  fields,  the  lateral  waves  or 
the  guided  waves  of  the  structure.  Thus,  the  scattering  coefficients  account 
for  coupling  between  components  of  the  entire  wavenumber  spectrum.  The 
derivations  of  the  generalized  telegraphists'  equations  (23),  (2l)  is 
rigorous.  They  can  be  solved  rigorously  using  numerical  techniques  (for 
example  the  eigenvalue-eigenvector  technique  (ishimaru  et  al .  1982). 

In  the  following  specific  applications  some  simplifying  assumptions  are 
made  to  facilatate  the  solution  of  these  coupled  first  order  differential 
equations.  Thus  for  instance,  if  multiple  scattering  between  different 
portions  of  the  rough  surface  is  neglected,  the  far  fields  can  be 
expressed  in  closed  form  as  integrals  that  can  be  readily  evaluated 
numerically. 

3.  Scattering  and  Depolarization  by  Random  Rough  Surfaces 
In  order  to  account  for  specular  point  scattering  as  well  as  diffuse  scatteri 
by  random  rough  surfaces,  a  two-scale  model  of  the  rough  surface  was  adopted 
(Wright  1968,  Valenzuela  1968,  Brown  1978).  Thus,  on  applying  the  physical  optics 
approach  (Beckmann  and  Spizzichino  1963)  the  surface  h^  consisting  of  the  large 
scale  components  (k  <  k^)  of  the  surface  height  spectral  density  function  W(k), 
accounts  for  specular  point  scattering.  Similarly  on  applying  the  perturbation 
approach  (Rice  1951)  the  surface  hg  consisting  of  the  small  scale  components 

(k  >  k^)  of  the  surface  height  spectral  density  function  W(k)  accounts  for  diffuse 
scattering.  On  adopting  the  tvo-scsle  approach  it  is  assumed  that  the  large 
scale  surface  h^  and  the  small  scale  surface  h^  are  statistically  independent. 
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Several  questions  arise  as  a  result  of  the  use  of  the  two-scale,  hybrid, 
physical  optics-perturbation  approach  to  problems  of  scattering  by  random 
rough  surfaces.  In  particular  there  are  conflicting  constraints  on  the  choice 
of  the  vavenumber  k^  where  spectral  splitting  of  the  rough  surface  spectral 
density  function  is  assumed  to  occur  (Brown  1978,  Bahar  and  Barrick  1983, 

Bahar  et  al  1983).  Moreover,  since  the  physical  optics  solution  for  the  cross 
polarized  backscatter  cross  section  is  zero,  the  solution  based  on  the  two- 
scale  perturbed-physical  optics  model  does  not  correctly  predict  the  cross 
polarized  backscatter  cross  section  particularly  for  near  normal  incidence 
(Bahar  and  Fitzwater  1981*). 

Since  the  full  wave  solution  is  valid  in  both  the  high  frequency  (physical 
optics)  limit  as  well  as  the  low  frequency  perturbation  limit  B=  l*k^<hj>  <<  1 , 
it  accounts  for  specular  point  and  diffuse  scattering  in  a  unified  self- 
consistent  manner.  Thus  it  is  not  necessary  to  artificially  decompose  the  random 
surface  into  two  presumably  uncorrelated  surfaces  when  the  full  wave  approach 
(Sec.  2)  is  used.  The  solutions  for  the  like  and  cross  polarized  scattering 
cross  sections  per  unit  area,  that  follow  from  the  full  wave  approach, upon 
neglecting  multiple  scattering  between  different  patches  of  the  rough  surface) 
can  be  expressed  as  follows  (Bahar  and  Fitzwater  1985) 


„  KL 
<o  o> 


.  ik  D 

I  f  l-°- 

TT  * 


PQ  2 


PgP(n)dn  Q(nf,na)  +  j-  x/?xp(iv  x+iv  z)dxdz 
L  v 


(25 


in  which  a^  is  the  unit  vector  normal  to  the  unperturbed  reference  plane 
(x,z),  n  is  the  unit  vector  normal  to  the  rough  surface  and  A  is  the  area 

y 

of  its  projection  in  the  reference  (x,z)  plane.  In  (25)  the  superscripts 
PQ  correspond  to  the  polarizations  of  the  scattered  and  incident  waves 

respectively  (p,Q=V  (vertical),  H  (horizontal)).  The  unit  vectors  n1  and 

-f 

n  are  in  the  direction  of  the  incident  and  scattered  wave  normals  ,  kQ  is  the 
free  space  electromagnetic  wavenumber  and  the  vector  v  is 


4 


i 


1 


I 


f 
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v  =  k  (n^-n1)  =  va  +  va  +  va  .  (26) 

o  x  x  y  y  z  z 

PQ 

The  coupling  coefficients  D  depend  on  the  polarizations  and  the  directions 

of  propagation  of  the  incident  and  scattered  vaves  as  veil  as  the  complex 

electromagnetic  parameters  of  the  medium  of  propagation.  The  slope  probability 

density  function  for  the  rough  surface  is  p(n)  pfn'a^  -*■  0)  dn  =  sinydydfi  is 

the  differential  (solid)  angle  and  is  the  shadov  function  derived  by  Sancer 

-i 

(1968).  The  coefficient  Q(n  ,n  )  is  given  by 


Q^.H1)  =  /(x2-|x!‘Oexp(iv-?d)dxddzd  (27) 

in  vhich  X2  X  aTe  the  joint  characteristic  function  and  the  char¬ 
acteristic  function  for  the  rough  surface  and 


r.  =  x  a  +  z.a 
d  d  x  d  z 


(28) 


is  the  distance  measured  in  the  unperturbed  reference  plane.  The  first 

term  in  (25)  accounts  for  both  specular  point  as  veil  as  diffuse  scattering 

vhile  the  second  term  is  the  coherent  scattering  term.  This  second  term  becomes 

2 

very  small  as  the  mean  square  rough  surface  height  <h  >  becomes  very  large 
since  for  a  Gaussian  surface  |x|2  =  exp(-ltv2<h2>).  The  unified  full  wave 
solutions  for  the  ratio  of  die  like  to  cross  polarized  scattering  cross  sections 
are  shown  to  be  in  good  agreement  with  experimental  results  (Bahar  and  Fitz- 
vater  1985),  however  additional  measurements  are  needed  to  make  more 
extensive  comparisons  between  theory  and  experiment. 
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•*.  Propagation  in  Nonuniform  Stratified  Structures 
Propagation  of  radio  vaves  in  nonuniform  stratified  structures  is  of 
interest  in  a  large  variety  of  technical  problems.  For  instance,  Schlak  and  Wait 
(1967,  1968)  treated  the  problem  of  propagation  over  a  nonparallel  stratified 
earth  using  a  geometrical  optical  approach  to  derive  an  equivalent  surface 
impedance  at  the  air-earth  interface  (see  Fig.  l).  The  resulting  mixed  path 
propagation  problem  was  solved  through  a  judicious  use  of  the  compensation 
theorem.  The  realization  of  the  salient  features  of  the  solution  to  this  problem 
led  Schlak  and  Wait  to  submit  their  solution  to  a  critical  reciprocity  test 
which  pointed  out  several  restrictions  on  the  geometrical  optical  approach. 

Wave  coupling  in  a  variety  of  nonuniform  layered  structures  is  also  of 
special  interest  for  the  design  of  a  variety  of  devices  in  optical  waveguide 
systems  (R.  G.  Hunsperger  1982).  The  full  wave  solutions  (23) , (2b  Explicitly 
account  for  coupling  between  the  different  spectral  components  of  the  complete 
expansions.  Thus,  these  solutions  can  be  used  to  design  nonuniform  layered 
structures  that  effectively  couple  electromagnetic  signals  into  and  out  of 
optical  waveguides. 

The  full  wave  solutions  are  shown  to  satisfy  the  duality,  realizability 
and  reciprocity  relationships  in  electromagnetic  theory.  Thus  for  the  vertically 
polarized  case  (see  Fig.  1)  for  example,  the  radiation  (magnetic)  field  scattered 
by  the  nonuniform  stratified  structure  shown  in  Fig.  1  is  expressed  as 
follows  (Bahar  and  Fitzwater  1978a ,b) 

H^(x,y)  =  (2t/k  p)^exp(-ik  p)exp(in/l)  )P(vf  .v1  )H* 
zoo  m 

in  vhich  is  the  magnitude  of  the  incident  magnetic  field  at  the  origin, 
pis  the  radial  distance  from  the  z  axis  and  Pfv^jV1)  is  the  radiation  pattern: 

CD 

V{vf =  P  (vf,vi)  l  I  (vf,vi)  (30) 

°  p,q  P’q 

where 

Po(vf,v1)=(l-s[s^-z2)T21(vf)T2;L(vi)T10(vf)T10(vi)/i*irer  (31) 

In  (31)  Er  is  the  relative  complex  dielectric  coefficient  for  the  overburden 
and  zs  is  the  normalized  surface  impedance  of  the  substratum.  The  complex  angles 
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for  the  incident  and  scattered  waves  in  free  space  (subscript  o)  and  the  over¬ 
burden  (subscript  l)  are  related  by  Snell’s  lav  and  S^=sin6^ ,SP=sin0P.  The 

transmission  coefficients  from  the  overburden  to  the  substratum  are  T^v1) 

f  if 

and  t2j/v  )  for  the  incident  and  scatter  angles  6^  and  6^  respectively,  while 

the  corresponding  tansmission  coefficients  from  the  air  to  the  overburden 

S' 

are  T1Q(v  )  and  T1Q(v  ^ '  7116  terms  in  the  <iou’ble  infinite  sum  are 


T  ,  f  i,  [R0l(/)R21(vf^P"1tR01(vi^l(vi):|q“1 

I  (v  ,v  )  =  - - - : - 

P,q  (2p-l)c[  +  (2q-l)C* 


•/  k  exp[i(uf-ui)x-l{(2p-l)v  +  (2q-l)v*}h(x)]dx 
-L  0  1  1 


in  which  R^  and  K01  are  the  overburden  to  substrate  and  overburden  to  air 
Fresnel  reflection  coefficients  respectively,  while  C^=cos0^=u1/k1  and 

f  f  f 

C*-cos0*=u  /ky  The  arbitrarily  varying  height  of  the  overburden  substratum 
interface  is  h(x).  It  is  interesting  to  note  that  while  the  solution 
based  on  the  geometrical-optics  approach  involves  a  single  summation  (that 
depends  on  the  direction  of  propagation  of  the  incident  wave),  the  full  wave 
solution  involves  double  infinite  sums  that  satisfy  the  reciprocity  relations 
in  electromagnetic  theory.  For  the  special  case  when  ko=k^  (no  overburden) 
and  h=0,  the  full  wave  solution  (29)  reduces  to  the  physical  optics  expression 


for  diffuse  scattering  in  the  specular  direction 

Kf (x,y)=(i/2rik  p)'5exp(-ik  p)2k  LC*R  H*  (33) 

z  o  l  o  I  dl  in 

5.  Waveguides  with  Irregular  Boundaries 
When  the  boundary  conditions  for  the  electromagnetic  fields  at  the  uppermost 
interface  and  the  lowermost  interface  of  the  irregular  stratified  structure  can 
be  approximated  by  a  surface  impedance  condition,  namely 

E  =  Z-Hxii  (3M 

in  which  Z  is  an  impedance  diadic  (Gallava  196^ ),  (bs  in  the  case  of  highly 
reflecting  boundaries  such  as  good  conductors),  the  electromagnetic  fields 
may  be  expanded  completely  in  terms  of  waveguide  modes.  The  wave  spectrum  in 
this  case  is  discrete  (the  radiation  fields  and  lateral  wave  contributions 
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vanish).  The  resulting  telegraphists’  equation  (2 3), (24)  for  the  coupled  forward 
and  backward  propagating  waveguide  modes  of  the  irregular  structure  can  be 
readily  solved  numerically  using  the  Runge-Kutta  method  (Abramovitz  and 
Stegun  196^ ) • 

The  full  wave  approach  can  also  be  applied  to  problems  of  propagation 
in  irregular  stratified  cylindrical  and  spheroidal  structures  (Bahar  1975, 

1980;  Bahar  and  Fitzvater  1983).  For  these  structures,  the  contribution 
from  the  continuous  portion  of  the  wave  spectrum  vanishes  if  the  electro¬ 
magnetic  fields  at  the  innermost  interface  of  the  structure  can  be  characterized 
by  a  surface  impedance  condition  (3^). 

6.  Concluding  Remarks 

An  interesting  feature  of  the  full  wave  solution  is  that  by  avoiding 
the  imposition  of  simplifying  assumptions  (such  as  Kirchhoff  or  perturbation 
approximations)  at  the  outset  of  the  analysis,  it  is  possible  to  demonstrate 


succinctly  the  limitations  of  the  earlier  solutions  and  the  relationships 

between  them.  Thus  for  instance,  by  simply  replacing  n  in  (25)by  its  value 

at  the  specular  points  n  =  v/v  (v  =  v-v)  one  .obtains  the  physical  optics 

_  —  2  2 

solutions.  Furthermore  by  replacing  n  by  and  assuming  that  B  =  *4k^<h  > 

«  1,  the  expression  for  Q  (27)becomes  Q  =  ]irv^  x(vy )  P  W(k )  and 

(25) reduces  to  the  perturbation  solution  (Rice  1951). 
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ABSTRACT 

Like  and  cross  polarized  scattering  cross  sections 
are  determined  at  optical  frequencies  for  conducting  cylinders 
vith  rough  surfaces.  Both  normal  and  oblique  incidence  with 
respect  to  the  cylinder  axis  are  considered.  The  full  wave 
approach  is  used  to  account  for  both  the  specular  point 
scattering  and  the  diffuse  scattering.  For  the  roughness 
scales  considered,  the  scattering  cross  sections  differ 
significantly  from  those  derived  for  smooth  or  slightly 
rough  conducting  cylinders.  Several  illustrative  examples 
are  presented  and  the  albedos  for  smooth  and  rough  cylinders 
are  compared. 


1.  Introduction 


y 
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The  problem  of  electromagnetic  scattering 'by  finitely  conducting 
cylinders  or  spheres  has  been  dealt  with  extensively  in  the  technical 
literature.  Perturbation  theory  has  been  used  to  extend  these  results 
to  scattering  by  circular  cylinders  or  spheres  with  slightly  rough 
surfaces  (Barrick  1970).  However,  perturbation  theory  is  limited  to 

surfaces  for  which  the  roughness  parameter  $  =  bkQ<hs>  <0.1  (kQ  is 

2 

the  electromagnetic  wavenumber  and  <hs>  is  the  mean  square  height 
of  the  rough  surface,  Brown  1978).  For  the  low  frequency  limit,  (£  <<  l), 
the  scattering  cross  sections  are  not  significantly  different  from 
those  for  smooth  conducting  circular  cylinders.  On  the  other  hand, 
in  the  high  frequency  limit  when  the  scales  of  the  surface  roughness 
are  large  such  that  the  radii  of  curvature  of  the  surface  are  large 
compared  to  a  wavelength  and  the  major  contributions  to  the 
scattered  fields  come  from  the  neighborhood  of  the  stationary  phase 
(specular)  points  on  the  surface  of  the  scatterer,  the  Kirchhoff 
approximations  for  the  surface  fields  may  be  used  to  yield  the 
physical  optics  solutions  (Beckmann  and  Spizzichino  1963;  Barrick 
1970).  for  the  general  case  however,  when  the  high  or  low  frequency 
approximations  are  not  applicable,  the  physical  optics  or  perturbation 
methods  cannot  be  used. 

In  this  work  the  full  wave  approach  is  used  to  determine  the 
like  and  cross  polarized  scattering  cross  sections  at  optical 
frequencies  for  finitely  conducting  cylinders  with  roughness  scales 
that  significantly  modify  the  scattering  cross  sections  (B=l). 

Vhile  the  radii  of  curvature  of  the  unperturbed  cylinders  considered  are  large 
compared  to  the  vavelengtb  ,  the  radii  of  curvature  of  the  rough 
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surfaces  are  not.  The  cross  section  of  the  unperturbed  cylinder  need 
not  he  circular.  Both  specular  point  scattering  and  diffuse 
scattering  are  accounted  for  in  the  analysis  in  a  self-consistent 
manner  and  the  cross  sections  are  expressed  as  a  weighted  sum  of  two 
cross  sections.  Multiple  scattering  from  the  surface  of  the  cylinder 
however,  is  neglected. 

In  Section  2  the  special  forms  of  full  wave  solutions  are  presented 
for  long  cylinders  with  mean  circular  cross  sections  and  both  the 
specular  point  and  diffuse  contributions  are  identified.  The  solutions 
are  given  in  matrix  form  to  include  both  the  like  and  cross  polarized 
contributions.  The  solutions  are  presented  as  closed  form  integrals 
(not  integral  equations)  involving  the  scattering  surface.  Thus  ,  al¬ 
though  they  remain  valid  for  large  and  small  roughness  scales ,  they  are 
no  more  difficult  for  a  user  to  employ,  than  the  corresponding 
physical  opticr  or  perturbation  expressions.  In  Section  3  several 
illustrative  examples  are  considered  for  cylinders  with  roughness 
parameter  fi-1.  The  random  rough  surface  (assumed  here  to  have  Gauss¬ 
ian  statistics)  is  characterized  by  its  surface  height  (isotropic) 
spectral  density  function  and  a  corresponding  non-Gaussian  auto¬ 
correlation  function.  The  like  and  cross  polarized  cross  sections 
as  well  as  the  albedos  for  smooth  and  rough  cylinders  are  compared. 

To  facilitate  the  analysis,  it  is  assumed  here  that  the  radius  of  the  cylin¬ 
der  is  not  only  large  compared  to  the  wavelength  but  also  large  compared  to 
the  rough  surface  height  correlation  length. 


2.  Formulation  of  the  Problem 
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The  scattered  radiation  fields  for  two -dimensionally  rough  surfaces 
can  be  expressed  in  matrix  form  as  follows  (Bahar  1981a) 

exp[iv-rg]dS  (2.1) 

in  which  GV^  and  GHf  are  the  vertically  and  horizontally  polarized  (electric 
or  magnetic)  fields  scattered  at  a  distance  r  in  the  direction  of  the  unit 
vector  nf.  Similarly,  GVl  and  GHl  are  the  vertically  and  horizontally 

polarized  fields  incident  (at  the  origin)  in  the  direction  of  the  unit 
vector  n1.  The  scattering  matrix  D  is  a  function  of  the  direction  of  the 
incident  and  scattered  waves  n1  and  n^ ,  the  unit  vector  n  normal  to  the 
rough  surface  and  the  complex  permittivity  E  and  permeability  p  of  the 
medium.  It  is  expressed  as  (Bahar  1981a,  1982) 

D  =  C^n  Tf  F  T1  U(-n**n)U(nf *ii)  (2.2) 

in  which  the  transformation  matrices  Tf  and  T1  relate  the  scattered  and 

incident  waves  in  the  local  planes  of  scatter  and  Incidence  to  reference 

planes  of  scatter  and  incidence  while  F  is  the  scattering  matrix  defined 

in  the  local  planes  of  incidence  and  scatter.  The  coefficient  G  is 

o 


GVf' 

-  G 

DW 

dvh 

GVi 

GHf 

0 

D™ 

GHi 

G  *  -ik  exp(-ik  x)/2i\r 
00  o 


An  exp  (list)  time  dependence  is  assumed  in  this  work  and  U(a)  is  the  unit 


step  function.  The  vector  v  is 


and 


v  »  k  (n^-n*)  =  v  a  +va  +va 
o  xx  y  y  z  z 


(2.4) 

(2.5) 


in  -i  - 
C  =  -n  -n 

—  O 

where  n  is  the  unit  vector  normal  to  the  rough  surface  S.  The  position 
vector  to  a  point  on  the  rough  surface  is  r  .  In  view  of  the  unit  step 
functions  appearing  in  (2.2),  the  integration  in  (2.1)  is  over  the  surface 
that  is  illuminated  and  visible.  Thus  (2.2)  does  not  include  the  shadow 
forming  wave  (Morse  and  Fesbbach  1953).  The  differential  cross  sectional 
area  is 


dS  =  dx  dz/(n'a  ) 

y 


(2.6) 
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In  order  to  derive  the  full  wave  expression  (2.1)  complete  spectral 

f  expansions  of  the  electric  and  magnetic  fields  are  used,  exact  boundary 

conditions  are  imposed  and  Maxwell's  equations  are  converted  into  rigorous 
sets  of  telegraphists'  equations  (Bahar  1973a,b).  The  far  field  approximations 

** 

*  (2.1)  are  obtained  from  these  telegraphists'  equations  on  neglecting 

r 

multiple  scattering  from  one  element  of  the  rough  surface  to  another  and 
on  employing  suitable  coordinate  transformations  (Bahar  1981a).  The  expression 
(2.l)  is  invariant  to  coordinate  transformations  and  it  satisfies  duality 
and  reciprocity  relationships  in  electromagnetic  theory.  For  very  (infinitely) 
long  one- dimensionally  rough  surfaces, t.ve  integral  (2.1)  can  be  reduced  to 
a  line  integral  by  noting  the  integral  expression  for  the  Dirac  delta  function 

GO 

exp(ivzz)dz  «  2tt6(v2)  (2.7) 

—00 


On  evaluating  the  expressions  for  the  radiation  (far)  fields  from  the 
expressions  for  their  transforms  (using  the  steepest  descent  method,  Bahar 
and  Rajan  (1979)),  it  can  be  shown  that 


G^  *  DG*  exp[iv-(x  a  +  y  a  )]dx/(n-a  ) 


in  which 


2itp  cos0 


exp(in/4)exp jjik^focoseV  z  sin0*)J 


(2.8) 


(2.9) 


and  for  oblique  incidence  (with  respect  to  the  z  axis)  the  direction  of  the 
incident  plane  wave  is 


n*  =  -cos@*  a  +  sin0*  a  (2.10) 

o  y  o  z 

The  direction  of  the  scattered  wave  is  (Bahar  1981  a) 

n^  «  sin0^  cosi)^  a  +  cos0^  a  +  sin0^  sin$^  a  (2.11) 

o  x  o  y  o  z 

(where  the  polar  angle  is  measured  with  respect  to  the  y  axis,  see  Figs.  1 
and  2).  In  view  of  (2.7) 


I 


198 

(2.12) 


sin6^  sinf>^  =  sine1 
o  o 


«  cos6*(sind>  'a  +  cosdi'a  )  +  sin6^  a 
o  x  y  02 


Thus  (2.11)  can  also  be  expressed  as 

(2.13) 

where  the  azimuth  angle  <f> '  is  measured  in  the  x-y  plane  with  <j>'  =  0  along 
the  y  axis  (see  Figs.  1  and  2).  The  explicit  expressions  for  the  scattering 
coefficients  D  (2.2)  have  been  presented  earlier  when  the  reference  incident 
plane  is  normal  to  nx  ay  and  the  reference  scatter  plane  is  normal  to 
iifx  a  .  However  if  the  planes  of  incidence  and  scatter  are  taken  to  be 

y 

the  planes  normal  to  n1  x.  ng  (ng  is  the  normal  .to  the  cylinder  at  the  specular 

point)  (Barrick  1970)  in  the  expressions  for  T^  and  T*,  the  unit  vector  ay 

must  be  replaced  by  the  unit  vector  . 

ns  ■  v/v  =  sin(4>'/2)ax+  cos(<j)'/2)ay  m 

sinG^  cosA^a  +  (cosG^  +  cosG^a 
o  T  x  o  o  y 


[2  cos61(cos01  +  cos0  )] 
o  o  o 


(2.14) 


To  facilitate  the  derivation  of  the  scattering  cross  sections  for  cylinders 
with  rough  surfaces  from  (2.8),  it  is  assumed  that  the  radius  of  the  cylinder 
is  large  compared  to  the  wavelength  and  the  rough  surface  height  correlation 
length.  In  view  of  the  conductivity  of  the  cylinders,  transmission  through 
its  cross  section  is  negligible.  Thus  the  normalized  scattering  cross  sections 
(or  scattering  widths) for  cylinders  with  rough  surfaces  are  for  P,Q=V,H 


PQS  <|GPfl2>  2tt  p 

|GQi,2  W 


<0 


ira  cos0 


DPQDPQ  exp[iv  (x-x')+  iv  (y-y’)] 


(n-ay)(n  -ay) 


X2  dx  dx' 


(2.15) 


where  the  radius  vector  to  the  surface  of  the  rough  cylinder  is 

(x  a  +  y  a  ) 


r  “  (a+h  )a 
s  s  r 


(a+h  ) 


(2.16) 


2  2  k 

and  a  “  (x  +  y  )  is  the  radius  of  the  unperturbed  cylinder.  The  charac¬ 
teristic  function  x  arid  the  joint  characteristic  function  x2  f°r  the  random 
rough  surface  height  hg  are  the  expectations 


1 


x  =  <exp(ivnhg)> 
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where 


and 


v  «  2k  cose1  cos($'/2)n  ,  v 


X2  =  <exp[ivn(hs-h;>]> 


(2.17) 


(2.18) 


(2.19) 


For  Gaussian  rough  surface  height  probability  density  functions  p(hg)  and 


p(hs,^) 


and 


IX 1 2  ■=  exp[-v2<h2>] 
n  s 


*2  -  IXI  exPlv2<  s  s 
At  the  specular  point  ir+n  and 


X2  =  |xl  exp(v/hh'>) 


(2.20) 

(2.21) 


|x | ^  Ixli  “  exp[-v2<h2>]  «  exp[-3cos2(^’/2)cos26^] 


(2.22) 

The  surface  height  autocorrelation  function  <hh’>  (which  is  not  Gaussian)  is  the 
Fourier  transform  of  the  surface  height  spectral  density  function  .W  (Rice  1951) 


W(k) 


_1 

2ir 


<h  h  >  exp(ikT)dT 
s  s 


(2.23) 


In  (2.23)  <hgkg>  is  assumed  to  be  a  function  of  the  distance  T  measured  along 
the  cylinder's  circumference.  The  normalized  scattering  cross  section  (2.15) 
is  expressed  as  a  weighted  sum  of  two  cross  sections  (Bahar  1981b ,  Bahar  and 
Barrick  1983) 

<°PQ>  ’lx'2  <°PQ>  +  <°PQ>  (2-2<i) 

I  A  OO  00  g 

PQ 

The  first  term  in  (.2 .24)  is  the  physical  optics  contribution  <0  >  modified 

by  the  coefficient  |  x  | 2  •  It  can  be  shown  (using  the  steepest  descent  method) 
that  for  o  conducting  circular  cylinder 


<0PQ> 


TTa  cos8 


nPQ 


(H-5y) 


exp(iv  x  +  iv  v)dx|  ■ 

x  ^  ■  cos  8 

o 


n*n 

s 

(2.25) 


1 


i 


When  the  planes  of  incidence  and  scatter  are  taken  to  he  normal  to  r^x  rJf 
(2.25)  reduces  to 


<&>  =  cosU'/2)|Rpi26pQ 


(2.26) 


in  which  Rp  is  the  Fresnel  reflection  coefficient  for  the  specular  angle  y  given 
by  cosy  =  -n1-^  =  cos6*  cos W/2)  and  ($pQ  is  the  Kronecker  delta. 

Due  to  the  surface  roughness,  the  physical  optics  contribution 
(specular  scattering  )Ls  decreased  by  the  factor  |x|2  (2.20).  The  surface 
roughness  also  gives  rise  to  the  diffuse  scattering  term 


<0' 


rPQ>. 


s  i 

TTa  COS0 

o 


|DPQ|2exp(ivTT)(x2-|x|2)dT  -^r  <2-27> 


in  which  is  the  illuminated  and  visible  portion  of  the  surface.  In  (2.27), 

it  is  assumed  that  the  rough  surface  correlation  distance  T=i.  (where  <h  h’> 

css 

2 

is  equal  to  <hs>/e)  is  very  small  compared  to  the  circumference  of  the  cylinder. 
The  quantity  X2“lx|2  vanishes  for  T  »  (Justifying  the  limits  (-",“)  in  (2.27)), 
On  expressing  it  as  an  infinite  series  and  on  noting  that  for  the  unperturbed 


cylinder  n=ar>  n*a^  =  cosy  and  dx/(n'a^)=  ady,  (2.27)  reduces  to 


<0 


P9>  “I 


<0PQ> 


2k 


m=l 


cos0 


t|ib: 


PQ , 2 


Q(vn,vT)dy 


(2.28) 


in  which  v^  and  vp  are  the  components  of  v  (2.7)  normal  and  tangential  to 
the  surface  of  the  unperturbed  circular  cylinder  and 


Q(vn’V  “  2r  |(X2-|xI2)exp[ivTT)dT 

fV  W  (v  ) 

-V- 


(2.29) 


in  which  Wp  «  W  and  for  m  >  2 


a  2tt  J 


<hsh^>  exp(ivpt)dT 


-  Vi  ©  M  =  j  Vi(k-Vw(k)dk 


(2.30) 


2  2 

Thus  for  $  -  AkQ<hg>  «  1,(2. 28)  reduces  to  the  perturbation  solution 


<0PS  ' 


2  cosS 


J  ||DPQ|2  v^W(vT)dy 


(2.31). 
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The  full  vave  solution  (2.2k)  is  valid  in  both  the  high  frequency  physical 
optics  limit  as  veil  as  the  low  frequency  perturbation  limit  and  it  bridges  the 
vide  gap  betveen  them. 

3.  Illustrative  Examples 

In  this  section  two  different  sets  of  physical  and  electrical 

parameters  are  considered  for  the  illustrative  examples.  For  case  Q.) 

-4 

(visual  band)  A  =  0.555  x  10  cm,  the  radius  of  the  cylinder  is 
a  =  10A  and  the  complex  dielectric  coefficient  is  E  *=  -40  -il2  (aluminum; 
Ehrenreich,  1965).  For  case  (2)  (infrared  band)  A  =  10  x  10  ^  cm, 
a=2.5A  and  e  -  -6000(l+i). 

The  random  rough  (homogeneous)  surface  height  autocorrelation 
function  <hh'>  is  assumed  to  be  a  function  of  distance  T  measured  around 
the  circumference  of  the  unperturbed  cylinder.  The  corresponding  surface 
height  spectral  density  function  W(vT)  (2.23)  is  assumed  to  be  given  by 
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Thus  B  =  33.3  cm  1  for  case  (1)  and  B  «  2.80  cm'1  for  case  (2). 

For  case  (1),  the  surface  height  spectral  density  function  W(k)  decreases 
4 

monotonically  as  1/k  and  is  maximum  at  k=kd*  For  case  (2),  W(k)  vanishes 
at  k=kd  and  it  is  maximum  at  k=kj+  K.  For  k  >  k_ ,  (the  spectral  density 
cut  off  wavelength),  the  roughness  scales  are  too  small  to  affect  the 


scattering  cross  sections  (Brown  1978).  Case  (2)  represents  a  surface 

with  characteristic  scales  of  roughness,relative  to  k  ,that  are  smaller 

than  those  for  case  (l).  The  mean  square  slopes  a  are  (1)  0.00015  and  (2)  0.01. 

S  p  !c 

The  corresponding  correlation  length  to  circumference  ratios  S.  /27ia=(<h  >/2)"*  ira  a 
are  (1)  0.015  and  (2)  0.07. 

VV  HR  * 

In  figures  3  and  4  <a  >  and  <0  >  are  plotted  as  functions  of  <p 

for  8*  =  0  and  case  (1).  The  corresponding  plots  for  case  (2)  are 
o 


shown  in  figures  5  and  6.  The.  normals  to  the  incident  and  scatter  planes 
are  given  by  -nix  a^  and  n^x  respectively.  Note  that  for  case  (1) 
(a/A  =  10),  there  is  very  little  difference  between  the  two  polarizations 
<oVV>  and  <oHH>  however;  for  case  (2)  (a/A=  2.5),  the  diffuse  scattering 


contributions  to  the  cross  sections  are  polarization  dependent.  In 


figures  3  through  6,  the  contributions  due  to  specular  point  scattering 

PP  2  pp  pp 

<OiJr>  ■  Ixl  and  the  diffuse  scattering  terms  <0  >s^  and  <0  >s£  are  also 

shown  separately.  For  0^  «  0  there  is  no  cross  polarization  (<o  ^>  =  0  P^Q)- 
o 

In  figures  7,  8  and  9,  the  like  and  cross  polarized  total  normalized 

cross  sections  <a^>,  and  <o^>  <=  <c^>  are  plotted  as  functions  of  <j> 

for  6*  <=  30°  and  case  (2)  .  Cross  sections  for  both  smooth  and  rough 
o 

cylinders  are  shown  and  the  incident  and  scatter  planes  are  normal  to 

-nSc  a  and  n^x  a  ,  respectively.  Note  that  for  the  smooth  cylinders 

W  HU  , 

<a  >  and  <0  approach  unity  for  the  specular  direction  $  “  0  and 


become  vanishingly  small  for  <J)'  ■  ir/2.  However  for  the  rough  cylinder 
the  like  cross  sections  do  not  display  the  sharp  nulls  near  (j>  «  n/2  and 
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for  the  specular  direction,  <j> 1  =  0,  the  normalized  cross  sections  are 
significantly  smaller  than  unity.  On  the  other  hand,  for  the  smooth 
cylinder,  the  cross  polarized  cross  sections  are  vanishingly  small  near 
the  specular  direction  and  peak  around  =  n/2.  For  the  rough  cylinder 
however,  no  sharp  null  occurs  near  the  specular  direction.  Thus,  we 
observe  that  the  scattering  cross  sections  become  more  isotropic  as  one 
introduces  surface  roughness. 

In  figures  10,  11  and  12  the  like  and  cross  polarized  total  cross 
W  HH  HV  VH 

sections  <0  >,  <0  >  and  <0  >  =  <0  >  are  plotted  as  functions  of  4>' 
for  0*  =  30°  and  case  (2).  In  these  plots  however,  the  incident  and 
scatter  planes  are  defined  as  normal  to  the  vector  nSc  n^  (Barrick  1970). 
Cross  sections  for  both  smooth  and  rough  cylinders  are  shown  in  figures  10 
and  11.  For  the  smooth  cylinder  there  is  no  depolarization  in  the 
specular  scatter  plane  normal  to  n*x  nf  (2.26)  (Barrick  1970).  It  should 
be  noted  that  for  figures  10,  11  and  12  the  definition  of  the  incident 


plane  depends  on  the  scatter  direction  while  it  is  fixed  (normal  to 

-n'Sx  a^)  in  the  context  of  figures  3  through  9. 

The  normalized  extinction  cross  sections  0  the  albedo  for  smooth 

ext 

(0=0)  and  rough  cylinders  (0=1)  are  shown  in  Table  I  for  case  (1)  and 


case  (2)  when  the  incident  wave  is  either  vertically  (V)  or  horizontally 

polarized  (H)  and  0^  =  0.  Also  shown  In  this  table  is  the  computed  value 

of  the  albedo  for  0=1  when  one  does  not  account  for  the  contribution  due 
P0 

to  diffuse  scattering  <a  x>  .  Clearly  even  for  0=1,  the  contributions 
due  to  diffuse  scattering  are  not  negligible.  As  0  increases ^additional 
terms  in  the  expansion  (2.28)  need  to  be  considered  and  the  solution  based 


on  perturbation  analyses  becomes  inadequate  (Barrick  1970) . 
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In  Table  II,  the  corresponding  values  for  the  normalized  extinction 

cross  sections  and  the  albedos  are  given  for  t"he  case  of  oblique 

incidence  6*  «  30°. 
o 

It  should  be  pointed  out  that  in  order  to  compute  the  albedo  (the  total 

scattered  power  in  all  directions  divided  by  the  extinction  cross  section 

for  a  given  incident  polarization) ,  the  plane  of  incidence  is  assumed  to  be 

normal  to  -n*x  a^.  The  total  scattered  power  is  obtained  by  averaging  over 

PP  2  PP  OP  2 

the  azimuthal  angle,  the  expression  <o  I X I  +  <orr>^  +  «J  *>^1x1 

QP  PP  QP 

+  <o  in  which  <0  and  <o  are  the  like  and  cross  polarized  normalized 
Mie  solutions  (Barrick  1970),  for  the  smooth  cylinders  and  P^Q .  The 
albedos  for  case  (2)  are  larger  mainly  because  Je|  is  larger  for 
X  “  0.555  x  10  ^  cm  than  for  X  «  10  x  10~^  cm. 

4 .  Concluding  Remarks 

From  the  computed  values  of  the  like  and  cross  polarized  cross  sections 

and  albedos,  it  is  obvious  that  even  for  roughness  scales  corresponding 

to  £5-=l  the  effects  of  surface  roughness  cannot  be  Ignored  and  the  diffuse 

scattering  contribution  is  very  significant.  Using  a  perturbation  approach 

to  the  problem,  one  is  restricted  to  values  of  B  <  0.1  (Brown  1978).  In  this  case 

the  perturbation  diffuse  scattering  terms  reduce  to  the  first  term  in  (2.28) 

PQ 

<0  >gj.  This  term  for  8  <  0.1  is  negligibly  small  compared  to  the  contribu- 

P0  2 

tion  due  to  specular  scattering  (<0  **> | x I  )•  Thus  the  perturbation  solutions 
for  the  albedo  are  not  adequate  when  the  effects  of  the  surface  roughness 
are  significant. 

Using  the  full  vave  approach,  the  surface  roughness  of  the 
cylinder  is  characterized  by  its  surface  height  autocorrelation  function 
<hh'>  or  its  Fourier  transform  Wfv^).  In  this  work  diffuse 
scattering  due  to  different  forms  of  V(v^)  (namely  roughness 
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-i  -f 

scales )is  investigated.  In  the  scattering  plane  normal  to  n  x  n  ,  the  cross 

VH 

polarized  cross  section  is  only  due  to  diffuse  scattering,  thus  <o  >,  as 
defined  in  Fig.  12,  is  most  sensitive  to  the  characteristics  of  the  surface 
roughness.  The  dominant  effect  of  surface  roughness  is  to  flatten  out  the 
peaks  and  dips  in  the  scattering  patterns  and  to  make  the  scatterers  more 
isotropic . 

The  albedos  of  the  cylinders  are  computed  for  vertically  and  horizontally 
polarized  vaves  at  normal  and  ohligue  incidence.  The  results  for  both  smooth 
and  rough  cylinders  are  given.  It  is  shown  in  Tables  I  and  II  that  the  contribu¬ 
tion  due  to  diffuse  scattering  is  significant,  hovever,  perturbation  theory 
cannot  adequately  account  for  diffuse  scattering  when  0=1. 
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Figure  Captions 

Fig.  1.  Incident  and  scattered  waves  in  the  x-y  plane. 

Fig.  2.  Plane  wave  incident  in  the  y-z  plane. 

W  i  a 

Fig.  3.  <ov  >,  (2.24),  case  1,  8*  =  0  , 

total (-),  | X 1 2  <a^V>(X),<aVV>sl  (□),  «JW>s2  W- 
Fig.  4.  <a11H>,  (2.24),  case  1,  8*  -  0°, 

total(-),  |x!2  <a™>(X),<oHH>sl  (□),  <aHH>fe2  .(A). 

TV  i  n 

Fig,  5.  <c>,  (2. 24),  case  2,  6*  -  0  , 

total (-),  |xl 2  <c£V>  ( X),<afW>el  (0),  <0VV>s2  (A). 

Fig.  6.  <oHH>,  (2.24),  case  2,  8*  -  0°, 

total(-),  |x|2  «£">  (X),<aliH>sl  (D).  <oHH>s2  (A). 

W  i  o 

Fig.  7.  <0  >,  (2.24),  case  2,  8*  «  30°, 

smooth  cylinder  (+) ,  rough  cylinder  (□). 

Fig.  8.  <oHH>,  (2.24),  case  2,  8*  «  30°, 

smooth  cylinder  (+) ,  rough  cylinder  (D). 

Fig.  9.  <0HV>  -  <aVH>,  (2.24),  case  2,  8*  *  30°, 

smooth  cylinder  (+) ,  rough  cylinder  (p). 

W  i  o 

Fig.  10.  <0  >,  (2.24),  case  2,  8q  »  30  ,  scatter  plane, 

smooth  cylinder  (+) ,  rough  cylinder  (O). 

Fig.  11.  <oHH>,  (2.24),  case  2,  6*  «  30°,  scatter  plane, 

smooth  cylinder  (+) ,  rough  cylinder  (O). 

HV  VH  i  o 

Fig.  12.  <o  >  -  <o  >,  (2.24),  case  2,  8  »  30  ,  scatter  plane, 

i 

smooth  cylinder  (+) ,  rough  cylinder  (□). 
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Abstract 

The  incoherent  specific  intensities  for  the  waves  scattered  by  a  random 
distribution  of  particles  with  rough  surfaces  are  derived .  Since  large 
roughness  scales  are  considered,  the  diffuse  scattering  contributions  to 
the  like  and  cross  polarized  scattering  cross  sections  are  given  by  the 
full  wave  solutions.  The  scattering  matrix  in  the  expression  for  the 
equation  of  transfer  is  given  by  a  weighted  sum  of  the  scattering  matrix 
for  the  smooth  particle  and  the  diffuse  contribution  due  to  the  rough  surface  of 
the  particle.  Illustrative  examples  are  presented  for  the  propagation  of 
a  circularly  polarized  wave  normally  incident  upon  a  parallel  layer  of 
particles.  Particles  with  different  surface  height  spectral  density  functions, 
roughness  scales,  complex  permittivities  and  sizes  are  considered.  Both 
first  order  (single  scatter)  and  multiple  scatter  solutions  are  provided 
and  the  results  for  particles  with  smooth  and  rough  surfaces  are  compared. 

\ 
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1.  Introduction 

Scattering  of  electromagnetic  waves  In  media  consisting  of  random 
distributions  of  particles  has  been  investigated  extensively  using  the  equation 
of  transfer  (Chandrasekhar  1950,  Ishimaru  1978).  The  main  difficulty  in 
setting  up  the  equation  of  transfer  lies  in  the  determination  of  the  elements 
of  the  4x4  scattering  matrix  for  the  individual  particles.  Thus  roost  of  the 
work  has  been  done  for  particles  of  idealized  shapes  such  as  spheres. 

In  this  work  a  method  is  presented  for  the  modification  of  the  results 
derived  for  particles  with  idealized  shapes  to  account  for  the  random  surface 
roughness  of  the  particles.  To  this  end  the  full  wave  approach  was  used  to 
determine  the  rough  surface  contributions  to  the  like  and  cross  polarized 
scattering  cross  sections  and  the  elements  of  the  scattering  matrix  are  given 
in  terms  of  a  weighted  sum  of  the  Hie  solutions  and  the  diffuse  scattering 
terms  due  to  the  particle  surface  roughness  (See  Section  2).  For  convenience 
in  this  work  a  circularly  polarized  wave  is  assumed  to  be  normally  incident 
upon  a  parallel  layer  consisting  of  a  random  distribution  of  irregular  shaped 
particles.  Different  particle  sizes  with  different  complex  dielectric 
coefficients  are  considered.  The  rough  surface  height  is  characterized  by 
different  surface  height  spectral  density  functions  (the  Fourier  transform 
of  the  surface  height  autocorrelation  function),  and  different  roughness  scales. 

For  the  illustrative  examples  presented  in  Section  3  both  first  order 
(single  scatter)  and  multiple  scatter  results  are  presented  for  smooth 
particles  and  for  particles  with  rough  surfaces.  Layers  with  different  optical 
thicknesses  are  considered  and  the  results  are  presented  for  both  the  forward 
and  backward  scattered  incoherent  diffuse  scattering  intensities.  The  matrix 
characteristic  value  technique  is  used  to  account  for  multiple  scattering 
(Ishimaru  and  Cheung  1980) . 


2.  Formulation  of  the  Problem 
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In  this  section  the  principal  elements  of  the  full  wave  solutions  for 
the  like  and  cross  polarized  differential  scattering  cross  sections  of  non- 
spherical  particles  are  summarized.  The  contributions  of  these  cross  sections 
to  the  familiar  equation  of  transfer  (Ishlmaru  1978),  in  a  medium 
consisting  of  a  random  distribution  of  nonspherical  particles  are  also 
indicated  explicitly. 

The  radius  vector  from  the  center  to  the  irregular  surface  of  the  particle 
is  given  by  (see  Fig.  1) 

r  “  h  a  +  h  a  (2.1) 

s  or  s  r 

in  which  a  is  the  unit  vector  in  the  direction  of  the  radius  vector,  h  is 
r  ° 

the  radius  of  the  unperturbed  sphere  and  h^  is  the  random  rough  surface  height 
measured  in  the  direction  normal  to  the  surface  of  the  unperturbed  sphere . 

In  this  work  it  is  assumed  that  the  mean  square  of  the  rough  surface  height , 

2 

<h  >,  can  be  sufficiently  large  such  that  standard  perturbation  techniques  are 

8  2  2 
not  applicable  (Barrick  1970).  Thus  the  rough  surface  parameter)  8  “  ^o^s^ 

considered  in  this  work  is  in  the  range  0  <  8  <  10.  (Smooth  particle  B=0,  moderately 

rough  particle  8=1,  very  rough  particle  8=10).  To  apply  the  standard  perturbation 

technique  it  is  necessary  to  restrict  the  mean  square  height  such  that 

8  <  0.1  (Brown  1978). 

The  full  wave  solutions  for  the  normalized  scattering  cross  sections 

2 

< a  >  per  unit  cross  sectional  area  (Ay  “  irlOare  expressed  as  a  weighted  sum 
(Bahar  and  Chakrabarti  1985) 

<0^>  -  <aiJ>0  +  <01'^>  (2.2) 

Z  s 

the  symbol  <•>  denotes  the  statistical  average.  In  the  above  expression 
the  first  and  second  superscripts  indicate  the  polarizations  of  the  scattered 
and  incident  waves  respectively.  Thus  i,J  ■  1  denotes  Vertical  polarization 
and  i,J  -  2  denotes  Horizontal  polarization.  The  cross  section  <o^>^  is  the 
modified  cross  section  associated  with  the  unperturbed  sphere ... 
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<01J>£  -  |xS(v)i2  <OiJ>Ml%  (2.3) 

In  (2.3)  <c^ >w .  is  the  Mie  solution  (Ishimaru  1978),  for  the  like  and  cross 

ftlc 

polarized  cross  sections  of  the  unperturbed  sphere.  For  large  spheres, 

k^h^  >  20,  (ke  is  the  free  space  wavenumber),  the  most  significant  parts  of 

the  solution  are  the  specularly  reflected  wave  and  the  shadow  forming  wave 

(Morse  and  Feshback  1954).  The  coefficient  of  *s  the  rough  surface 

height  characteristic  function 

YS(v)  *  <exp  ivh  >  (2.4) 

s 

in  which  v  is  the  magnitude  of  the  vector 

v  «  k  (n^-n*)  (2.5) 

,  o 

where  n  and  n1=  -a  (see  Fig.  l)  are  unit  vectors  in  the  direction  of  the 
scattered  and  incident  wave  normals.  For  a  rough  surface  hg  vith  a  Gaussian 
probability  density 

|XS(V)|2  •  exp(-4k^<h^>cos^(0^/2) J  ■  exp(-v2<h2>)  <  1  (2.6) 

in  which  6^/2  is  equal  to  the  angle  of  incidence  at  the  specular  point .  The 
coefficient  |xE|2  accounts  for  the  degradation  of  the  reflected  wave  due  to 
surface  roughness.  The  coefficient  is  minimum  for  backscatter  and  approaches 


unity  for  forward  scattering. 


The  second  term  in  (2.2)<o  J>s  is  the  contribution  to  the  total  scattering 


cross  section  due  to  the  surface  roughness.lt  is  expressed  as  (Bahar  and  Chakrabarti 

W®5>  ii  f  ij  _f  ' _  _f  _i  .  _  . 

<0  ■  “  A  J(n  >n  »n)(n'a  )Q  (n  ,n  ,n)p(n)dn  (2.7) 

b  )  y  ® 

in  which  n  is  a  unit  vector  normal  to  the  surface  of  the  scatterer, 

U  ,  _  ,  k  DiJ  2  ,  , 

A  (n  >n  ’D)  “  *  ^T(a"m)  V”  •”  ^  (2-8) 

r  y 


Q8(5f,51,n)  -  (v-ar)2  j  (X2<v'ar)-|x8(v*ar)|2)exp(iv*td)dxddzd 


and  p(n)  is  the  probability  density  function  for  the  slope  of  the  surface  of 
the  scatterer.  Thus  for  a  sphere  »- 


l 


(2.10) 


p (n) dn  ■>  slny.  cosy  dTd!  ,  0  <  y  <  i/2,  0  <  S  <  2tt 

If 

where  y  and  fi  are  the  polar  and  azimuth  angles.  In  (2.10)  it  is  assumed  that 

the  rough. surface  (h  )  mean  square  slope  is  small  compared  to  unity  (ii  =  a  )  . 

s  r 

In  (2.8),  is  the  scattering  coefficient  which  depends  on  the  polarizations 
and  the  directions  of  the  wave  normals  for  the  incident  and  scattered  waves 

as  well  as  n,  the  normal  to  the  particle  surface  and  the  complex  electromagnetic 
parameters  (e,p)  of  the  particle  (Bahar  1981a).  Since  D1^  is  not  very  sensitive  to 
small  fluctuations  in  n,  in  the  expression  for  ,  n  is  approximated  hy  a^.  This 
does  not  mean  that  the  effects  of  rough  surface  slope  is  neglected,  since  it  is  also 
contained  in  the  expression  for  Xg  which  depends  on  the  surface  height  autocorrelation 
function.  (See  Table  I).  The  term  Pgtn^n^ln)  is  the  probability  that  a  point  on 
the  rough  surface  is  both  illuminated  by  the  source  and  visible  to  the  observer 
given  the  slopes  (n)  of  the  surface  of  the  scatterer  (Smith  196?,  Sancer  1969). 

Since  n  =  a^,  and  P  is  also  not  very  sensitive  to  small  fluctuations  in  the  slope, 
thus  P2  =  u(-n  •n)u{n'n)  where  u(*)  is  the  unit  step  function. 

In  (2.9)  XS(v‘ar)  and  X2(v’ar)  are  the  rough  surface  height  characteristic 
function  and  joint  characteristic  function  respectively 


XS(v-ar)  «  <exp(ivr  hg)> 

(2.11) 

and 

X2^v'ar)  “  <exp[iv  (hg-hg)> 

(2.12) 

in  which  v^  ■  v*ar-  For  Gaussian  surfaces 

|xS(var)|2  *»  exp(-v2<h2>) 

(2.13a) 

and 


x!(v'a  )  ■>  exp(-v2<h2>  +  v2<h  h  >)  -  exp(v2<h  h'>)|xS(v*a  )|2  (2.13b) 
•  r  r  s  r  s  s  r  s  s  r 

The  distance  between  two  neighboring  points  r  and  r'  on  the  surface  of  the 
unperturbed  sphere  is  given  by  the  vector 

r.  «  r  -  r*  «  x,  n,+  z  n-  ,  |r,|  -  r,-  (x2  +  z,)*5  (2.1b) 

d  d  1  d  3  '  d 1  d  d  d 

in  which  n^  and  n^  are  any  pair  of  orthogonal  unit  vectors  tangent  to  the  surface 

of  the  unperturbed  sphere.  It  is  assumed  in  this  work  that  the  rough  surface  hg 

is  homogeneous  and  isotropic,  thus  the  surface  height  autocorrelation  function 

<hghg>  is  only  a  function  of  the  distance  r^  between  r  and  r'  and  independent 

of  direction.  Hence  Qg  (2.9)  can  bereduced  to  a  one  dimensional  integral 

Qg(5f,ni,n)=  v*  2u  / (Xg < vr )~ lx* (vr )  I ? )  JQ[ ( " 


(2.15) 
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in  vhich  J  is  the  Bessel  function  of  the  first  kind.  It  is  also  assumed  that  the 
o 

rough  surface  correlation  distance  rdc  (where  the  correlation  coefficient 
2 

R(r.)=  <h  h*>/<h  > — —-^-exp(-l) )  is  small  compared  to  the  circumference  of  the  sphere. 

G  S  S  ST . **T , 

d  dc 

The  general  expression  for  the  equation  of  transfer  (ishimaru  1978)  can  be 
vritten  as  follows  for  a  plane  parallel  slab  consisting  of  rough  spherical 
particles  (see  Fig.  2) 


V  =  -  [l3  +  f  [S][l']dp'd£'+[I^D  (2.16) 

In  (2.16)  t  is  the  optical  distance  in  the  z  direction  (normal  to  the  plane 
parallel  slab) 

t  =  p[a  ]z  =  a  n(D)dD  z  ,  D  =  2b  (2.17) 

t  J  t  o 

where  n(D)  is  the  particle  size  distribution  and  is  the  extinction  coefficient. 

Since  vanishes  in  the  forward  direction,  the  extinction  matrix  (Ishimaru 

and  Cheung  1980)  for  the  rough  sphere,  can  be  represented  by  a  scalar  quantity 

as  in  the  case  for  the  smooth  sphere.  However,  if  the  unperturbed  particle  is  non- 

spherical,  the  first  term  on  the  right  hand  side  of  equation  (2.16)  is  multiplied 

by  the  extinction  matrix.  In  general  <o^>  vanishes  in  the  forward  direction  due 

s 

to  the  term  P,,  in  (2.8).  The  matrices  [I]  and  [l'3  are  the  (4xl)  incoherent  specific 
diffuse  intensity  matrices  for  waves  scattered  from  the  particles  in  the  direction 
6  =  cos  and  and  for  waves  incident  in  the  direction  B'=  cos  and  i>', 
respectively.  The  elements  of  [i]  are  the  modified  Stokes'  parameters 


[I] 


”  - 

- 

rl 

<E1  El> 

X2 

<E2  E#2> 

U 

2Re<E1  E*> 

V 

2Im<E1  E»> 

(2.18) 


where  the  symbol  *  denotes  the  complex  conjugate  and  E^  and  are  the  vertically 
and  horizontally  polarized  components  of  the  electric  field.  The  (4x4)  scattering 
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matrix  [s]  in  the  reference  coordinate  system  can  be  expressed  In  terms  of  the 
scattering  matrix  [S']  In  the  scattering  plane  as  follows: 


[S]  -  [*  (-71  +  a)][S'][2  (a')] 

In  which 

[S']  -  |xS(v*aj.)|2[SMle]  +  [Sg] 
In  (2.20)  [%ue3  Is  given  by 


(2.19) 


(2.20) 


C%le^ 


P[«t] 


pcifnr] 


pC|f12|2] 


P[|f21n  p[|f„i2] 


22 1 


pRe[fnf12] 

pRe[fnf*2] 


-plm[fufi2] 

-plm[f21f22] 


p2Re[fuf2i]  p2Re[f12f22]  PRetf11f  22+f12f  21^  llf  22_f12f  21-* 

p2Im[fuf21]  p2Im[f12f*2]  PI“[f11f22+f12f21-'  pReCfuf  22_f12f  21^ 

(2.21) 

where  fjj  are  elements  of  the  2x2  scattering  amplitude  matrix  [f]  and  p[*]  denotes 
Integration  over  the  particle  size  distribution  n(D)  (2.17) 


e/ 

rf  f 

El* 

i 

0 

11  12 

l 

E 

_  r 

.f21  f22. 

E’ 

r 

exp(-ik  r) 
o 


(2.22) 


In  (2.22)  and  Ef  are  the  vertically  and  horizontally  polarized  field 
Components  In  the  scattering  plane  and  r  is  the  distance  from  the  center  of  the 
sphere  to  the  field  point.  An  exp(iut)  time  dependence  is  assumed  in  this  work. 

For  a  smooth  sphere  the  elements  f  are  given  by  the  Mie’  solution 
(Barrick  1970,  Ishimaru  1978)  and  [f  ]  is  a  diagonal  matrix.  The  transformation 
matrix  [ i ]  In  (2.19)  is 


[X(a)] 


r  2 

cos  a 

.  2 
sin  a 

h  sin2a 

0 

,  2 
sin  a 

2 

cos  a 

-•s  sinSa 

0 

-sin2a 

sinJa 

cos2a 

0 

0 

0 

0 

1 

(2.23) 


l 
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where  o'  is  the  angle  between  the  reference  plane  of  incidence  and  the  scattering 
plane  (containing  the  wave  normals  nf  and  n*)  and  a  is  the  angle  between  the 
reference  plane  of  scatter  and  the  scattering  plane  (see  Fig.  2). 

In  (2.20)  the  coefficient  |xS(v‘ar)|^  accounts  for  the  fact  that  the  specular 
point  contributions  to  the  scattering  cross  sections  is  decreased  because  of  the 
rough  surface  (|xS|^  <  1  and  J xS I 1  as  f  •*  0).  The  diffuse  scattering  matrix 


ES  ]  due  to  the  random  rough  surface  hg  is  given  by 


[v>  = 


o 

o 


where 


[Sy 

0 

0 


[Ss33] 


0 

0 


= 


ijJ  “  ^irp[ot] 

and  <oIJ>  is  given  by  the  full  wave  solution  (2.7) 


p[<oiJ>  ]  ,  for  i J  =  1,2 


s 

Furthermore  for  i  =  3  and  1* 
-s  _  r„  r  .11 


[Sii>P[Re[<0^>s  ±  <0~>sD]  Ay/fc»p[ot] 

(upper  and  lower  signs  for  i  =  3  and  1*  respectively)  and  for  i  ^  J 


(2.2!*) 


(2.25a) 


(2.25b) 


[Sip  -Pp»[±  <og>s  ♦  <o">,TI  Ay/l*7rpEot] 

(upper  and  lower  signs  for  i,J=  1*,3  and  i,J  =3,!*  respectively) 


_12. 


In  the  above  expressions 


<cH>  =  i  f 

hi.  ti  ' 


k5  D«  Dk*# 


(v*a  )2(n’a  )  2  S 

r 


P  Q  p(n  )dn 


(2.25c) 


(2.25d) 


*  v  £  J  •  J 

The  remaining  eight  terms  of  the  matrix  [Sg]  vanish  since  D  and  D  J(i/j)  are 
symmetric  and  antisymmetric  respectively  with  respect  to  the  azimuth  angle  6. 

In  order  to  simplify  the  solution  of  the  transfer  equation  (2.16),  it  is 
assumed  in  this  work  that  the  normally  incident  waye  is  circularly  polarized.  Thus 


the  incident  Stokes  matrix  at  z  =  0  is  given  by 


^inc^ 


1 

1 

0 

1*2 


$Ui’-l)6(4')=I  5Cj*Vl)6t4>') 

(2.26) 


I 


where  the  -  and  +  signs  correspond  to  the  right  and  left  circularly  polarized 
waves  and  p*  -  cos0'.  The  reduced  Incident  intensity  is  therefore. 


[lri]  '  [linc]  £Xp('T) 


(2.27) 


In  (2.16)  the  (4x1)  excitation  matrix  [i^]  is  given  by 


[I 


[S][lri]dy'c 


[S][I  ] 
o 


l]  ' 

Jp'-l 

4>*=o 


exp(-T) 


(2.28) 


where  1^,  the  incident  Stokes' matrix  is  defined  by  (2.26). 

Since  the  normally  incident  circularly  polarized  wave  is  independent  of  the 
azimuth  angle  the  Stokes'  matrices  for  the  incoherent  specific  intensities 
are  also  independent  of  $.  The  elements  of  the  scattering  matrix  [S]  (2.16) 

are  functions  of  <f> — ((> '  only.  Upon  integration  with  respect  to  $'  over  a  range 
of  2ir  the  scattering  matrix  [s]  reduces  to  the  following  form  (Ishimaru  and 
Cheung  1980) . 


[S] 


lll 
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\l 

S12 

0 

0  ‘ 

S21 

S22 

0 

0 

0 

0 

S33 

S34 

0 

0 

S43 

S44 

are  even 

functions 

of 

(2.29) 
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functions  of  <f>— 4> ' .  As  a  result  there  is  no  coupling  between  Ij,I2  and  U,V  in 
(2.16)  and  the  equation  of  transfer  for  the  normally  incident,  circularly  polarized 
wave  decoupks  into  the  following  two  matrix  equations 

IX 


and 


u  d 

V 

11  d T 

.X*J 

U  ' 

V  dT 

V 

S11 

S12 

H 

dp '+ 

*11 

_S21 

S22_ 

Hi 

Ii2_ 

S33 

S34 

u' 

dp'  + 

X 

543 

S44 

V 

,Vi. 

(2.30a) 


(2.30b) 


in  which  Ijj  and  1^2  are  the  first  two  elements  of  the  excitation  matrix  [l^](2.28) 
while  U^  and  V  are  the  third  and  fourth  elements  of  the  excitation  matrix. 
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3.  Illustrative  Examples 

For  the  illustrative  examples  considered  in  this  section,  the  random 

rough  surface  height  hs  (measured  normal  to  the  surface  of  the  unperturbed 

spherical  particle  of  diameter  D  -  2hQ)  is  assumed  to  be  homogeneous  and 

isotropic.  Different  forms  of  the  surface  height  spectral  density  function 

V(v^,v  )  (which  is  the  two  dimensional  Fourier  Transform  of  the  surface  height 

autocorrelation  function  <h  h’>)  are  considered. 

s  s 
00 

W(v  )  -  W(v  ,v  )  -  -i  <h  h ' >exp ( iv  x ,  +  iv  z  )dx,dz 
T  x  z  2  1  s  s  x  d  2dad 

7T  ' 

■40 

“  7  PW  Jo(Vd)rddrd  (3‘1} 

o 

where  v  and  v  are  components  of  v  in  the  directions  of  the  unit  vectors  n.  ,n0 
x  z  1  5 

tangent  to  the  surface  of  the  unperturbed  sphere.  Thus 

VT  "  (vx  +  Vz)>S  "  (y2  -  (3.2) 

Similarly  the  surface  height  autocorrelation  function  <h^h^>  is  given  by  the 
inverse  formula 

<hsV  ‘  J  - 4 -  exP(-lvxVivzzd)dvxdvz 

— OO 

oo 

■  f  |  W<VJo(Vd>VVT  (3-3) 

o 

For  case  (a)  (see  Table  I),  the  specific  expression  for  the  surface  height 
spectral  density  function  is 


-  0  elsewhere  (3.4) 


» 
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In  (3.4)  the  smallest  spatial  wavenumber  is 

v.d  =  4/D  (3.5a) 

and  the  cutoff  wavenumber  is 

"V  «4k  (3.5b) 

co 

where  k  is  the  wavenumber  for  the  electromagnetic  wave.  The  constant  C  is 
o 

chosen  such  that  the  scale  of  the  random  rough  surface  is 


6  -  4k2<h2>  >=1  (3.6) 

o  s 

2 

In  (3.6)  <hg>  is  the  mean  square  height 

CO 

<*?>  m  J  \  W(vT)vTdvT  (3.7) 

o 

The  corresponding  value  for  the  mean  square  slope 


2 

o 

s 


7  W(VT)vTdVT 

0 


(3.8) 


2 

is  a  *  0.013.  The  parameter  v  where  W(v_)  is  maximum  is  v  *  1.2/D. 
s  m  1  m 

The  exponent  in  (3.4)  is  n  «■  4  and  the  material  of  the  particle  is  aluminum. 

For  wavelengths  A  «■  10  pm  the  relative  (complex)  dielectric  coefficient  is 
Er“  -6000(l+i)  (Ehrenreich  1965).  The  diameter  of  the  unperturbed  spherical 
particle  is  D  «■  5  A  (See  Table  I  case  (a)). 

For  surfaces  with  small  scale  roughnesses  B  <  1.  the  contribution  (2.7) 
to  the  total  scattering  cross  sections  due  to  surface  roughness  hg  can  also 
be  expressed  as  a  series 


<oiJ>  -  I  4nk"  <- 
s  m  o 


DiJl2  V"**"1!")  r rf"  w  ,  % 

- TT-r- -  Tj  ~S1  x(vr)> 

(a  *a  )  1  J 

r  y 


2  f  V2  ..  ,  -  .  fV  -v  2l° W  ( VT } X  ( v  ) 

m£*koJ  j  |Di3|2P2(nf,n1|n)(-|]  - ~  sinydydd 


(3.9) 
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in  which  W  (v_)/2^m  is  the  two  dimensional  Fourier  transform  of  <h  h'>m  and 
m  T  s  s 

the  integration  is  over  the  polar  angle  y  and  azimuthal  angle  6.  The  Fourier 
transform  can  also  be  expressed  as 


w(v,v) 
P  X  z 

.2m 


s)  exp(ivxxd+  ivzzd)dxddzd 


•  — —  f  (h  h* 

(2it)2  J  B  s 

^  |  Vl  (Vx  * vi)Ml ( VVx‘Vz-Vz)dVxdV: 
75  Wm-l(Vvz>  ®  VVV 


(3.10) 


In  (3.10)  the  symbol  (x)  denotes  the  two  dimensional  convolution  of  W  ,  with 
V-/  m-1 

-  W.  For  B  «  1  only  the  first  term  in  (3.9)  is  non-negligible .  This  term 
corresponds  to  first  order  Bragg  scattering  from  rough  surfaces  (Bahar  1981 a,b). 
For  case  (a)  (B”l),  it  is  necessary  to  evaluate  only  two  terms  of  the  series 
in  (3.9).  For  large  values  of  roughness  scales  (6*1)  it  is  more  convenient 
to  evaluate  <0^>g  using  (2.7). 

For  cases  (b)  (c)  and  (d)  the  specific  form  of  the  surface  height  spectral 
density  function  considered  is 


V(vT) 


2C  [~  VT 

it  2  2 

v_  +  v 
'•T  mJ 


v_  >  0 
T 


(3.11) 

+  v*i  i 

■  T  m-1 

where  the  exponent  is  assumed  to  be  n  «  8.  For  case  (b)  the  roughness  parameter 


is  B  "  1  and  for  cases  (c)  and  (d)  it  is  B  “  10.  The  corresponding  values  for 
2 

v  ,  o  ,  X,  e  and  D  are  shown  in  Table  I  cases (b)  (c)  and  (d) .  For  these  cases, 
id  s  r 

2 

the  surface  height  autocorrelation  coefficient  R(C)  =  <h  h'>/<h  >  can  be 

6  8  S 

expressed  in  closed  form 


R(tJ  “  [i  -  +  %  +  3§tJcKi(C) 

t  [i-4-4j<Vc) 


(3.12)' 
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In  (3.12)  Kq  and  are  modified  Bessel  functions  of  the  second  kind  of  order 
zero  and  one  respectively  (Abramovitz  and  Stegun  196k)  and  the  dimensionless 
parameter  t  is 

?  =  Vd  (3-13) 

For  all  the  illustrative  examples,  it  is  assumed  that  a  right  circularly 

polarized  vave  is  normally  incident  at  t  =  0  (z  =  o)  upon  a  parallel  layer  of 

optical  thickness  t  (see  Fig.  2).  The  equation  of  transfer  for  the  azumuthally 
0 

independent  modified  Stokes'  parameters  (2.30)  are  solved  using  the  matrix  char¬ 
acteristic  (eigen)  value  technique  (Ishimaru  and  Cheung  1980).  For  case  (t>) 
(D/A=10)  the  scattering  cross  sections  are  more  sharply  peaked  in  the  forward 
direction,  thus  it  is  necessary  to  use  a  Gaussian  quadrature  formula  of  order 
32  (Abramovitz  and  Stegun  1961*).  The  boundary  conditions  for  the  incoherent 
specific  diffuse  intensities  are 

Cl]  =  0  for  0  <  p  <  1  at  T  =  0  (3.1k) 

transmitted  incoherent  diffuse  intensities  are  zero  at  t  *  0)  and 

Cl]  =0  for  0  >  p  >-l  at  T  =  T  (3.15) 

-  o 

reflected  incoherent  diffuse  intensities  are  zero  at  t  =  T  ) . 

o 

For  case  (a)  (see  Table  i)  1^  (vertical  polarization)  and  1 2  (horizontal 

polarization)  are  plotted  in  Figs.  3  and  k,  respectively,  as  functions  of  the 

scatter  angle  6  (0.90°)  (transmitted  T  >  t  )  for  t  =  10.  The  solid  curves 

-  o  o 

correspond  to  first  order  scattering  solutions  only  (Ishimaru  1978)  for  the  smooth 
(unperturbed  spherical)  particles  and  particles  with  rough  surfaces.  The  surface 
roughness  of  the  particles  tends  to  smooth  out  the  incoherent  diffuse  intensities 
as  function  of  0.  Note  that  the  vertically  polarized  intensity  is  more 
oscillatory  than  the  horizontally  polarized  intensity. 

The  corresponding  solutions  that  account  for  multiple  scatter  are  also  given 
for  the  smooth  (+)  and  rough  (d)  particles.  We  note  that  since  the  albedos  for 
the  rough  particles  are  slightly  lover  than  the  albedos  for  the  smooth  particles 
(see  Table  I),  the  incoherent  diffuse  intensities  are  somewhat  lover  for  the 
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rough  particles.  For  optically  very  thick  layers  of  particles,  the  diffuse 
intensities  1^  and  1 2  are  practically  equal  and  rather  flat  functions  of  6. 

Multiple  scattering  cannot  be  neglected  in  these  cases. 

For  case  (b)  {see  Table  I),  the  incoherent  diffuse  intensities  1^  and  1^ 
are  plotted  in  Figs.  5  and  6  as  functions  of  6  (0°,90°)  (transmitted  T  >  t  ) 
for  tq  =  1.  The  first  order  solutions  are  closer  to  the  multiple  scattering 
solutions  for  Tq  =  1  than  for  Tq  =  10,  however  multiple  scattering  does  tend  to 
make  the  incoherent  intensities  more  monotonic  functions  of  the  scatter  angle  0. 

For  optical  thickness  =  1,  the  surface  roughness  has  a  smaller  effect  on  the 
incoherent  intensities  and  1^  and  1^  are  not  equal  in  the  intermediate  range 
of  angles  between  10°  and  h0°. 

In  Figs.  7  and  8  the  incoherent  diffuse  intensities  1^  and  1^  are  plotted 
as  functions  of  0  (90°,l80°  reflected  T  <  0)(case  b  with  optical  thickness 

=  10 ) .  Note  again  the  oscillatory  nature  of  the  first  order  solutions  for 
I1  {vertical  polarization). 

For  case  (c)  (see  Table  I),  the  incoherent  diffuse  intensities  1^  and  1^  are 
plotted  in  Figs.  9  and  10  as  functions  of  6  (0°, 90°) (transmitted  t  >  tq)  for 
Tq  =  10.  For  smaller  particle  sizes  (D=5A),  the  first  order  intensities  are  less 
oscillatory  than  for  large  particle  sizes  (D=10X).  Note  also  that  for  dissipative 
plastic  materials,  there  is  a  more  significant  difference  between  the  intensities 
for  the  smooth  and  rough  particles. 

For  the  final  case  considered  (d)  (see  Table  I),  the  incoherent  intensities  1^ 

and  I2  are  plotted  in  Figs.  11  and  12  as  functions  of  0  (0°, 90°) (transmitted  t>  tq) 

for  T  =  10.  The  only  difference  betveen  case  (c)  and  case  (d)  is  the  relative  complex 
o 

permittivity  c  of  the  particles.  Since  the  particles  for  cases  (a)  and  (d)  are 
highly  conducting  there  is  a  smaller  difference  in  the  specific  incoherent  intensities 
for  the  smooth  and  rough  particles.  This  is  because  the  corresponding  albedos  are 
not  significantly  different  for  highly  conducting  particles  (see  Table  I).  Neverthe¬ 
less,  it  should  be  pointed  out  that  for  optically  thin  layers  (t  <  l)  the  principal 
effect  of  particle  surface  roughness  is  to  smooth  out  the  undulations  in  the  diffuse 
specific  (incoherent)  intensities  as  functions  of  the  scatter  angle.  The  effect  of 
particle  surface  roughness  is  more  pronounced  for  highly  dissipative  particles  with 
small  albedos, case  (c). 

The  effect  of  surface  roughness  on  forward  scatter  (6=0)  ip  less  pronounced 

since  <<J^>  (2.7)  vanishes  and  |xS|2  1  for  forward  scattering, 

s 
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A.  Concluding  Remarks 

In  this  vork  scattering  of  electromagnetic  waves  by  particles  with 
moderate  (0—1)  to  very  large  (B”10)  roughness  scales  (that  cannot  be  accounted 
for  using  the  standard  perturbation  methods)  has  been  considered.  The 
incoherent  diffuse  scattering  intensities  for  the  rough  particles  have 
been  compared  with  the  corresponding  results  for  smooth  particles.  Both 
first  order  (single  scatter)  and  multiple  scatter  results  have  been  presented 
for  a  set  of  four  different  cases  listed  in  Table  I.  Particles  of  different 
sizes,  complex  dielectric  coefficients,  and  surface  height  spectral  density 
functions  are  considered. 

2  2 

As  the  scale  of  roughness  B  «  4kQ<hB>  Increases, the  scattering  coefficients 
as  well  as  the  incoherent  diffuse  scattering  intensities  become  practically 
independent  of  the  scattering  angle.  In  addition,  for  large  To,  the  incoherent 
scattering  intensities  decrease  as  the  roughness  scale  increases.  This  effect  is 
more  pronounced  for  particles  made  of  very  dissipative  materials.  As  the 
optical  thickness  of  the  layer  increases,  the  incoherent  diffuse  scattering 
intensities  become  less  dependent  on  scatter  angle. 
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case  a 

TABLE  I 

case  b 

case  c 

case  d 

n 

4 

8 

8 

8 

a 

1 

1 

10 

10 

V 

m 

1.2/D 

15.9/D 

4/D 

4/D 

02 

s 

.0131 

.10 

.10 

.10 

X 

lOy 

.555y 

lOy 

lOy 

er 

-6000-16000 

-40-112 

1.5-18 

dissipative 

-6000-16000 

Material 

aluminum 

aluminum 

plastic 

aluminum 

2h  -  D 

n 

5X 

10X 

5X 

5X 

o^,  smooth 

2.059 

2.259 

2.370 

2.059 

o  ,  rough 

2.059 

2.313 

2.333 

2.198 

albedo. 

smooth 

.9885 

.9356 

.6434 

.9885 

albedo. 

rough 

<h2>'|5s 

.9732 

.8999 

.6043 

.9724 

dc _ 2 

ttD  ttD 

4J 

.089 

.016 

.102 

.102 

Table  I. 

Values 

of  parameters  for  the 

surface  height  spectral  density 

function  W,  wavelength  X,  dielectric  coefficient  ef  and  diameter  D 
for  the  scattering  particles. 
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Fig.  2.  Scattering  geometry  indicating  incident  and  scattering  wave  normals 
ni  and  and  corresponding  field  components  E^  parallel  (vertical)  and  E2 
perpendicular  (horiiontal)  polarisations. 


Fig.  10.  Specific  incoherent  intensity  Ij  for  a  right  circularly  polarized 
vave  normal  incidence,  6  =  10,  %  =  1,/D,  A  =  10  p,  e  =  1.5-i8  (plastic), 

D  -  5a,  transmitted,  Tq  =  10.  First  order  (solid  line),  smooth  and  rough 
particles.  Multiple  scatter:  (plus),  smooth;  (triangle),  rough. 


;  2i)6 

!- 


i 


SCATTERING  AND  DEPOLARIZATION  OF  LINEARLY  POLARIZED 


WAVES  BY  FINITELY  CONDUCTING  PARTICLES  OF  IRREGULAR  SHAPE 
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Electrical  Engineering  Department 
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Lincoln,  Nebraska  68588-0511 

Abstract 

In  this  work  a  layer  consisting  of  a  large  variety  of 
randomly  distributed  finitely  conducting  particles  with 
irregular  shapes  is  assumed  to  be  excited  at  infrared  and 
optical  frequencies  by  a  linearly  polarized  wave.  The 
resulting  incoherent  specific  intensities  as  well  as  the  co¬ 
polarized  and  cross  polarized  intensities  are  evaluated. 

Both  single  scatter  and  multiple  scatter  results  are  presented 
for  particles  vith  smooth  and  rough  surfaces  and  the  effects 
of  particle  surface  roughness  on  the  degree  of  polarization 
are  considered  in  detail. 
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1.  Introduction 

In  this  work  the  scattering  and  depolarization  of  linearly- 

polarized  waves  by  a  random  distribution  of  finitely  conducting 

particles  of  irregular  shape  are  presented.  Infrared  and  optical 

excitations  of  a  large  variety  of  particles  with  different  sizes, 

shapes  and  complex  dielectric  coefficients  (see  Table  I)  are 

considered  in  detail.  The  random  rough  surface  of  the  particle  is 

characterized  by  its  surface  height  spectral  density  function  (or 

its  Fourier  transform  the  surface  height  autocorrelation  function). 

The  full  wave  approach  is  used  to  account  for  both  specular 

point  scattering  as  well  as  diffuse  scattering  by  the  particle  in  a 

self-consistent  manner  ,  and  the  equation 

2  ,3 

of  transfer  for  the  modified 

Stokes  parameters  is  solved  using  the  matrix  characteristic  value 

!» 

method  .  Both  single  scatter  and  multiple 

scatter  results  are  given  for  particles  with  smooth  and  rough  surfaces 
and  the  effects  of  particle  surface  roughness  are  considered  in 
detail. 

Both  the  co-polarized  and  cross  polarized  incoherent  diffuse 
intensities  are  plotted  as  functions  of  the  azimuth  angle  and  the 
optical  thickness  of  the  layer  of  particles.  The  degree  of  polarization 
of  the  scattered  waves  is  also  evaluated  as  a  function  of  the  azimuth 
angle. 
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2.  Formulation  of  the  Problem 

In  this  section  we  present  the  analytical  solutions  for  the  modified 
Stokes  incoherent  specific  diffuse  intensity  matrix  [i].  A  linearly 
polarized  wave  is  assumed  to  be  normally  incident  upon  a  parallel  layer 
of  randomly  distributed  non-spherical  particles.  Thus  the  like  and  cross 
polarized  incoherent  intensities  are  azimuthally  dependent.  Special 
consideration  is  given  to  the  effects  of  the  surface  roughness  of  the 

2  2 

particles  of  finite  conductivity.  Since  the  roughness  parameter  8  =  l*kQ<hs> 
(where  k^  is  the  free  space  wavenumber  of  the  electromagnetic  wave  and  <hg> 
is  the  mean  square  height  of  the  particle  rough  surface)  is  assumed  to  be 
large  (0  <  g  <  10),  the  full  wave  solutions^ 

are  used  to  determine  the  elements  of  the  scattering  matrix  for  the  equation 
2  ^ 

of  transfer  ’  . 

V  =  -  [I]  +  |  CsXl’Jdy'd*’  +  [i.]  (2.1) 

In  (2.l)  T  is  the  optical  distance  in  the  z  direction  (normal  to  the  plane 
of  the  slab,  (see  Figs.  1  and  2) 

T  =  p[ct]z  =  j  fft  n(D)dD  z  (2.2) 

where  D  is  the  diameter  of  the  unperturbed  spherical  particle,  n(D)  is  the 
particle  size  distribution  and  o  is  the  extinction  coefficient.  The  symbol 
p£"J  denotes  integration  over  the  size  distribution.  Since  the  effects  of 
the  particle  surface  roughness  are  vanishingly  small  in  the  forward  direction, 
the  extinction  matrix'’’  • 

for  the  rough  sphere  can  be  represented  by  a  scalar  quantity.  The  (Itxl) 
matrices  £l]  and  £l ' ]  are  the  incoherent  diffuse  intensity  matrices  for  waves 
scattered  by  the  particles  in  the  direction  0  =  cos  \i  and  $  and  for  waves 
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incident  in  the  direction  6'  =  cos  1  and  0’  respectively.  The  elements 
of  [i]  are  the  modified  Stokes  parameters^. 


<E1  E!> 

<E„  e!> 


2Re<E  E*> 
2Im<E  E*> 


vhere  the  symbol  *  denotes  the  complex  conjugate  (an  exp(iut  )  time  dependent 
excitation  is  assumed)and  E^  and  E^  are  the  vertically  and  horizontally 
polarized  components  of  the  electric  field.  The  (fcxli)  scattering  matrix  [S] 
in  the  reference  coordinate  system  is  expressed  in  terms  of  the  scattering 
matrix  Is1]  in  the  scattering  plane  through  the  following  transformation 

Is]  =  £«f(-»  +  o)][s*]W(o')3  (2 

in  which  [S']  is  the  weighted  sum  of  two  matrices 

[S’]  =  lxS(v-ar)|2[SM.e]  ♦  [Ss]  (2 

In  (2.5)  is  given  by 


Pt|f,,|  3  P  \t.Jf  pRe[f..f*  ] 


-plm[f.  .f*  ) 


rs  j  m  1  Ptlf2ll  3  P  lf22t  pRetf21f22]  -Plm[f21f*2] 

Mie  P2Rerfu4]  p2Re[f12f*2]  pRet^f^f^f^] 

P^llfa3  P21m[f12f22]  Plmlfllf22+f12f21]  12f 213 


where  f  are  the  elements  of  the  2x2  scattering  matrix  [f]  for  the  unperturbed 
(spherical)  particle. 

E1  _  fll  f12  Ei  exp(-iVr) 

V  f21  f22  Er  r  (2.7) 
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In  (2.7)  and  E^_  are  the  vertically  and  horizontally  polarized  field 
components  (in  the  scattering  plane  vhich  contains  the  unit  vectors  n1 
and  n  in  the  directions  of  the  incident  and  scattered  vaves),  and  r  is 

the  distance  from  the  center  of  the  spherical  particles .  For  a  smooth 

6  3 

sphere  f  are  given  hy  the  Hie  solution5,3 

and  [f]  is  a  diagonal  matrix.  The  transformation  matrix  left  in  (2.10  is 


2 

2 

h  sin2a 

cos  a 

sm  a 

0 

.  2 
sin  a 

2 

cos  a 

-h  sin2a 

0 

U(a)]  = 

-sin2a 

sin2a 

cos2a 

0 

0 

0 

0 

1 

(2.8) 


vhere  a'  is  the  angle  between  the  reference  plane  of  incidence  and  the 
scattering  plane  and  a  is  the  angle  between  the  reference  plane  of  scatter 
and  the  scattering  plane  (see  Fig.  2).  in  (2.5)  XE(v*ar)  is  the  particle 
random  rough  surface  characteristic  function 


in  which 


XS(v-a  )  =  <exp(iva  h  )-> 
r  r  s 


v  =  kQ(n-ni) 


and  n^"  and  n'*"  are  unit  vectors  in  the  directions  of  the  scattered  and 
incident  vave  normals.  The  random  rough  surface  h£  is  measured  normal 
to  the  unperturbed  (spherical)  particle.  Thus,  the  radius  vector  to  the 
surface  of  the  irregular  particle  is  (see  Fig.  l), 

r 


h  a  +  h  a 
or  s  r 


The  radius  of  the  unperturbed  sphere  is  h0-  The  coefficient  |xS|2  in 
(2.5)  accounts  for  the  degradation  of  the  specular  point  contributions 
to  the  scattered  fields  by  the  rough  surface  (|xB|2  <  1  and  |xS|2  *  1  as  B  -*•  0). 
The  diffuse  scattering  contribution  to  the  matrix  ES’3  due  to  surface  roughness 
is  given  by 


(2.9a) 

(2.9b) 


(2.9c) 
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[ss3= 


[ssn] 

[s^] 


[s^2] 

[s^2] 


[Ss  ] 

L  33 


vhere 


[sfJ 


ij  ~  Jfirp[ot] 
2  . 


*T  p[<oaJ>J,  for  i,j  =  1,2 


(2.10) 


(2.11a) 


in  vhich  A  =  nh  is  the  cross  sectional  area  of  the  unperturbed  particle  and 
y  o 

<0  are  the  full  vave  solutions  for  the  like  and  cross  polarized  normalized 
scattering  cross  sections.^  The  first  and  second 

superscripts  i,j  denote  the  polarizations  (V  vertical,  H  horizontal)  of  the 
scattered  and  incident  fields  respectively. 


vhere 


<aiJ>s  =  /  /  |kQDlJ|2  P2  <2s  siny  dyd6/m2 

o  o 

Oo 

Qs  =  /  (Xp^'^j-)  '  |xS(v-ar)|2)exp(iv-F  )dxddzd 

— OO 


(2.11b) 


(2.11c) 


The  joint  characteristic  function  x2  for  the  rough  surface  hg  is  only  a  function 
2  2  % 

of  distance  rd  =  (xd+z^ J"5  measured  along  the  surface  of  the  unperturbed  sphere. 

7 

Furthermore  for  i  =  3  and  h 

[S®.>p[Re[<o^>g  +  <022>s3]Ay/lnip[ot]  (2.  lid) 

(upper  and  lover  signs  for  i  =  3  and  It  respectively)  and  for  i  i  j 

Isf  j3=p£lml+  <°22>s  +  <02i>s3jAy/imp[ot]  (2. lie) 

(upper  and  lover  signs  for  i,J=lt,3  and  i,J=3,fc  respectively).  In  the  above  expressions 

<c$>  =/  /  k2DiJ  Dki*  P2  Qg  siny  dyd6/u2  (2. Ilf) 

o  o 

In  (2.11)  P2  is  the  shadov  function  and  the  scattering  coefficients  D1^  are 
-i  —f  — 

functions  of  n  ,n  and  n  the  normal  to  the  unperturbed  surface  of  the  particle 


as  veil  as  its  electromagnetic  parameters  e,y.  The  remaining  eight  terms  of  the 
matrix  ISg3  vanish  since  Dii  and  D^fi^j)  are  symmetric  and  antisymmetric 
respectively  with  respect  to  6fthe  azimuth  angle  of  the  sphere. 

In  this  vork  It  is  assumed  that  a  linearly  polarized  vave  is  normally  incident 
upon  a  parallel  layer  (of  optical  thickness  T^)  containing  a  random  distribution  of 
irregular  particles.  Thus  the  incident  Stokes  matrix  at  z=0  (Fig.  2)  is 


w 


1 

0 

0 

LoJ 


6 (y 1)6 (4> ’ )  h  ’-1)6  C4>’ ) 


function. 


in  vhich  6{-)  is  the  Dirac  delta' 

Thus  the  reduced  incident  intensity  is 

[I  .]  =  fl.  r)exp(-l) 
n  i  incj 

and  the  (l*xl)  excitation  matrix  in  (2.1)  is 


[I.]  =  /  [S][I  . ]d)J 'dij> '  =  [F]exp(-T ) 
1  *  T1 


in  which  the  (l)xl)  matrix  F  is 


[F]  =  [S][lo] 


P’=l 

4>’=o 
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(2.12) 

(2.13) 

(2.11)) 

(2.15) 


and  the  matrix  [i  ]  is  defined  by  (2.12).  The  matrix  [F]  contains  terms  that 
o 

are  azimuthally  independent  as  veil  as  terms  that  are  proportional  to  cos2<J)  and 

r  -i  h 

sin2<f>.  Thus  LFJ  is  expressed  as  follows 


[F]  «=  [f]q  +  fF]a  cos2$  +  [F]b  sin2(J) 


(2.16) 


in  which,  for  a  rough  sphere, 


F  ‘ 

"  F 

0 

01 

al 

«o  =  1 

F 

02 

>  «a  "  1 

F  o 
a2 

*  - 

0 

0 

0 

_S33 

_  0  _ 

0  _ 

-  ”S1)3  - 

(2.17) 


and 


.  —  cJ  .  _ 

ai  il 


i2 


The  solution  of  the  equation  of  transfer  (2.1)  for  the  incoherent  specific 
intensity  matrix  can  be  expressed  in  terms  of  the  Fourier  series 

[i]  =  ?  [l]a  cos  md>  +  sin  m()>  (2.18) 

n=o  m  m=l  id 

Since  the  elements  of  the  scattering  matrix  [S]  are  functions  of  it  is 

expressed  as  follows 

Is]  =  ~  [s]a  +  i  cos  [S]>  rin  a(*«-*)J  (2.19) 

Furthermore,  since  in  (2.7)  f^  and  fg2  are  even  functions  while  f  2  and  fgl 
are  odd  functions  of  for  m=0,l,2  .... 


i 
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Is.T 

1  m 


and  £sjb  = 


m  ’[S,]c 
j  m 


in  vhich  Is.]  and  Is.]  are  2x2  matrices 

l  m  i  m 

2tt 

rs.]^  =  j  [S^cos  m($'-4>)d($  '-$)  i=l,l* 
o 

2tt 

[S.]*  =  |  Es^Jsin  m ( ’ -<}> ) d ( ’  —(f> )  i=2,3 


and 


and  [S]  are  the  (2x2)  submatrices 


[Sj 


[Sll 

[s23 

[s3] 

In  view  cf  the  excitation,  (2 . 1-U )  through  (2.17),  the  only  non-vanishing 

h 


Fourier  terms  are  m=0  and  m=2 
transfer  for  the  m=0  Stokes  matrix  is 


The  equation  of 


j. 

*  57  [I]o  =  -  + 1  + 

-i 

Since  the  third  and  fourth  elements  of  £f3  (2.17)  are  zero,  and  in  view 

of  the  special  form  of  [Sja,  the  third  and  fourth  terms  of  [l]a  vanish. 

o  o 

The  equation  of  transfer  for  the  m=2  term  is 

1 

V  57  tl]2  =  ”  [I]2  +  }  tS]2[l']2dp'  +  [F32  exp(-x) 


in  vhich 


and  [F]2-  [F]a+  [F]b 


-1 

'^2 

[S2]2 

[SJ2  = 

-[S3]2 

^2 

1 


(2.20) 


(2.21a) 


(2.21b) 


(2.22) 


(2.23) 


(2.21*) 


(2.25) 
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The  boundary  conditions  for  the  Stokes  matrix  are 

[I]  =  [I]_  =0  for  0  <  ^  <  1  at  T  =  0  (2.26a) 

O  2  -  - 

and 

[i]  =  [l]„  =  0  for  0  >  )i  >  -  1  at  T  =  t  .  (2.26b) 

o  2  -  o 

Equations  (2.23)  and  (2.2k)  together  vith  the  associated  boundary  conditions 

(2.26)  are  solved  for  the  specific  incoherent  diffuse  scattering  intensities 

using  the  Gaussian  quadrature  method  (to  discreti2e  the  angles  6  =  cos  ^p) 

.  -3 

and  the  matrix  characteristic  value  technique. 

The  diffuse  scattering  intensities  1^  and  I  correspond  to  the 
vertically  polarized  (E^)  and  horizontally  polarized (E^)  waves.  However 
in  practice,  the  polarization  of  the  receiver  is  either  parallel  (E^)  cr 
perpendicular  (E^)  to  the  polarization  of  the  incident  wave.  The  correspond¬ 
ing  specific  intensities  I  and  I  are  called  the  co-polarized  ana  cross 

x  y 

h 

polarized  incoherent  intensities  respectively. 

They  are  related  to  the  intensities  1^  and  I  through  the  linear  trans¬ 
formation 


(2.27) 


(2.28) 
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Different  forms  of  the  surface  height  spectral  density  function  W  and 

2  2 

different  roughness  parameters  6  =  ljko<h£>  are  considered  for  particles 
of  different  sizes  D  =  2h  and  relative  complex  permittivities  e  excited 

O  r 

at  infrared  and  optical  frequencies  (see  Table  I).  Thus  for  case  (a) 

(Table  I),  the  specific  form  of  the  surface  height  spectral  density  function 
is 


V(vT)  =  ^ 


{Vvd} 


I  \2+  2 

(v  -V,)  +  V  , 
■  T  d  rr1 


v,  <  V_<  V 
d  T  c 


(3.*<a) 


=  0  elsewhere 

In  (3.**a)the  smallest  spatial  wavenumber  is 


vd  =  k/D 


(3.1tb) 


and  the  cut-off  wavenumber  is 


v  =  ltk 
c  o 


(3.*tc) 


in  which  h  is  the  wavenumber  for  the  electromagnetic  wave.  The  constant 

o 

C  is  determined  by  the  choice  of  the  roughness  parameter  (Table  I ) . 

?  2 

8  =  hk  <h  > 
os 


(3.5) 


In  (3.5)  <*1s>  is  the  mean  square  height 


<hs>  =  I  {  W^vT^VTdvT 
0 

The  corresponding  value  for  the  mean  square  slope  is  (Table  I) 

00 

<0s>  =  f  }  w^vT)vrdvT  (3’7) 

0 

For  case  (a)  the  parameter  v  =  1.2/D  v^  +  vd)  is  the  maximum  value 

of  w) ,  the  exponent  n  (3.1ta)  is  n  =  It  and  the  diameter  of  the  particle 
is  D  *  5X  (Table  I).  For  wavelength  X  *=  lOji  the  relative  (complex) 

g 

dielectric  coefficient  of  aluminum  is  =  -6000 (l+i)  . 


For  cases  (b)  through  (d),  (Table  I),  the  specific  form  of  the  surface 


height  spectral  density  function  is 

2C 


W(V  =  7T 


VT  ID 


2  2 

v_  +  v 
T  m 


vT  >  0 


(3.8) 


in  which  the  exponent  is  assumed  to  be  n  =  8.  For  case  (b)  the  roughness 
parameter  is  8  =  1  and  for  cases  (c)  through  (e)  8  =  10.  The  corresponding 


values  for  v  W(v  )  =(W  ) 

m  m  maximum 


a  ,  X,  e  and  D  =  2h  are  shown  in 
s  r  o 


Table  I.  The  analytical  expression  for  the  surface  height  autocorrelation 
function  for  cases  (b)  through  (e)  is 

.6 

_ _  +  +  _! 

8  32  3072J 

J2 


R(?) 


r  2  k 


(?) 


[2  "  {"'  ^\U) 

ied  ] 

order  zero  and  one  respectively^ 


(3.9) 


In  (3.9)  K  and  K,  are  modified  Bessel  functions  of  the  second  kind  of 
o  1 

n 

and  the 


dimensionless  argument  is 

?  =  v  r  (3.10) 

m  a 

For  all  the  illustrative  examples  it  is  assumed  that  the  normally  incident 
wave  is  linearly  polarized  with  the  electric  field  in  the  direction  of  the  x 
axis  (in  the  $=0  plane,  see  Fig.  2).  The  equation  of  transfer  for  the  Stokes 
parameters  (2.23)  and  (2.2i)  together  with  the  associated  boundary  conditions 
(2.26)  are  solved  using  the  matrix  characteristic  value  technique 

For  case  (b)  (D/X=10),  the  scattering  cross  sections  are  very  sharply 

peaked  in  the  forward  direction,  thus  it  is  necessary  to  use  a  Gaussian 
9 

quadrature  formula  of  order  32. 

In  Figs.  3  and  h,  the  incoherent  diffuse  transmitted  intensities  1^ 

(vertical  polarization)  and  1^  (horizontal  polarization)  for  case  (a)  are  plotted 
as  functions  of  0(0,90°)  with  <j>=0  and  1^=10.  The  solid  curves  correspond  to  first 
order  scattering  solutions  only^  '  for  the  smooth  (unperturbed 
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spherical)  particles  and  particles  with  rough  surfaces  (l2  •+  0,  for  single 

scatter  smooth  particle).  The  corresponding  solutions  that  account  for 

multiple  scattering  are  also  plotted  in  these  figures.  The  albedo  for 

highly  conducting  particles  with  roughness  parameter  8  =  1  is  0.9732  and 

the  albedo  for  smooth  particles  is  0.9885  (see  Table  I).  Thus  for 

case  (a)  there  is  only  a  2  db  difference  between  the  diffuse  intensities 

for  the  rough  and  smooth  particles.  Hote  also  that  for  =  10  except  for 

scattering  in  the  forward  direction  1^  -  1 2  (degree  of  polarization  m  =  0.  ) 

In  Figs.  5  and  6  the  transmitted  incoherent  intensities  1^ 

and  I2  for  case  (b)  are  plotted  as  functions  of  6(0,90°)  with  if>  =  0  and 

T  =  10.  At  A  =  0.555b  the  dielectric  coefficient  is  E  =  -  ^0  -il2  for 
o  r 

aluminum.  In  this  case  there  is  a  more  significant  difference  between  the 
albedoes  for  the  rough  and  smooth  particles  (see  Table  I).  Consequently 
there  is  a  larger  difference  between  the  results  for  the  smooth  and  rough 
particles  for  this  case  than  for  case  (a)  where  A  =  lOp.  Note  again  that 
1^  =  I?  except  for  the  near  forward  direction. 

In  Figs.  7  and  8  the  transmitted  specific  intensities  1^  and  1^ 
for  case  (c)  are  plotted  as  functions  of  6(0,90°)  with  $  =  0  and  t  =  1.  The 
particle  surface  roughness  tends  to  smooth  out  the  first  order  solution 
(solid  line).  In  this  case  A  =  10p  and  Ef  =  -6000  (l+i),  the  albedoes  for  both 
the  smooth  and  rough  particles  are  near  unity  however  surface  roughness  does 
have  a  very  significant  effect  on  the  specific  intensity  I^.  For  To  =  1  1^  >  Ig 
particularly  in  the  forward  direction.  The  corresponding  results  (case  (c)) 
for  the  co-polarized  and  cross  polarized  incoherent  specific  intensities  Ix 
and  1^  respectively  are  plotted  as  functions  of  $  in  Figs.  9  and  10  with  6  =  15 .^°. 

In  Figs.  11  and  12  the  reflected  co-polarized  and  cross  polarized 

specific  intensities  1^  and  Ig  are  plotted  for  case  (d)  as  functions  of  the 
azimuth  angle  $(0,l80°)  with  6  =  1614,6°  and  tq  =  1.  It  is  interesting  to  note 
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that  the  co-polarized  intensity  is  smaller  for  the  rough  particle  than  for 

the  smooth  particle  since  the  albedo  for  the  rough  particle  is  smaller.  Hovever 

the  cross  polarized  intensity  I  is  smaller  for  the  smooth  particle  than  for 

the  rough  particle  in  this  case.  This  is  because  the  rough  particles  tend  to 

depolarize  the  incident  wave  more  strongly.  As  t  becomes  very  large  (t  >  10)  I 

o  o  y 

for  the  rough  particle  becomes  smaller  than  I  for  the  smooth  particle. 

In  Figs.  13  and  l4  the  transmitted  specific  intensities  I  and  I  are  plotted 

for  case  (e)  as  a  function  of  6  with  <J>  =  0  and  Xq=  1.  In  this  case  particles  of 

varying  sizes  ranging  from  D  =  5A  to  D  =  8A  are  considered.  As  a  result  the  plots 

for  I  do  not  exhibit  the  sharp  undulations  present  in  the  corresponding  plots  of 

1^  for  particles  of  uniform  size.  Furthermore  in  the  near  forward  direction  (6  <  10°) 

multiple  scattering  and  the  rough  surface  effects  on  I  are  small.  From  these  plots 

it  follows  that  the  degree  of  polarization  is  largest  in  the  near  forward  direction 

and  it  becomes  very  small  for  near  grazing  angles. 

In  Fig.  15  the  transmitted  co-polarized  and  cross  polarized  specific  incoherent 

intensities  I  and  I  are  plotted  as  functions  of  the  optical  thickness  x  for 
x  y  o 

case  (c)  with  6  =  6.7°  and  <t>  =  0.  For  T  <  2  the  results  for  the  smooth  and  rough 

particles  are  practically  the  same,  however  for  X  >  15  I  »  I  (degree  of 

x  y 

polarization  m  becomes  very  small),  and  the  effects  of  surface  roughness  become 
very  significant. 

In  Fig.  16  the  transmitted  co-polarized  and  cross  polarized  specific  incoherent 

intensities  and  I  are  plotted  as  functions  of  Xq  for  case  (d)  with  6  =  6.7° 

and  <P  =  0.  In  this  case  the  particles  are  more  dissipative  than  for  case  (c). 

The  effect  of  surface  roughness  is  more  pronounced  on  I  than  on  1^.  Both  Ix 

and  I  peak  around  X  =2. 
y  o 

In  Figs.  17  and  18  the  degree  of  polarization  (2.29)  is  plotted  for  case  (a) 
as  a  function  of  azimuth  angle  $  vith  6  =  6.7°,  6  =  15. V5,  B  =  2l).2°  and  6  =  33°* 

For  near  forward  scattering  6  =  6.7°,  the  degree  of  polarization  m  for  the  smooth 
and  rough  particles  is  close  to  unity  for  nil  angles  For  B  =  15.^°  the  degree 
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of  polarization  m  undulates  strongly  as  a  function  of  $.  It  is  smaller  for  the 
rough  particles.  As  the  angle  6  increases  (see  Fig.  18)  the  degree  of  polarization 
decreases  and  1)60011165  more  dependent  on  particle  surface  roughness . 

The  extinction  cross  sections  0^,  and  the  alhedoes  for  the  different  smooth  and 
rough  particles  considered  are  given  in  Table  I. 

It.  Concluding  Remarks 

The  specific  incoherent  diffuse  intensities  1^  and  I^  as  veil  as  the  co-polarized 
and  cross  polarized  intensities  are  evaluated  for  a  layer  of  randomly  distributed 
finitely  conducting  particles  of  irregular  shape.  A  variety  of  particle  sizes  with 
different  complex  dielectric  coefficients  are  considered.  The  rough  surfaces  of 
the  particles  are  characterized  by  different  surface  height  spectral  density  func¬ 
tions  and  roughness  parameters  8.  The  layer  of  particles  is  assumed  to  be  excited 
by  normally  incident  linearly  polarized  waves  at  vavelengtbs  X  =  lOp  and  X  =  0.555W- 
The  rough  particles  vill  generally  depolarize  the  incident  waves  more  than  the 
smooth  particles  and  the  specific  intensities  tend  to  be  less  oscillatory  functions 
of  6  for  the  rough  particles.  Since  the  albedoes  for  the  rough  particles  are  smaller 
than  those  for  the  smooth  particles  (the  difference  increases  for  more  dissipative 
particles),  hence  for  very  thick  layers  the  specific  intensities  are  smaller  for 
the  rough  particles.  Both  single  scatter  and  multiple  scatter  solutions  are  given. 
For  small  optical  thickness  T  <  1  1^  is  smaller  for  the  rough  particles  than  for 
the  smooth  particles  (since  the  albedo  for  the  rough  particle  is  smaller).  However 
is  larger  for  the  rough  particles  since  the  rough  particles  more  strongly 
depolarize  the  incident  waves  (see  Figs.  11  and  12).  The  reflected  specific 
intensities  and  1^  are  generally  less  dependent  on  angle  0  than  the  transmitted 
specific  intensities.  The  particle  surface  roughness  has  a  very  significant 
effect  on  the  degree  of  polarization  m  especially  as  the  particle  roughness 
parameter  £  increases. 
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TABLE  I.  Values  of  parameters  for  the  surface  height  spectral  density  function  W,  wavelength 
dielectric  coefficient  e  and  diameter  D  for  the  scattering  particles. 
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Figure  Captions 

FIG.  I.  Scattering  geometry  for  a  rough  conducting  sphere. 

FIG.  2.  Scattering  geometry  indicating  incident  and  scattered  wave 
normals  n*  and  n^"  and  corresponding  field  components  parallel  (vertical) 
and  perpendicular  (horizontal)  polarizations. 

FIG.  3-  Specific  incoherent  intensity  I  0  =  1 ,  v^  =  1.2/D,  X  =  lOp, 

£r  =  -6000-i6000(AL) ,  D  =  5X,  case  (a),  transmitted,  =  10,  <P  =  0. 

First  order  { - ),  smooth  and  rough  particles.  Multiple  scatter: 

(+)  smooth,  (A)  rough. 

FIG.  1.  Specific  incoherent  intensity  1^,  0  =  1,  vn  =  1.2/D,  X  =  lOp, 

£^_  =  -6000-  i  6000  (AL) ,  D  =  5X,  case  (a),  transmitted,  =  10,  $  =  0. 

First  order  ( - ),  rough  particles.  Multiple  scatter:  (  +  )  smooth, 

(A)  rough. 

FIG.  5-  Specific  incoherent  intensity  1^ ,  6  =  1,  v  =  15. 9/D,  X  =  .555p, 

=  -^0-il2(AL),  D  =  10X,  case  (t),  transmitted,  Tq  =  10,  ij)  =  0 .  First 

order  ( - ),  smooth  and  rough  particles.  Multiple  scatter:  (  +  )  smooth, 

(A)  rough. 

FIG.  6.  Specific  incoherent  intensity  I  0  =  1,  v  =  15. 9/D,  X  =  .555p, 

2  m 

Er  =  -i0-il2(AL) ,  D  =  10X,  case  (b),  transmitted ,  To  =  10,  (}>  =  0.  First 

order  ( - ),  rough  particles.  Multiple  scatter:  (  +  )  smooth,  (A)  rough. 

FIG.  7.  Specific  incoherent  intensity  1,0=  10,  v  =  lt/D,  X  =  lOp , 

1  TO 

£  =  -6000-i6000(AL) ,  D  =  10X,  case  (c),  transmitted,  t  =  1,  d>  =  0. 
r  o 

First  order  ( - ),  smooth  and  rough  particles.  Multiple  scatter: 

(+)  smooth,  (A)  rough. 

FIG.  8.  Specific  incoherent  intensity  I  ,  0  =  10,  v  =  lt/D,  X  =  lOp, 

Cr  «  -6000-i6000(Al) ,  D  =  10A,  case  (c),  transmitted ,  *=  1,  $  =  0. 

First  order  ( - ),  rough  particles.  Multiple  scatter:  (  +  )  smooth, 

(A)  rough. 
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FIG.  9.  Specific  incoherent  intensity  1^,  ($  *  10,  v  ■  X/D,  X  =  lOp, 
e  =  -6000-i6000(AL) ,  D  =  5X,  case  {c ), transmitted,  =  1,  6  =  15. X°. 

First  order  ( - ),  smooth  and  rough  particles.  Multiple  scatter:  (X) 

smooth ,  ( X )  rough . 

FIG.  10.  Specific  incoherent  intensity  I  ,  B  =  10,  v  =  X/D,  X  =  lOp, 

y  m 

e  -  -6000-i6000(AL) ,  D  =  5X,  case  (c),  transmitted,  T  =  1,  6  =  1 5 . h 0 
r  o 

First  order  ( - ),  smooth  and  rough  particles.  Multiple  scatter;  (5T) 

smooth,  (X)  rough. 

FIG.  11.  Specific  incoherent  intensity  I  ,  B  =  10,  v  =  X/D,  X  =  lOp, 

x  m 

Cr  =  1 . 5-i8(PLASTIC ) ,  D  =  5X,  case  (d),  reflected,  Tq  =  1,  6  =  16X.60. 

First  order  ( - ),  smooth  and  rough  particles.  Multiple  scatter:  (5T) 

(X)  rough. 

FIG.  12.  Specific  incoherent  intensity  I  ,  B  =  10,  v  =  X/D,  X  =  lOp , 

y  m 

Er  =  1.5-i8(PLASTIC),  D  =  5X,  case  (d),  reflected,  To  =  1,  6  =  16X.60. 

First  order  ( - ),  smooth  and  rough  particles.  Multiple  scatter:  (X) 

(X)  rough. 

FIG.  13.  Specific  incoherent  intensity  I, ,  B  =  10,  v  =  X/D,  X  =  lOp, 

1  m 

Er  =  1.5-i8(PLASTIC) ,  D  =  average  of  sizes,  case  (e),  transmitted, 

T  =  1,  $  =  0.  First  order  ( - ),  smooth  and  rough  particles.  Multiple 

scatter:  (+)  smooth,  (A)  rough. 

FIG.  lX.  Specific  incoherent  intensity  I„,  B  =  10,  v  =  X/D,  X  =  lOp, 

2  m 

Er  =  1.5-i8(PLASTIC) ,  D  =  average  of  sizes,  case  (e),  transmitted, 

T  *  1,  $  *  0.  First  order  ( - ),  rough  particles.  Multiple  scatter: 

(+)  smooth,  (A)  rough. 

FIG.  15.  Specific  incoherent  intensity  1^  and  1^,  B  =  10,  =  X/D. 

D  =  5X,  X  =  lOp,  Ef « -6000  (l+i)(AL),  case  (c),  0  =  6.7°  and  $  =  0°. 

(O)  I  smooth,  (A)  I  smooth,  (+)  I  rough,  (X)  I  rough. 

*  y  x  y 
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FIG.  16.  Specific  incoherent  intensity  1^  and  I  ,  8  =  10,  =  I4/D, 

D  =  5X,  X  =  lOy,  cr  =  1.5-i8(PLASTIC),  case  (d),  6  =  6.7°  and  $  =  0. 

(0)  I  smooth,  (A)  I  smooth,  (+)  I  rough,  (X)  I  rough, 
x  y  x  y 

FIG.  17.  Degree  of  polarization  n,  6  -  1,  v  =  1.2/D,  D  =  5\,  A  -  lOu , 

ID 

Er  =  -6000(l+i),  case  (a)  ,Tq  =  1,6  =  6.7°  (  +  )  smooth,  (X)  rough; 

6  =  15-^°  (0)  smooth,  (A)  rough. 

FIG.  18.  Degree  of  polarization  m,  8  =  1,  v  =  1.2/D,  D  =  51,  X  =  lOy, 

ID 

=  -6000(l+i),  case  (a),tQ  =  1,6  =  2li.2°  (  +  )  smooth,  (X)  rough; 

6  =  33-0°  (0)  smooth,  (A)  rough. 
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INTERPRET ATI ON  OF  BACKSCATTER  CROSS  SECTIONS  FOR  NORMAL  INCIDENCE 
USING  UNIFIED  AND  TWO-SCALE  FULL  WAVE  ANALYSES  OF  ROUGH  SURFACES 


E.  Bahar 

Electrical  Engineering  Department 
University  of  Nebraska-Lincolr  68588-0511 
D.  E.  Barrick 

Ocean  Surface  Research,  Boulder,  Colorado  80303 
M.  A.  Fitzwater 

Electrical  Engineering  Department 
University  of  Nebraska-Lincoln  68588-0511 

ABSTRACT 

The  like  and  cross  polarised  backscattered  scattering  cross  sections 
are  evaluated  for  random  rough  surfaces  using  the  full  wave  analysis. 

The  resulting  cross  sections  are  also  expressed  in  terms  of  a  weighted 
sum  of  two  cross  sections  in  keeping  with  previous  two-scale  interpre¬ 
tations  of  scatter.  The  first  is  associated  with  the  cross  section 
for  the  large  scale  filtered  surface  and  the  second  is  the  diffuse 
scattering  term  associated  with  the  small  seal?  surface  component. 

Special  attention  is  given  to  waves  at  normal  incidence.  Both  perfectly 
and  finitely  conducting  boundaries  are  considered.  The  random  rough 
interface  is  characterized  by  its  surface  height  spectral  density  function 
and  detailed  consideration  is  given  to  the  choice  of  the  wavenumber  where 
spectral  splitting  (between  the  small  and  large  scale  surfaces)  is 
assumed  to  occur. 
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Brora's  and  Tyler ' s  criteria  for  decomposing  the  rough  surface  cannot  be 
satisfied  simultaneously.  Neither  reconciles  the  observed  discrepancy  at  normal 
incidence  for  sea  return  and  the  resulting  values  of  the  slopes  of  the  large 
scale  surface (producing  the  specular  echo)  are  considerably  different. 

The  full-wave  solution  for  rough-surface  scattering  reduces  to  an 
integral  similar  in  form  to  the  physical  optics  or  perturbation  solutions 
(Bahar  198l).  In  its  derivation  from  the  exact  telegraphists'  equations, 
multiple  scattering  is  neglected.  The  full  vave  solution  has  been  shown  to 
reduce  to  the  specular-point  result  in  the  high  frequency  limit,  and  to  the 
pe’  irbational  result  (with  the  correct  polarization  dependence)  in  the  low 
fr<_  ^uency  limit-  Since  it  is  valid  across  the  spectrum  for  all  roughness 
scales,  it  is  not  necessary  to  adopt  the  tvo-scale  model  to  analyze  rough 
surface  scattering  problems.  In  recent  work  however,  (Bahar  and  Barrick  1983), 
the  full  wave  solution  has  been  artificially  decomposed  into  two  components 
to  elucidate  the  mechanisms  at  play  in  the  two-scale  models  discussed  above. 

For  the  like  polarized  case  the  sum  of  the  two  terms  of  the  full  wave  solution 
is  approximately  constant  as  the  break  point  between  the  large  and  small 
roughness  scales  varies  as  8  ranges  from  1  to  2.  For  normal  incidence  the 
values  of  like  polarized  cross  sections  based  on  the  unified  and  two-scale 
solutions  are  the  same  for  g  =  0.25.  For  this  case  the  specular  point 
contribution  from  the  large  scale  surface  is  the  only  significant  contribution. 
Thus  through  a  judicious  choice  of  the  break  point  (between  the  large  and 
small  scale  surfaces)  corresponding  to  6  =  0.25  a  single-term  large-scale 
specular -point  model  can  be  used  at  normal  incidence  for  microwave  like  polarized 
backscatter  cross  sections  of  the  sea. 


1.  Introduction 
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A  specific  and  important  application  of  rough-surface  scattering  at  normal 
incidence  concerns  short-pulse  satellite  microvave  altimeter  return  from  the  sea 
surface.  In  addition  to  its  use  to  measure  ocean  vavehe^ght  at  nadir  as  on  Seasat 
(Barrick  and  Lipa  1985))  the  altimeter  has  also  teen  employed  to  infer  wind  speed 
from  the  hackscattered  signal  intensity,  since  the  roughness  statistics  depend 
strongly  on  surface  wind.  Up  to  now,  attempts  to  establish  a  quantitative  connection 
between  altimeter  nadir  hackscattered  cross  section  (per  projected  area)  and  wind 
speed  have  employed  a  physical-optics  derived  specular-point  model  that  (i)  relates 
the  backscatter  cross  section  to  rms  surface  slopes,  and  subsequently  (ii)  relates 
surface  slopes  to  wind  speed  in  some  manner  (Barrick  197^* )  •  Unfortunately,  the 
returns  predicted  thereby  are  several  dB  greater  than  the  measured  (Brown  1979), 
leading  to  use  of  empirical  rather  than  theory-based  models  to  establish  the 
connection  (Chelton  and  McCabe  1985).  This  discrepancy  can  only  be  due  to  the 
inadequacy  of  the  simple,  specular-point  model,  as  it  has  been  used,  to  describe 
the  hackscattered  return  even  from  a  gently  sloping  sea  at  normal  incidence. 

Composite  rough-surface  models  (Barrick  and  Peake,  1968;  Wright,  1968;  Brown, 
1978)  break  the  surface  roughness  into  two  scales:  large  and  small.  Brown 
formulated  the  first  detailed  analysis  of  this  model,  describing  the  small-scale 
surface  component  as  riding  on  the  large-scale  surface,  while  allowing  the 
large-scale  slope  statistics  to  modulate  the  smaller  component’s  return.  He 

proposed  one  method  for  spectrally  dividing  the  surface  into  large-scale  and 

2 

small-scale  regions,  based  on  the  criterion  that  the  mean  square  height  <h  >  of 

s 

2  2 

the  small-scale  component  be  small  enough  (B^k^ch^xO.l  where  kQ  is  the  free  space 
wavenumber)  to  guarantee  the  satisfaction  of  the  perturbation  approximation.  Tyler 
(1976)  suggested  that  the  rough  surface  height  spectral  components  (that  contri¬ 
bute  to  the  large  scale  slopes)  should  be  determined  by  the  requirement  that  the 
mean  of  the  large  scale  surface  radius  of  curvature  be  larger  than  a  wavelength. 

This  is  also  a  physically  reasonable  proposition  since  it  is  inherent  in  the 
tangent-plane  approximation  of  physical  optics.  However,  in  general 
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The  illustrative  examples  of  the  individual  terms  contributing  to  the 
solution  are  given  as  a  function  of  the  parameter  £  for  like  and  cross-polarized 
returns.  It  should  also  be  noted  that  the  previously  mentioned  approximate 
methods  produce  a  zero  cross-polarized  backscatter  component  at  normal  incidence, 
although  measurements  clearly  indicate  a  non-vanishing  contribution  vhich  is 
close  to  the  value  predicted  by  full-wave  theory  (Bahar  and  Fitzvater,  19Sh ) . 

2.  Formulation  of  the  Problem 

On  adopting  the  two-scale  model  of  the  rough  surface,  the  full  wave 
solutions  for  the  normalized  like  and  cross  polarized  scattering  cross  sections 
(per  unit  projected  area)  reduce  to  a  weighted  sum  of  two  cross  sections 
(Bahar  and  Barrick  1983). 


«JPQ>  =  <oPQ>.  +  <0PQ>  P,6  =  V  or  H  (2.1) 

x  s 

in  which  the  first  and  second  superscripts  P  and  Q  denote  the  polarizations 
of  the  scattered  and  incident  waves  (V  vertical,  B  horizontal).  The  first 
term  in  (2.1)  is  the  modified  cross  section  associated  vith  the  large  scale 
filtered  surface  h^ 


<aP\  =  |xs(v-£s)|  <0PQ>  (2.2) 

PQ 

in  which  <o„  >  is  the  physical  optics  expression  for  the  scattering  cross 
section  of  the  large  scale  surface  and  XS(v*ns)  is  the  small  scale  surface 
characteristic  function.  For  rough  surfaces  with  Gaussian  height  distributions 


|xE(v*n) j2=J<exp(iv*nshs)>|2=  exp(-(v*ng)2<h2>)  (2.3) 

2 

in  which  <hs>  is  the  mean  square  of  the  small  scale  surface  height  hg, 

v  =  k  (ii^-n1)  ,  v  =  jvj  (2.b) 

where  kQ  is  the  free  space  wavenumber,  and  n1  are  unit  vectors  in  the 
directions  of  the  scattered  and  incident  wave  normals.  The  unit  vector  normal 
to  the  actual  rough  surface  is  n  and  ng  is  its  value  at  the  specular  points 
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5  5  =  v/v  (2.5) 

s 

The  coefficient  |xS]2  in  (2.2)  accounts  for  the  degradation  of  the  physical 

optics  scattering  cross  section  due  to  the  small  scale  surface  hg  that  rides 

on  the  large  scale  surface.  The  second  term  in  (2.1)  is  the  diffuse  scattering 

cross  section  due  to  the  small  scale  surface  h  .  It  can  be  expressed  as  an 

s 

infinite  sum  as  follovs 

<oPQ>  -  I  <oP%  (2.6) 

s  m=l  sm 


P0  2  IdPQ!2  ^(^.^In) 

<a~>  =  tak  < - 

sm  e  -  - 

n*a 

y 

fV_\2m  Vf  (v-,v_) 


The  symbol  <•>  denotes  the  statistical  average  over  the  slopes  n(h  ,h  )  of  the 

X  z 

large  scale  rough  surface  (h  =  Sh./Sx,  h  •••  3h./3z).  In  (2.7)  v  ,v  and  v_ 

X  Z  X  jf  z 

are  components  of  the  vector  v  (2.^)  in  the  local  coordinate  system 

v  =  v_n,  +  v-n„  +  v_n,  (2.8) 

x  1  y  2  z  3 

in  vhicb  n?  =  a  is  the  unit  vector  normal  to  the  large  scale  rough  surface, 

n^  and  n^  are  unit  vectors  tangent  to  the  large  scale  rough  surface.  The  unit 

vector  is  normal  to  the  mean  surface  (the  reference  plane).  Note  that 

<h  >  is  assumed  to  he  zero  and  that  h  is  measured  normal  to  the  large  scale 
s  s 

PQ 

surface.  The  scattering  coefficients  D  depend  upon  the  incident  and 
acattered  vave  polarizations  and  vave  normals  n1  and  a*"  as  well  as  the 
electromagnetic  parameters  of  the  medium  (Bahar  198l).  The  two  dimensional 


function  W  is  the  Fourier  transform  of  the  mth  power  of  the  small  scale 
m 

surface  height  autocorrelation  function  <h  h'> 

s  s 
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VvV  f 

(2»)2  1 


„2m 


<hshs>  exp(iVd  +  ivz2d)dxd  dzd 


=  :k  |  wm-i(vs»vj)wi(vx-v5*vvi)dvj  dvl 

=  iWm-l(vx>vz5  ©  VvV 


(2.9) 


In  (2.9)  the  symbol  denotes  the  two  dimensional  convolution  of  W  ,  with 
^  m-1 

and  (xj  +  z5'  =  rg  zs  the  distance  between  two  points  r-r'  measured  along 

the  large  scale  surface.  In  this  work  the  rough  surface  is  assumed  to  be 
homogeneous  and  isotropic,  thus  the  surface  height  spectral  density  function 
(the  Fourier  transform  of  the  rough  surface  height  autocorrelation  function 


h  h')  is  only  a  function  of 
s  s 


VT  =  (vI  +  vf^  =  (v2‘v!^  (2.10) 

and  the  autocorrelation  function  depends  only  upon  the  distance  r^  measured 

along  the  large  scale  surface.  It  is  also  assumed  that  the  width  of  the 

illuminated  patch  of  the  rough  surface  is  much  large  than  the  rough  surface 

correlation  length.  The  shadow  function  P2(nf,ni|n)  is  the  probability 

that  a  point  on  the  rough  surface  is  both  illuminated  and  visible  given  the 

slopes  at  the  point  (Smith  1967,  Sancer  1969). 

To  facilitate  the  adoption  of  the  two-scale  model  of  the  composite 

rough  surface  it  is  assumed  that  the  filtered  large  scale  surface  h^  is 

associated  with  that  part  of  the  surface  height  spectral  density  function 

for  which  vm  <  v.  and  the  small  scale  surface  h  Is  associated  with  the 
T  -  d  s 

remaining  part  of  the  surface  height  spectral  density  function  (v,_  >  v  ) 

i  d 

(Brown  1976). 


In  a  recent  investigation  of  scattering  by  composite  perfectly  conducting 
rough  surfaces  based  upon  a  perturbed-physical  optics  approach.  Brown  obtains 
the  following  solution 


l 
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<oPQ>  =  <oPQ>  +  <aPQ> 

a>  p 

in  which  <(J^>  is  the  physical  optics  scattering  cross  section  for  the 
filtered  large  scale  surface  and 


<aPQ>  =  4uk2  < 
P  o 


DP«v  2 
_ £ 


rr+a 


P2(nf,n1|n)W1(vx,V2)> 


(2.12) 


In  (2.12)  vx>Vy  &nd  v ^  are  components  of  the  vector  v(2.b)  in  the  fixed 
reference  coordinate  system 

v  =  v  a  +v  a  +v  a  (2.13) 

xx  y  y  z  z 

in  which  a^  and  a^  are  unit  vectors  tangent  to  the  mean  plane.  The  results 
obtained  by  Brown  (1978)  on  using  (2.11)  to  compute  the  scattering  cross 
sections  is  shown  to  depend  very  strongly  upon  the  choice  of  the  wavenumber 
v^  where  spectral  splitting  is  assumed  to  occur.  Since  Brown  uses  Burrows'  (1967) 
perturbation  approach  in  his  work  he  concludes  that  the  appropriate  value  of  v^ 
must  be  based  on  the  choice  of  the  roughness  parameter  for  the  small  scale  surface 

8  =  ky.2<h2>  =  0.1  (2.1M 

o  s 

However,  in  the  work  by  Tyler  (1976)  the  specification  of  v^  is  assumed  to  be 
based  on  the  characteristics  of  the  large  scale  surface  (radii  of  curvature) 
and  for  backscatter  near  normal  incidence  Tyler  neglects  the  second  term  in 
(2.11).  In  general  however,  the  conditions  specified  by  Brown  and  Tyler  for  the 
choice  v^  cannot  be  satisfied  simultaneously.  In  an  effort  to  resolve  these 
discrepancies,  computations  of  the  scattering  cross  sections  based  on  the  two- 
scale  full  wave  approach  (2.1)  were  performed  (Bahar  et  al .  I983).  Note  that 
for  surface  with  small  slopes  (n  -  a^)  and  with  8  «  1,  |xS(v*n)|P  •+  1,  the  full 
wave  solution  (2.l)  reduced  to  Brown's  perturbed  physical  optics  solution  (2.11). 

In  this  work  we  evaluate  the  backscattered  like  and  cross  polarized 
cross  sections  for  normal  incidence  as  the  parameter  v^  is  varied.  Both 
perfectly  conducting  and  finitely  conducting  media  are  considered. 


The  contributions  of  the  individual  terms  of  the  full  vave  solution  (2.1) 
and  the  perturbed-physical  optics  solution  (2.11),  are  examined  in  detail. 
Since  the  full  wave  approach  accounts  for  specular  point  and  diffuse 


where  x2  81113  X  are  the  Joint  characteristic  function  and  the  characteristic 

function  respectively  for  the  total  rough  surface  h  and  r,  =  (x2  +  is  the 

d  d  d 

distance  measured  along  the  reference  surface  y  =  0.  The  two  dimensional  slope 
distribution  of  the  total  rough  surface  is  p(n). 
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3-  Illustrative  Examples 

For  the  illustrative  examples  considered  in  this  section,  the  specific 
form  of  the  surface  height  spectral  density  function  is  a  polynomial 
approximation  of  the  Pierson-Moskowitz  spectrum  for  the  steady-state  response 
of  the  ocean  surface  to  a  surface  vind  of  speed  V  (m/s)  (Brown  1978). 


W(v-,vs)  =  (-)S(v-.v-)  = 


2  _  It,,  2  2,1 

-  B  vT/(vT  ♦  K  ) 


V„  <  V 

T  -  c 


v  >  v 
T  c 


(3.1) 


in  which  W  is  the  notation  originally  used  by  Bice  (1951)  and  S  is  the 


notation  used  by  Brown  (1978).  For  the  above  isotropic  model  of  the  ocean  surface, 

we  select  as  an  example  a  typical,  moderate  wind  speed  sea,  and  radar  frequency 
corresponding  to  space  borne  altimeters  such  as  Seasat's: 

B  =  0.0016  V  *  1-3  (m/s) 


K  =  (335.2  vS^cm r1  v  =  12  (cm)-1 


(3-2) 

(3.3) 


The  wavelength  of  the  electromagnetic  wave  is 


X  =  2.22  (cm) 
o 


(ko  =  2.83  (cm)-1) 


(3.1) 


The  mean  square  height  of  the  small  scale  surface  hg  is 


2ir  v 
t  c 


<h2>  = 
s 


W(v  ) 

T"  VT  dV' 


.  AA  ~B  Li  _i 

T  "  2  2  '  2; 

LVd  Vr- 


=  B/lk^ 


(3.5) 


and  the  total  mean  square  slope  for  the  large  scale  filtered  surface  is 


2tt  v. 


2  2 
aks  =  = 


W(vT)  3 
XT'  v|  dvT 


-11 


2  ,  2 


(3.6) 


In  (3.5)  and  (3.6)  it  is  assumed  that  v  »  ic.  The  wavenumber  where  spectral 


splitting  is  assumed  to  occur,  is  determined  by  the  choice  of  the  roughness 
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<aPV2  and  <aP^>°^  8X6  a^-So  plotted  in  Figures  1  through  1t.  It  should  be 
pointed  out  that 


<0PQ>°  =  <0PQ>  (3.12) 
corresponds  to  the  physical  optics  contribution  to  the  cross  section  (from  the 
large  scale  surface)  in  Brovn's  formulation  (2.1l),  and 


<oPQ>°  =  <aP^>  "  (3.13 

sl  p 

corresponds  to  the  perturbation  (small  scale)  contribution  to  the  cross 

section  in  Brovn's  formulation.  The  dashed  horizontal  lines  in  all  of  these 

figures  correspond  to  the  unified  full  vave  solutions  (2.15) that  are  not 
artificially  split  into  tvo  components. 

In  Figures  1  and  2,  the  like  polarized  backscatter  cross  sections 

PP  W  HH 

<o  >  =  <o  >  =  <a  >  for  normal  incidence  are  plotted  as  functions  of  B  with 

c  -*■  “  (perfect  conductor)  and  =  1*2  -  i39  respectively.  In  Figures  3  and  1* 

PQ  VH  HV 

the  cross  polarized  backscatter  cross  sections  <0  >  =  <0  >  =  <0  >  for 

normal  incidence  are  plotted  as  functions  of  B  vith  e  *®  (perfect  conductor) 
and  =  h2  -  i39  respectively.  Note  that  <0P®>£  =  0  for  the  cross  polarized 
case. 


In  all  the  plots  ve  find  that  for  the  range  of  values  1  *  B  <  2  the  full 
vave  solutions  for  the  (total)  backscatter  cross  sections  <0P®>  is  relatively 
independent  of  B  even  though  the  individual  contributions  to  <o  >  are  very 
sensitive  to  variations  in  B.  Significant  variations  in  the  cross  sections 
occur  only  for  B  <  0.25.  On  the  other  hand,  Brovn's  solutions  for  the  back¬ 
scatter  cross  sections  are  very  sensitive  to  the  choice  of  B(v. ).  He  notes 

d 

that  on  the  basis  of  the  tvo-scale  perturbed  physical  optics  approach  he 
used,  Vj  should  be  chosen  such  that  B  =  0.1.  For  B  =  0.1  and  small  surface 
slopes  the  full  vave  solutions  reduce  to  Brovn's  solution  (vith  only  one 
significant  term  needed  in  (2.6)).  For  normal  incidence  the  unified  full  vave 
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pp 

solutions  <0  >u  (2.15)  intersect  the  full  vave  solutions  based  on  the  tvo- 

PP 

scale  model  <0  “>  (2.1)  at  points  corresponding  to  0  =  0.25.  For  the  cross 

PO  T> 

polarized  case  hovever,  <0  is  about  15  above  the  corresponding 
values  based  on  the  tvo-scale  approach.  This  is  because  for  backscatter 
<oPQ>  -*•  0  (PjfQ)  even  though  the  large  scale  surface  h.  does  depolarize  the 

00  J6 

backscattered  vave. 

It  is  also  interesting  to  point  out  that  for  normal  incidence,  the 
backscattered  like  polarized  cross  sections 

<oPP>  =  <oPP>°  (3.11*) 

and  that  for  1  <  B  <  2  these  results  are  relatively  insensitive  to  variations 


in  B-  As  noted  above,  for  normal  incidence  the  unified  full  vave  solution 

PP  PP 

for  <0  intersects  the  results  based  on  the  tvo-scale  model  <0  >  at 

B  =  0.25.  Hovever,  the  point  of  intersection  of  the  tvo  results  vill  in 

general  depend  upon  the  angle  of  incidence  0.  For  the  like  polarized  case,  the 

main  dravback  in  the  analysis  based  on  the  tvo-scale  model  is  due  to  the 

assumption  that  the  large  and  small  scale  surfaces  (vhich  are  spectrally 

separated  at  the  vavenumber  v  )  are  statistically  independent.  Note  that 

the  value  of  v  is  selected  in  order  to  conform  vith  the  mathematical  tvo- 
d 

scale  model  and  not  viftiany  physical  feature  of  the  rough  surface.  For  the  cross 

polarized  case  this  dravback  is  compounded  by  the  fact  that  <aP®>  ■*  0  vhile 

the  large  scale  surface  is  also  responsible  for  depolarization. 

For  the  isotropic  surface  height  spectral  density  function  assumed  here  ( 3 - 1 ) 

2 

mean  square  radius  of  curvature  <p  >  is  given  by 
W(vm) 


<P2> 


1  „  f  T  ..5  _ 2 

0-  -irj 


TT  VT  dvT  =  B  V2 


(3.15) 


Thus  on  imposing  the  condition  (for  the  decomposition  of  the  rough  surface) 
suggested  by  Tyler  (1976),  B  v2/2k2  -  1.  Hovever,  in  viev  of  (3.5)  B=^*k2<h2> 

2  2  2  0  pp  ®  ® 

=2Bko/Vj.  Thus  B^B  =2.116x10  .  The  corresponding  value  for  <0  >  is  about 

2  dB  belov  <0PP>U. 


I 


,the 


It.  Concluding  Remarks 
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There  are  tvo  vays  in  which  the  full-wave  two-scale  solution  for  like-polarized 
backscatter  at  normal  incidence  differs  from  the  previous  composite  models  (Brown 
1978).  First,  the  large-scale  term  for  the  full-wave  solution  is  multiplied  by 
|XS]2  (2. 2)  accounting  for  the  fact  that  the  specular-point  regions  are  roughened 
by  the  small-scale  surface  component.  Hence,  the  Fresnel  reflection  for  specular 
return  is  reduced  exactly  in  the  amount  predicted  by  Rice  (1951 )  from  perturbation 
theory,  due  to  the  energy  scattered  away  from  the  specular  direction  by  this  small- 
scale  roughness.  Second,  the  full-wave  contribution  due  to  the  small-scale  roughness 
(which  also  contains  the  term  |xS|2)  is  actually  an  infinite  series  in  which  more 
terms  become  significant  as  8  increases,  while  for  the  perturbed-physical  optics 
two-scale  model  8  is  kept  low  enough  so  that  the  perturbation  criteria  is  satisfied 
by  the  small  scale  surface.  Therefore,  interpretation  of  the  full -wave  two-scale 
mathematical  solution  elucidates  the  physical  mechanisms  one  would  expect  to  occur 
when  the  surface  is  broken  artificially  into  two  scales  of  roughness.  It  is 
interesting  that  for  backscatter  at  normal  incidence  and  for  the  gently  sloping 
sea-surface  examined  here,  the  choice  by  Brown  of  B  -  0.1  as  the  break  between  the 
roughness  scales  produces  results  for  the  like  polarized  cross  sections  that  are 
only  about  1  dB  below  the  full-wave  solutions  indicating  the  soundness  of  that 
approach.  Such  agreement  however,  does  not  hold  for  the  cross  polarized  cross 
sections  off  normal  or  for  surfaces  with  larger  slopes.  Tyler’s  criterion  (1976) 
for  using  the  radius  of  curvature  condition  to  locate  the  break  point  is  somewhat 
less  suitable  for  the  sea  surface  considered  here,  although  it  may  be  more  suit¬ 
able  for  more  irregular  planetary  surfaces. 

As  mentioned  earlier,  there  is  no  need  to  split  the  full-wave  solution  into 
two  components;  the  integral  (2.15)  represents  the  entire  solution.  It  can  and  has 
been  evaluated  as  one  term  (dashed  lines  in  illustrations).  Since  the  splitting 
is  artificial,  the  validity  of  the  full-wave  two-scale  approach  can  be  tested  by 
checking  (i)  whether  the  weighted  sum  (2.1)  varies  significantly  with  the 
splitting  parameter,  B;  (ii)  whether  the  two-scale  full-wave  solutions  agree  with 
the  unified  full -wave  solutions.  The  curves  for  the  like  polarized  cases  (Figs.  1 
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and  2)  show  that  the  sum  of  all  terms  of  the  two-scale  full-wave  solution  is 
nearly  constant  over  large  variations  in  the  break  point,  i.e.,  for  1  <  3  <  2. 

For  normal  incidence  it  agrees  exactly  with  the  unified,  full-wave  solution  at 
3  =  0.25  and  differs  from  it  at  most  by  about  2  dB  at  3  =  2.  On  the  other  hand, 
the  results  based  on  the  perturbed-  physical  optics  model  begin  to  vary 
significantly  from  the  full -wave  solutions  for  6  >  0.25-  The  leason  for  the 
small  disagreement  between  the  unified  and  two-scale  full-wave  results  stems 
primarily  from  the  fact  that  on  artificially  splitting  the  surface  it  is  assumed 
that  the  small  scale  rough  surface  is  statistically  independent  of  the  large 
scale  rough  surface.  This  assumption  becomes  decreasingly  valid  as  6  increases. 

The  unified  full-wave  solution  is  self-consistent;  no  such  assumption  is  made  and  in 
fact  it  is  the  only  valid  solution  for  the  cross  polarized  return,  where  the 
asymptotically  evaluated  "specular"  contribution  from  the  large  scale  surface  is 
meaningless . 

A  final  conclusion  is  that,  for  backscatter  from  the  sea  at  normal  incidence, 
the  simple  Gaussian-slope  specular-point  solution  <aPP>°  =  Jr(0)|^/(2sxs  ). 

(Eg.  (9)  of  Barrick  and  Lipa  (l985))can  he  used  with  reasonable  accuracy, 

(R  ( 0)  is  the  normal  incidence  Fresnel  reflection  coefficient  of  sea  water  and 
s^,  s^  are  the  rms  slopes  of  the  sea  surface  along  the  major  and  minor  roughness 
axes).  Although  this  specular-point  result  ccr*”  >£  (which  neglects  the  small- 
scale  characteristic-function  factor)  is  observed  in  Figs.  1  and  2  to  be  almost 
independent  of  the  split  point  for  1  <  3  <  2,  the  correct  value  for  3  is  shown 
to  he  0.25  at  the  intersection  with  the  unified  full-wave  solution.  The  value  6 
enters  the  above  equation  implicitly  (through  v  )  in  the  expression  for  the  rms 
slopes  of  the  large  scale  surface.  They  are  logarithmic  functions  of  v^  the  wave- 
number  where  spectral  splitting  is  assumed  to  occur  (3.6)  for  the  idealized  sea- 
surface  vaveheight  spectrum  assumed  here  (3.1). 
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Figure  Captions 

Fig.  1.  Like  polarized  backscattered  cross  sections  for  normal  incidence 

as  a  function  of  the  roughness  parameter  B  or  v^  ;  Er  ■+  •»  (perfectly 
conducting  boundary).  P=V  or  H  (vertical  or  horizontal  polarization). 

Fig.  2.  Like  polarized  backscatter  cross  sections  for  normal  incidence  as 

a  function  of  the  roughness  parameter  B  or  vfl  >  Er  =  ^2-i39  (finitely 
conducting  boundary).  P=V  or  H  (vertical  or  horizontal  polarization). 

Fig.  3.  Cross  polarized  (IVQ)  backscattered  cross  sections  for  normal  incidence 
as  a  function  of  the  roughness  parameter  B  or  v^  ;  Ef  ■*  ”  (perfectly 
conducting  boundary ) .  F,Q=V  or  H  scattered  and  incident  polarizations 
respectively. 

Fig.  it.  Cross  polarized  (Pj*Q)  backscattered  cross  sections  for  normal  incidence 
as  a  function  of  the  roughness  parameter  B  or  v^  ;  =  h2— i 39  (finitely 

conducting  boundary).  P,Q=V  or  H  scattered  and  incident  polarizations 
respectively. 
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TABLE  I 


8 

vfl  {cm-1} 

2  2 
<h  >  (cm  ) 
s 

2 

°£s 

.1 

.856 

.00312 

.0219 

.25 

.5*42 

.00780 

.0178 

.50 

.381* 

.0156 

.0182 

.75 

.313 

.023*1 

.0172 

1.00 

.271 

.0312 

.0166 

1.25 

.2143 

.0390 

.0161 

1.50 

.222 

.0*468 

.0156 

1-75 

.205 

.05*46 

.0153 

2.00 

.192 

.062*4 

.0150 

2  2 

Table  I.  List  of  the  values  of  v.,  <h  >  and  <c  >  for  different 

o  s  s 

values  of  the  roughness  parameter  fi- 

List  of  Symbols  and  Notatiore  in 
Illustrations  1  Through  *4. 


Symbol  notation 

Cross  Section 

Symbol 

Notation 

- — - 

Modified  Cross  Section  (x  ■*■1) 

A 

*0 

V 

total  tvo-scale 

-4- 

^  PP.o 
<0  > 

total  tvo-scale 

large  scale 

E9 

A 

Q3 

V 

>•  O 

large  scale  (Brovn) 

fBBM 

small  scale 
m=l 

-O- 

mm 

small  scale  m=l  (Brovn) 

<0PP>, 

s2 

small  scale 
m=2 

small  scale  m=2 

Rmfll 1  scale 
n«3 

H 

small  scale  m=3 
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UCOKQlDiT  DIFFUSE  SCATTERING  Bi  IRREGULAR  SHAPED  PARTICLES  OK  FINITE  CONDUCTIVITY 
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ABSTRACT 

The  incoherent  diffuse  scattering  intensities  (Stokes  parameters)  are  evaluated  for  infrared  and 
optical  excitations  of  a  layer  consisting  of  random  distributions  of  finitely  conducting  irregular 
shaped  particles.  7he  full  vave  approach  is  used  to  determine  the  elements  of  the  phase  matrix  and 
the  extinction  cross  sections  appearing  in  the  equation  of  transfer.  The  rough  surface  height  of  the 
particles  is  characterized  by  different  surface  height  spectral  density  functions. 


1.  urraoDUCTiON 

Scattering  of  electromagnetic  waves  in  media 
consisting  of  random  distributions  of  particles 
has  been  investigated  extensively  using  the  equa¬ 
tion  of  transfer.1*2  The  main  difficulty  in 
setting  up  the  equation  of  transfer  lies  in  the 
determination  of  the  elements  of  the  l*xl  scatter¬ 
ing  matrix  for  the  individual  particles.  Thus, 
most  of  the  work  has  been  done  for  particles  of 
idealized  shapes  such  as  spheres. 

In  this  work  a  method  is  presented  for  the 
modification  of  the  results  derived  for  particles 
with  idealized  shapes  to  account  for  the  random 
surface  roughness  of  the  particles.  To  this  end, 
the  full  wave  approach ^  was  used  to  determine 
the  rough  surface  contributions  to  the  like  and 
cross  polarised  scattering  cross  sections.  Dif¬ 
ferent  particle  sizes  with  different  complex  di¬ 
electric  coefficients  are  considered.  The  rough 
surface  height  is  characterized  by  different 
surface  height  spectral  density  functions  (the 
Fourier  transforms  oT  the  surface  height  auto¬ 
correlation  functions ). 

2.  FORMULATION  OF  THE  PROBLEM 


The  full  wave  solutions  for  the  normalized 
scattering  cross  sections  <o^>per  unit  cross 
sectional  area  (Ay-sh^)  are  expressed  as  a 
weighted  sue.3 

<0  <1 


the  symbol  <•>  denotes  the  statistical  average. 

In  the  above  expression  the  first  and  second  super¬ 
scripts  indicate  the  polarizations  of  the  scat¬ 
tered  and  incident  vaves  respectively.  Thus  i,J=l 


denotes  Vertical  polarization  and  i  ,J*2  denotes 
Horizontal  polarization.  The  cross  section 
is  the  modified  cross  section  associated  with  the 


unperturbed  sphere. 


<«1J>t*lx  (v)|2<a1J>Mlf  (2) 

In  (2)  I»  the  Hie  solution,2  for  the  like 

and  cross  polarized  cross  sections  of  the  unper¬ 
turbed  sphere.  The  coefficient  of  is  the 

rough  surface  height  characteristic  function 

»*(*)■  <ejtp  lvh^  (3) 

In  which  v  is  the  magnitude  of  the  vector 

»-k  (n^-n1 )  (l) 

-f  -1  0 

where  n  and  d  are  tmlt  vectors  in  the  direction 
of  the  scattered  and  incident  wave  normals.  The 
coefficient  |x*l2  accounts  for  the  degradation  of 
the  reflected  vave  due  to  surface  roughness. 

lhe  second  term  In  (l)  <01^>>  is  the  contri¬ 
bution  to  the  total  scattering  cross  section  due 
to  the  surface  roughness.  It  Is  expressed  as11 


<c*^>  *jA^(nf  .ii*  ,n)(n*a  )Q  (nf  ,ni  ,n)p(n)dn  (5) 
s  _  y  s 

in  which  n  is  b  unit  vector  normal  to  the  surface 
of  the  scatterer, 


A^fif.n1  ,n)*=  : 


|(v,£r)(£y-n). 


P2(n  .n1 1 n )  (6) 


Qs(nf>n>n)*(v*ar)  /  (x|(v‘ar)~ lx(v*ar)  |  ) 


•  exp(iv*rd)dxddzd  (7) 

and  p(n)  is  the  probability  density  function  for 
the  slope  of  the  surface  of  the  scatterer.  In 
(6),  D*J  is  the  scattering  coefficient  which 
depends  on  the  polarizations  and  the  directions 
of  the  wave  normals  for  the  incident  and  scat¬ 
tered  waves  as  well  as  the  complex  electromag¬ 
netic  parameters  (c.p)  of  the  scetterers.  The 
terr  .^(fi** jfi)  is  the  probability  that  a  point 
on  the  rough  surface  is  both  illuminated  by  the 
source  and  visible  to  the  observer  given  the 
slopes  (n )  of  the  surface  of  the  scatterer.^ 

In  (7)  XS(v*ar)  and  Xp(^*ar)  are  the  rough 
surface  height  characteristic  function  and  Joint 
characteristic  function  respectively, 

Mid  )«cexp( ivfhs  )>  (8) 

Xg(5-;/=<exp[ivr(hs-hp]>  (9) 

in  which  v  =v*a  . 

r  r 

With  the  above  expressions  for  the  scatter¬ 
ing  cross  sections  (l),  the  general  expression 
for  the  equation  of  transfer2  can  be  written  as 
follows  for  a  plane  parallel  slab  consisting  of 
rough  spherical  particles 

v5dT'  (10) 

In  (10),  T  is  the  optical  distance  in  the  z  di¬ 
rection  (normal  to  the  plane  parallel  slab).  Since 
<0iJ>8  vanishes  in  the  forward  direction,  the  ex¬ 
tinction  matrix"  for  the  rough  sphere  can  be 
represented  by  a  scalar  quantity.  The  matrices 
[Ij  and  [I’]  are  the  (^xl)  incoherent  specific 
diffuse  intensity  matrices  for  waves  scattered 
from  the  particles  in  the  direction  6*cos“*u  and 
4  and  for  vaves  Incident  in  the  direction 
b  cosily'  and  respectively.  The  (1<xM 
scattering  matrix  [S]  in  the  reference  coordinate 
system  can  be  » rpressed  in  terms  of  the  scatter¬ 
ing  matrix  [S']  in  the  scattering  plane  as 
follows : 

[sHH-*«o)J[S*][JGa')]  (11) 

in  which  [X]  la  a  transformation  matrix  and 


(12) 


In  (12)  is  tl,e  scattering  matrix  for  the 

unperturbed  sphere.  The  coefficient  j XS ( v- ar )  1 2 
accounts  for  the  fact  that  the  specular  point 
contributions  to  the  scattering  cross  sections  is 
decreased  because  of  the  rough  surface.  The  dif¬ 
fuse  scattering  matrix  [Ss]  due  to  the  random 
rough  surface  height  h  of  the  particle  is  given 
* 


is',] 

[s’2] 

0 

0 

Cs^3 

(«*) 

0 

0  • 

0 

0 

0 

0 

(13) 

A 

[<o13> 

(lk) 

in  vhieh  <o  ^>s  is  given  by  the  full  vavt  solution 
(5),  is  the  total  cross  section  and  p[*] 
denotes  average  over  particle  size. 

Furthermore  for  i=3  and  l 

[sJ1>p[Re[<o“>3  t  «£>,J]y*rf.t)  (15) 

(upper  and  lover  signs  for  1“3  and  i  respec¬ 
tively)  and  for  i/j 

IS^Vrflrft  <<’K>s+<C21>I:l]AyAl,';[ot].  M) 

(upper  and  lover  signs  for  itj*4,3  and 
1,3  *  3,1*  respectively. 

In  the  above  expressions 

kW1* 

-~T  W(:)“  (r,) 

(var)  (n-ay) 

The  remaining  eight  terms  of  the  matrix  [Ss] 
vanish  since  D*1  and  D1l(iffJ)  are  symmetric  and 
antisyssnetric  respectively  vith  respect  to  the 
azimuth  angle  6. 

In  order  to  simplify  the  solution  of  the 
transfer  equation  (10),  it  is  assumed  in  this 
vork  that  the  normally  incident  vave  is  circularly 
polarized.  Thus  the  incident  Stokes  matrix  at 
2  *  0  is  given  by 


I1^]  «  0  6(p’-l)6U’)no6(y'-l)6U’)  (16) 

*2 

where  the  -  and  +  signs  correspond  to  the  right 
and  left  circularly  polarized  waves  and  U'm  cos8'. 
The  reduced  incident  intensity  is  therefore, 

flrl]  "  tIlncJ'Xp('T)  <19) 

In  (10)  the  (Itxl)  excitation  matrix  [I.] is  given 
by 

H1>/[sJ[irl)ay,a*,-|is][Jo]j  -ixpt-T)  (20) 


vhere  3  .  the  Incident  Stokea  matrix  lc  defined  by 

(16).  ° 


3.  ILLUSTRATIVE  EXAMPLES  306 

For  the  illustrative  examples  considered  in 
this  section,  the  random  rough  surface  height  h 
(measured  normal  to  the  surface  of  the  unper-  S 
turbed  spherical  particle  of  diameter  D=2h0)  is 
assumed  to  be  homogeneous  and  isotropic.  Differ¬ 
ent  forms  of  the  surface  height  spectral  density 
function  V(vx,v2)  (which  is  the  two  dimensional 
Fourier  Transform  of  the  surface  height  auto¬ 
correlation  function  <hsh^>)are  considered. 

For  cases  (a)  and  (b)  the  specific  form  of 
the  surface  height  spectral  density  function 
considered  is 


where  the  exponent  is  assumed  to  be  n=8.  For  case 
(a)  the  roughness  parameter  is  6=J<k^<h^>*l  and  for 
case  (b)  it  is  6=10.  This  sets  the  value  of  the 
constant  C  in  (21)  since 

<hVi  /  W(vT)vTdvT  (22) 

o 

2 

The  corresponding  values  for  VjPg,A,e  and  D  are 
in  Figs.  1—1* .  For  these  cases,  the  surface 
height  autocorrelation  coefficient  R(t )r<h  h^/QjS 
can  be  expressed  in  closed  form 

-  4  -  9?]^Ko(t)  <23) 

In  (23)  *0  and  Kj  are  modified  Bessel  functions 
of  the  secood  kind  of  order  zero  and  one  respec¬ 
tively  and  the  dimensionless  parameter  (  is 

C  =  V<1  (21) 

For  all  the  illustrative  examples,  it  is 
assumed  that  a  right  circularly  polarized  wave  is 
normally  incident  at  t=0  (z=o)  upon  a  parallel 
layer  of  optical  thickness  Tc.  The  equation  of 
transfer  for  the  ezimuthally  independent  modified 
Stokes  parameters  are  solved  using  the  matrix 
characteristic  (eigen)  value  technique.^  For  case 
(a)  (D/A*10)  the  scattering  cross  sections  are 
mere  sharply  peaked  in  the  forward  direction, 
thus  it  is  necessary  to  use  a  Gaussian  quadrature 
formula  of  order  32.*^  The  boundary  conditions  for 
the  incoherent  specific  diffuse  intensities  are 

[i]  «  0  for  0  <  p  <  1  at  t=0  (25) 

(transmitted  incoherent  diffuse  intensities  are 
tero  at  t*0)  and 


[i]  «  0  for  0  >  p  >-l  at  T=to  (26) 

(reflected  incoherent  diffuse  intensities  are  zero 
*t  T-T0). 

For  case  (a),  the  incoherent  diffuse  inten¬ 
sities  and  1 2  are  plotted  in  Figs.  1  and  2  as 
functions  of  6(u° ,90°) (transmitted  t  >  T0)  for 
T0«l.  The  solid  curves  correspond  to  first  order 
scattering  solutions  only  for  the  smooth  (unper¬ 
turbed  spherical)  particles  and .particles  with 
rough  surfaces.  The  first  order  solutions  are 
close  to  the  multiple  scattering  solutions  for 
T0»l,  however  multiple  scattering  does  tend  to 
make  the  incoherent  intensities  more  monctonic 
functions  of  the  scatter  angle  8.  For  optical 
thickness  T0»l ,  the  surface  roughness  has  a 
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•mailer  effect  on  the  incoherent  intensities  end 
Ij  and  1 2  ***  not  «QU»I  *n  t^je  intermediate  range 
of  angles  between  10°  and  1<0°. 

For  case  (b),  the  incoherent  intensities 
and  I2  *re  plotted  in  Figs.  3  and  1*  ac  functions 
of  6 (6°, 90°) (transmitted  T  >  To)  for  t  »10. 

Since  the  particles  are  highly  conducting  there 
li  a  smaller  difference  in  the  specific  incoherent 
Intensities  for  the  smooth  end  rough  particles. 
This  is  because  the  corresponding  albedos  are 
not  significantly  different  for  highly  conducting 
particles.  Hevertheles: ,  it  should  be  pointed  out 
that  for  optically  thin  layers  (lc  <  l)  the 
principal  effect  of  particle  surface  roughness 
is  to  smooth  out  the  undulations  In  the  diffuse 
specific  (incoherent)  intensities  as  functions 
of  the  scatter  angle.  The  effect  of  particle 
surface  roughness  is  more  pronounced  for  highly 
dissipative  particles  with  small  albedos.  The 
effect  of  surface  roughness  on  forward  scatter 
(6*0)  is  less  pronounced  since  <0  (5) 

vanishes  and  ]xS|  *♦  1  for  forward  scattering. 
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Fig.  1.  Specific  intensity  1^  case  (a),  0*1, 0  *.l 
V  D-15.9,  >*.555w,  c-  - 1*0-112  (AL),  D*101, 

TB«1,  <**0.  First  order  ( - ),  multiple  scatter: 

(*)  smooth,  (A)  rough. 


Pig.  2.  Specific  Intensity  Ig  case  (a),  0“l,o^*.l 
▼  D-15.9,  A-.555  .  c»  -l»0-il 2  (AL),  D-10A.  * 

T*»l,  #“0.  First  order  ( - ),  multiple  scatter: 

(♦)  smooth,  (A)  rough. 
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Fig.  3-  Specific  intensity  I,  case  (b )  ,  £e10 ,0^*  .1 
l*10p,  e*  -C000(l*i)(A)),  D=5*.  b 

To*10.  First  order  ( - ),  multiple  scatter:  (♦) 

smooth  (A)  rough. 
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Fig.  li.  Specific  intensity  Ip  case  (b),6“lD,C  *«1 
C*  6000(1*1 j(AL) ,  D-5*. 

To»10,  First  order  ( - ),  multiple  scatter:  (♦) 

smooth,  (A)  rough. 
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Abstract 

Using  the  full  vave  approach,  the  scattering  cross  sections 
for  finitely  conducting  particles  with  very  rough  surfaces  are 
expressed  as  weighted  sums  of  specular  point  (physical  optics) 
and  diffuse  scattering  cross  sections.  Through  a  judicious  use 
of  the  forward  scattering  theorem  and  the  observation  that  for  large 
particles  the  forward  scattered, "shadow  forming  wave  is  the  same 
for  all  surfaces  which  have  the  same  shadow  line,"  the  albedos  and 
the  extinction  cross  sections  for  particles  with  rough  surfaces  are 
evaluated.  These  computations  are  essential  to  solve  the  equation 
of  radiative  transfer  for  the  specific  intensities  (Stokes  parameters 
in  media  consisting  of  random  distributions  of  particles  with  rough 
surfaces.  The  particle  surface  roughness  has  a  significant  effect  on 
the  diffuse  specific  intensities. 


y 


309 


I.  INTRODUCTIOH 

The  problem  of  electromagnetic  vave  scattering  by  random  distribu- 

* 

tions  of  particles  has  been  studied  extensively  by  researchers  in  a 

broad  range  of  disciplines  such  as  atmospheric  aerosols,  smoke,  and  dust 

*“  in  planetary  atmospheres  (Chandrasekhar  1950,  Ishimaru  1978).  However, 

t  in  most  of  the  vork,  the  scattering  particles  are  assumed  to  be  of  idealized 

shapes  such  as  spheres,  oblate  and  prolate  spheroids  and  circular  cylinders 

for  vhich  rigorous  separable  solutions  are  knovn  (Ruck  et  al.  1970).  In 

many  physical  problems  of  interest  hovever,  the  individual  scatterers  are 

of  irregular  shapes  such  as  flakes,  spheres  and  cylinders  with  random  rough 

surfaces  (Creenberg  I960 ,  Chylek  1977a,  Scheurman  1980,  Bahar  and  Fitzvater 

1983,  Bahar  and  Chakrabarti  1985).  Several  theoretical  and  experimental 

techniques  used  in  the  study  of  scattering  and  absorption  by  irregularly 

shaped  particles  have  been  reported  in  the  proceedings  on  the  workshop 

on  light  scattering  (Scheurman  1980).  A  survey  of  several  analytical  and 

numerical  techniques  including  their  respective  pros  and  cons  has  been 

presented  by  Yeh  and  Mei  (1980).  For  example,  if  the  mean  square  height 

2  2  2 

of  the  surface  roughness  <h  >  is  small  (8  =  l»k  <h  >  «  1,  where  k  is  the 

o  o 

free  space  wavenumber)  a  perturbation  approach  can  be  used  to  account 
for  diffuse  scattering  attributable  to  the  rough  surface  (Rice  1951, 

Ruck  et  al.  15/0,  Kiehl  et  al.  1980} .  However  for  8  «  1  the  effects 
of  the  rough  surface  upon  the  scattered  specific  intensities  is 
negligible. 

For  problems  of  practical  interest  with  g  >  1,  the  perturbation 
solutions  are  not  suitable  and  a  full  vave  solution,  vhich  accounts  for 


1 
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physical  optics  and  diffuse  scattering  in  a  self-consistent  manner, 
can  he  used  to  express  the  scattering  cross  sections  as  weighted 
sums  of  the  physical  optics  and  the  diffuse  scattering  cross 
sections. 

To  facilitate  the  analysis,  it  is  assumed  here  that  the  radius 
of  the  sphere  is  not  only  large  compared  to  the  wavelength  Xq, 
hut  also  large  compared  to  the  rough  surface  height  correlation 
length.  However,  the  radii  of  curvature  of  the  rough  surfaces 
need  not  he  small  compared  to  the  wavelength.  Multiple  scattering 
between  the  different  elements  of  the  surface  of  the  sphere  is 
neglected.  The  random  rough  surface  (assumed  here  to  have  Gaussian 
statistics)  is  characterized  by  its  surface  height  (isotropic) 
spectral  density  function  and  a  corresponding  non-Gaussian  auto¬ 
correlation  function.  These  full  vave  expressions  may  be  used  to 
determine  the  elements  of  the  phase  matrix  appearing  in  the  equation 
of  radiative  transfer  for  a  medium  consisting  of  a  random  distribution  of 
irregularly  shaped  particles  (Bahar  and  Fitzvater  1985).  Since  the 
albedo  of  the  particle  is  an  important  factor  in  radiative  transfer  it 
is  also  necessary  to  determine  the  albedo  and  the  extinction  coefficient 
for  the  irregularly  shaped  particles,  in  order  to  solve  the  equation  of 
transfer  (ishimaru  and  Cheung  1980).  When  "equivalent"  spheres,  spheroids 
or  cylinders  do  not  reasonably  represent  the  basic  scattering  charac¬ 
teristics  of  irregularly  shaped  particles,  experimental  microwave  techniques 
developed  by  Greenberg  (i960)  can  be  used  to  determine  the  albedo  for 
particles  for  which  no  theoretical  method  yet  exists  (Chylek:.1977.b , 

Scheurman  1980 ) . 
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In  this  paper,  the  values  of  the  extinction  coeffici¬ 
ents  and  the  albedos  are  determined  for  spherical 
particles  of  finite  conductivity  vith  very  rough  surfaces  (8  -*■  10).  This 
is  done  using  the  full  wave  approach.  In  addition, Judicious  use  is  made 
of  the  forward  scattering  theorem  (Born  and  Wolf  19610  and  the  very 
perceptive  observation  that  for  large  scatterers  (physical  dimensions 
large  compared  to  a  vavelength)  the  forward  scattered  "shadow  forming 
wave  is  the  same  for  all  surfaces  which  have  the  same  shadow  line" 

(Morse  and  Feshbach  1953). 

The  problem  is  formulated  in  Section  2  and  the  analytical  approach 
is  given  in  Section  3-  Several  illustrative  examples  are  presented  in 
Section  li.  Using  the  results  presented  in  this  work,  it  can  be  shown  that 
particle  surface  roughness  results  in  the  blocking  of  transmission  windows 
that  appear  in  problems  of  propagation  through  thin  layers  of  randomly 
distributed  particles  of  idealized  (spherical,  circular  cylindrical) 
shapes . 

2.  FORMULATION  OF  THE  PROBLEM 

Using  the  equation  of  transfer  (Chandrasekhar  1950,  Ishimaru  1978) 

^  =  —  t T]  1 1 ]  ♦  /ts][i']dW  +  1 3i3  ,  (2.1) 

the  scattering  and  depolarization  of  electromagnetic  waves  in  media 
consisting  of  random  distributions  of  particles  has  been  investigated 
extensively.  However,  most  of  this  work  has  been  conducted  for  particles 
of  idealized  shapes  such  as  spheres  for  which  rigorous  solutions  are 
known  for  all  the  sixteen  elements  of  the  phase  (Mueller)  matrix  [s]  as 
well  as  for  the  extinction  matrix  [T].  In  (2.1)  the  elements  of  the  [1<xl] 
specific  intensity  column  matrices  [i]  and  [ X ' ]  are  the  Stokes  parameters 
for  the  scattered  and  incident  waves  respectively. 
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Thus  for  instance, for  spheres,  the  elements  of  the  phase  matrix  [s]  can 

he  expressed  in  terms  of  the  Mie  solutions  (ishimaru  1978)  for  the 

scattering  coefficients  f^  that  relate  the  scattered  vertically  and 

horizontally  polarized  wave  amplitudes  E^  and  Ef  to  the  incident  vertically 

and  horizontally  wave  amplitues  El  and  E' 

jo  r 


In  (2.2)  is  the  free  space  wavenumber  and  r  is  the  distance  from  the 
center  of  the  sphere  to  the  observation  point. 

The  integration  in  (2.1)  is  over  the  solid  angle  dI5'  =  sin8  'd6  ’ d<J> ' 

=  -dp'd$'  where  JJ1  =  cosG'  and  6’  and  4>'  are  the  polar  and  azimuthal 
angles  of  the  unit  vector  fi1  in  the  direction  of  the  incident  wave  normal. 

The  unit  vector  in  the  direction  of  the  scattered  wave  normal  ( 8  , )  is  n  . 

The  excitation  matrix  [i^J  is 

[I-W  [S][lr.]dpd4»  ,  (2.3) 

where  [Iri]  is  the  reduced  incident  intensity  (ishimaru  1978).  The 

differentiation  in  (2.1)  is  with  respect  to  the  displacement.  For  spherical 

particles  the  extinction  matrix  [T]  (ishimaru  and  Cheung  1980)  is  replaced 

by  a  scalar  quantity,  the  extinction  coefficient  (or  total  cross  section) 

o^.  The"forward  scattering  theorem"  (Born  and  Wolf  196*0  relates  the 

total  cross  section  to  the  imaginary  part  of  the  scattering  amplitude 

in  the  forward  direction  fi^(nf,ni)  (where  nf  =  n*).  Thus  for  a  spherical 

particle, the  normalized  total  cross  section  (per  unit  area  of  the  cross 
2 

section;  na  )  is  given  by 

Ot  =  — ~  Im[fii.(nf,n1)],  i=l  or  2 


( 2 .  U  ) 


In  general  however,  for  particles  of  irregular  shape  such  as  finitely 
conducting  flakes  or  spheroids  with  random  rough  surfaces,  it  is  more 
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difficult  to  determine  the  scattering  coefficients  f  .  When  the  surface 

2  2  2 

roughness  of  the  particles  is  small  (B  =  hko<h  >  «  1,  where  <h  >  is 
the  mean  square  height  of  the  surface  roughness  measured  normal  to  the 
unperturbed  surface),  perturbation  theory  can  be  used  to  determine  the 

diffuse  scattering  contribution  due  to  the  surface  roughness  (Rice  1951, 

Ruck  et  al.  1970).  In  this  case  can  be  approximated  by  its  cor¬ 
responding  unperturbed  value  since  the  diffuse  scattering  contributions 
for  large  particles  vanishes  in  the  forward  direction  and  the  shadow  boundary 
is  practically  unchanged.  For  the  cases  covered  by 

the  perturbation  restriction  (B  «  1)  however,  the  effects  of  surface 
roughness  upon  the  specific  intensities  (Stokes  parameters)  is  very  small. 

In  this  work, scattering  by  particles  with  very  rough  surfaces  is 
considered  (10  >  B  >  l)  and  perturbation  theory  cannot  be  used  to  determine 
the  elements  of  the  scattering  matrix  f...  Thus,  the  effects  of  surface 
roughness  on  the  specific  intensities  cannot  be  ignored. 

For  the  cases  considered  in  this  manuscript,  the  full  wave  approach 
(Bahar  198l)  (which  accounts  for  specular  point  scattering  as  well  as 
diffuse  scattering  in  a  self-consistent  manner)  is  used  to  determine  the 
elements  of  the  phase  matrix  [S]  as  well  as  values  for  the  total  cross 
sections  and  the  albedos  for  spherical  particles  with  very  rough 

surfaces.  Thus  the  phase  matrix  for  the  rough  particles  (in  the  scattering 
plane)  [S']  is  expressed  as  a  weighted  sum  of  two  matrices  (Bahar  and 
Fitzvater  19 86 ) 


[S']  =  |X(v-ar)J2  CSMie]  +  [SjP  ,  (2.5) 

jin  which  x  the  characteristic  function  for  the  rough  surface  height  h  meas- 

jured  along  the  normal  (n=aj.)  to  the  unperturbed  (spherical)  surface  of  the 
particle.  For  surface  height  probability  density  functions  that  are  Gaussian 


1 X  Wr )  1 2=  exp[-(v^<h2>)] 
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and 


—  /  — f  —i s  —  — 

v  =  k  (n  -  n  )  ,  vp  v-a 


(2.6a) 

(2.6b) 


The  elements  of  the  matrix  S,..  are  determined  by  the  Mie  solutions 
"  Mie 

for  f .  for  a  smooth  spherical  particle  and  the  diffuse  scattering  contributions 

[Sj  due  to  the  rough  surface  are  given  by  the  full  vave  solutions.  It 
n 

is  assumed  in  this  vork  that  the  correlation  length  of  the  surface 
roughness  is  smaller  than  the  particle  radius  a  and  that  k^a  >  15- 
Thus  the  full  wave  solution  (2.5)  represents  the  degradation  of  the 
specular  point  contribution  to  scattering  (since  ] X 1  <  l)  along  with 
diffuse  scattering  [ ]  that  is  due  to  the  surface  roughness.  For 
very  small  surface  roughness  (£5  «  1 ) ,  J X ) 2  ■*  1  and  the  diffus  scattering 
term  reduces  to  Bragg  scattering  (Bahar  and  Chakrabarti  1985). 

The  problem  of  determining  the  total  cross  section  also  becomes 
more  complicated  as  the  surface  roughness  increases.  It  has  been  shown 
that  for  large  particles  (k^a  >15)  the  forward  scattered  "shadow  forming 
wave  is  the  same  for  all  surfaces  which  have  the  same  shadow  line."  (Morse 
and  Feshbach  1953).  Thus  for  small  surface  roughness  (£  <  l)  the  shadow  line 
(that  distinguishes  the  illuminated  surfaces  of  the  particle  from  the  non- 
illuminated  surface)  ,  is  practically  the  same  as  that  for  the  unperturbed 
sphere  and  the  value  for  the  total  cross  section-  is  for  all  practical 
purposes  unmodified  for  6  «  1.  However,  as  the  value  of  8  increases 
(8  >  l),  the  shadow  line  becomes  significantly  distorted  and  cannot  be 
approximated  by  the  corresponding  value  for  the  unperturbed  sphere.  Further¬ 
more,  analytical  expressions  for  the  forwe-d  scattered,  shadow  forming  waves 
±"ii (n1  .n1  )a_re  not  readily  obtained  for  particles  with  irregular  shape  (Scheurman  19£t. 

In  the  next  section  expressions  are  derived  for  the  total  cross 
sections  and  the  albedos  for  spherical  particles  with  very  rough  surfaces. 
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making  judicious  use  of  the  observation  that  the  "shadow  forming  wave  is 
the  sane  for  all  surfaces  which  have  the  same  shadow  line"  (Morse  and 
Feshbach  1953)  and  physical  implications  of  the  "forward  scattering  theorem" 
(Born  and  Wolf  1961t). 

3.  THE  TOTAL  CROSS  SECTIONS  AND  ALBEDOS  FOR 
SPHERICAL  PARTICLES  WITH  ROUGH  SURFACES 


The  albedos  for  particles  with  rough  surfaces  are  given  by 

A  =  °S/0t  =  aS/(oS+  Ga)  *  (3-2) 

in  which  a  is  the  normalized  absorption  cross  section  and  0C  is  the 

£1  o 

normalized  scattering  cross  section  (per  unit  cross  sectional  area) 


°s  =  -T  /  lx!2  +  W  / 


~  °S1  +  °S2 


(3.2) 


the  rough  surface  height  characteristic  function  is  x?  and  oM  is  the  Mie 
solution  for  the  differential  scattering  cross  section  (per  unit  solid 
angle)  for  the  smooth  (unperturbed)  sphere  (Ruck  et  al  1970,  Ishimaru  1978). 
Thus 


0Sl=(koar2f  I*!*  HV0)!8  +  |S2(0)|2]sin0de  .  (3.3) 

Explicit  expressions  for  the  terms  and  in  the  Mie  solution  are  given 
by  Ishimaru  (1978).  Furthermore  is  the  diffuse  scattering  contribution  to 
the  cross  section.  Thus 

oS2  =  0.25  /  (oj7  +  o™  +  oj7  +  o™)sin6de  .  (3.U) 

PQ 

in  which  0R  (P=V,h)  are  the  like  and  cross-polarized  diffuse  differential 
scattering  contributions  to  the  cross  sections  (Babar  and  Chakrabarti  1985, 
Bahar  and  Fitzwater  1985).  The  above  full  wave  solution  represents  a 
weighted  sum  of  two  cross  sections.  The  first, o  .  is  the  modified  Mie 
solution.  The  degradation  of  the  physical  optics  contribution  is  manifested 
by  the  factor  |x|^<l.inthe  integrand  of  0g^.  The  degradation  of  the  physical 
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optics  contribution  due  to  the  effects  of  the  rough  surface  is  accompanied 

by  the  diffuse  scattering  term.  This  term  corresponds  to  Bragg  scattering 

(as  predicted  by  perturbation  theorylfor  0  «  1  (Rice  1951)-  When  0=0 

(smooth  sphere)>a  reduces  to  the  Mie  solution  and  the  integration  with 
b 

respect  to  the  solid  angle  dil  can  be  performed  analytically  (Ishimaru  1978). 

In  order  to  facilitate  the  solution  of  (3.1), it  is  rewritten  as 
follows 


In  (3-5)  o  is  the  total  cross  section  for  the  smooth  particle.  In  (3-5) 

use  has  been  made  of  the  "forward  scattering  theorem"  (making  a  proportional 

to  the  forward  scattered  field)  and  the  fact  that  for  large  particles 

(kQa>  l),  the  forward  scattered,  shadow-forming  wave  is  the  same  for  all 

surfaces  which  have  the  same  shadow  line  (Morse  and  Feshbach  1953 )  • 

Thus  the  ratio  (<r  /a.)  in  (3-5)  is  approximated  by  the  value  of  the  ratio 
to  t 

for  perfectly  conducting  particles  (o^/o^Jp  c>  Therefore,  implicit  in  (3.5)  is 
the  approximation,  that  for  conducting  particles,  the  above  ratio  (related  to 
the  forward  scattered  field  intensities  that  extinguish  the  incident  fields  in 
the  forward  direction)  does  not  critically  depend  upon  the  conductivity 
of  the  particle.  The  expressions  for  OtQ  and  (°to)p  c  are  given  by  the 
corresponding  Mie  solutions  (ishimaru  1978)  for  finitely  and  perfectly 
conducting  spherical  particles.  To  obtain  the  value  for  (°t)p  c  use  is 
made  of  the  fact  that 

(at}P.C.  “  (c?s)p.c.  ’  (3-6) 

where  (oc)  is  the  normalized  scattering  cross  section  for  the 

perfectly  conducting  particle  with  the  same  rough  surface  as  the  one 

under  consideration.  Thus  (<J  )  _  is  given  by  (3.2)  for  the  corresponding 

o  P .  L.  • 
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perfectly  conducting  particle  and  (3.5)  is  evaluated  as  follows 


to-'P.C. 


=  Aa/A2 


(3.7) 


Examine  (3-7)  for  tvo  limiting  cases  of  particular  interest.  As  the 
conductivity  of  the  particle  increases  A^  -*•  A^  and  A  -*•  1.  Furthermore 
as  fi  -*■  0  (small  roughness)  k^  ■*  1  since  (og)pc  =  (ot)pc  ^°to^PC  and 
A  ■*  A.  =  Oc/a  .  As  expected ithe  albedo  BDproaches  unity  for  highly 

i.  o  wO 

conducting  particles  and  approaches  the  corresponding  value  for  smooth 
particles  as  g  ■*  0. 

It.  ILLUSTRATIVE  EXAMPLES 


For  the  illustrative  examples  considered  in  this  work,  the  random 

rough  surface  height  h  is  assumed  to  be  homogeneous  and  isotropic  . 

Thus,  the  surface  height  autocorrelation  function  <h(r)h(r')>  is  only  a 

function  of  the  distance  r^  =  |r-r'J  measured  along  the  surface  of  the 

Cunperturbed )  spherical  particle  of  radius  a.  It  is  also  assumed  that  the 

rough  surface  correlation  length  is  smaller  than  the  circumference  of 

the  particle,  (t  =  2(<h 2>/<02>)?s). 

c  s 

The  surface  height  spectral  density  function  Wtv^)  (which  is  the 
Fourier  transform  of  the  autocorrelation  function  <hh’>)is  assumed  to  be 

W(vT)  =  2C/7iv£  vd  <  vT  <  Vc  1 

for  the  case  presented  in  Table  I.  In  this  case,  the  roughness  parameter 
2  2 

8  =  lik  <h  >  is  varied  between  0  and  1.  The  va?ue  of  the  constant  C 
o 

in  (It.l)  is  determined  by  the  parameter  8  since  the  mean  square  height  is 


V 

■  c 

<h2>  -  jf  j 

W(v  )v  dv  «=  | 

_1  _  _1 ' 

o  “  o 

111  £ 

£  £ 
vd  vc 

V, 

The  upper  bound  of  v^,  is  usually  chosen  such  that  vc>2k0  since  the  spectral 
components  Vy  >  2k0  do  n  *  contribute  to  Bragg  scatter.  The  lover  bound  of  v^,  is 
v^=2ti/D  such  that  the  largest  spectral  component  (in  vavelengths)  of  the 
rough  surface  is  equal  to  the  particle  diameter. 
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The  values  for  v.  and  v  as  well  as  the  relative  dielectric  coefficient  e 
d  c  r 

{aluminum  Ehrenreich,  et  al.,  1963)  the  diameter  of  the  particle  D  and  the  wavelen 

of  the  incident  excitation  X  are  given  in  Table  I.  The  values  of  o  , 

ol 

the  modified  physical  optics  contribution,  the  diffuse  scattering 

contribution  (Bahar  and  Cbakrabarti  1985),  and  the  sum  a  ,  the  normalized 

b 

scattering  cross  section,  are  given  in  Table  I,  together  with  the  corresponding 

values  for  A  ,  A  and  the  albedo  A.  The  total  cross  section  0  =0  /A 
12  t  s 

is  also  given  in  Table  I.  If  the  diffuse  scattering 
contribution  O  is  neglected  (Abdelazeez  1983)  the  value  of  the  albedo  is 

be 

given  by  Agl  =  o  /a  •  This  quantity  is  also  shown  in  Table  I. 

The  mean  square  slope  of  the  rough  surface  with  respect  to  the 
(unperturbed)  spherical  surface 


<A  ,  | 


W(vT)v^  dvT  =  C  £n(vc/vd) 


(it. 3) 


vd 

and  the  ratiosof  the  correlation  length  to  the  circumference  of  the  particle, 

T  /'nD.are  also  given  in  Table  I.The  surface  height  characteristic  function  x 
c 

for  a  Gaussian  height  distribution  and  the  values  of  the  scattering  and 

total  cross  sections  for  the  unperturbed  particle,  o  and  o  are  also 

So  to 

listed  in  Table  I.  In  Figure  1,  O  and  O  and  0  as  functions  of  B 

b-L  be  b 

are  plotted.  As  B  increases , the  physical  optics  contribution  o  decreases 

b-L 

while  °S2,'tlle  diffuse  scattering  term  increases.  Since  as  B  increases^  g 
decreases  more  than  o decreases,  the  albedo  also  decreases  as  the  roughness 
parameter  increases  (see  Fig.  2).  Thus  the  absorption  cross  section 
0fi  =  -  Og  increases  slightly  as  B  increases. 

For  the  cases  considered  in  Tables  IT,  III  and  IV,  the  surface  height 
spectral  density  function  is  given  by 


v(vT)  -  & 


r  vT  t8 


2  2 
,  v  +  v 

‘■T  V 
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Thus  the  corresponding  expressions  for  the  normalized  surface  height 

2 

autocorrelation  function  R  =  <hh 1 >/<h  >  is 

5^(0 


-1 


R(C)  -  [l  - -3§-  +  ^§2  +  30T2J 


(J».5) 


In  (  1j  . 5 )  K  and  K,  are  modified  Bessel  Functions  of  the  second  kind  , of 
o  1 

order  zero  and  one  respectively  (Abramovitz  and  Stegun  1961))  and  the 
dimensionless  argument  is 


5  =  v  r 
m  d 


(It. 6) 


For  the  case  cons;-'  -ed  in  Table  II,  the  mean  square  slope  of  the  rough 
2 

surface  is  <os>  =  0.101  and  the  roughness  parameter  B  is  varied  from  one 
to  ten.  Using  the  relationships  betveen  <h2>  and  <0^>and  Wlv^,) ,  it  follows 


that 


<h2>  -  C/210  v6,  <o2>  =  C/81)  vk 
m  a  m 


(It. 7) 


Thus  the  values  of  C  and  v  are  determined.  Since  W(v„)  is  maximum  at  v  =  v  , 

ID  1  i  ID 

an  increase  in  v^  corresponds  to  an  increase  in  the  high  frequency  component 

of  the  surface  roughness.  In  Table  II,  the  values  of  the  vavelength  X,  the 

diameter  D,  the  relative  dielectric  coefficient  Cr  (aluminum)  and  the 

scattering  and  the  total  cross  sections  a_  and  o,  for  the  smooth  (unperturbed) 

bo  to 

particles  are  listed. 

The  values  of  0„.  ,  0__,  0_,  A.  and  A  together  vith  the  corresponding 

bl  be  b  j.  t 

values  for  the  albedo  A  and  the  total  cross  sections  0^  are  given  in 


that  0.  =  Cf  .  Such  an 
t  to 


Table  II.  Clearly  it  cannot  be  assumed 
assumption  vould  result  in  values  for  A  greater  than  unity  as  the  values  of 
A^  indicate. 

In  Fig.  3>plots  of  Osl,  Cg2  and  as  functions  of  B  are  given 


I 


while  the  corresponding  values  for  A  and  0^  are  plotted  in  Fig.  t .  Since 
for  A  =  lOy  ,  aluminum  is  highly  reflecting  Ie^]  >>  1,  the  albedo  A  decreases 
only  slightly  as  8  increases.  The  absorption  cross  section  increases  very 
slightly  with  increasing  8. 

For  the  case  presented  in  Table  III,  A,  D  and  E^  and  the  form  of  the 

surface  height  spectral  density  function  Vfv^)  (b.li)are  the  same  as  ir.  the 

case  presented  in  Table  II.  However,  instead  of  maintaining  a  constant 
2 

mean  souare  slope  <0  >,  the  location  of  the  peak  of  the  spectral  density 
s  - 

function  v  =  v  is  fixed  (v  D=l  and  T  /lTD=0.10l) .  Thus,  as  8  is  var- 
I  m  me 

2 

ied  from  0  to  10 ,  <C£>  also  increases  (see  Table  III).  In  Table  III  ,the 

values  for  °S1 >  Ogg’  °g>  ,  A^  as  well  as  for  c  and  A  are  given  for 

0  <  8  <  10.  Note  that  the  last  columns  in  Tables  II  and  III  are  identical. 

In  Figure  5,  ,  c ^  and  the  sum  0^  are  plotted  as  functions  of  8  while 

ot  and  A  are  plotted  as  functions  of  8  in  Figure  6.  There  is  a  semewha*. 

larger  variation  in  a  as  8  increases  when  the  mean  souare  slotc  varies 
a 

(Table  III)  than  where  the  mean  square  slope  is  fixed  (Table  II ). 

The  variations  in  and  A  are  r.cre  moderate  for  the  cases  presented  in 
Tables  II  and  III  (where  |  E^_  |  is  very  large)  than  for  the  case  presented 
in  Table  I.  Ncte  also  that  for  cases  presented  in  Tables  II  and  III, 

A  varies  mere  rapidly  for  small  values  of  B  and  levels  off  for  larger 
values  of  8. 

The  data  presented  in  Tables  II  and  III  (and  the  corresponding 
figures)  clearly  indicate  that  while  the  scattering  cross  section  ac  depends 

primarly  on  the  roughness  parameter  8,  the  absorption  cross  section  c  =0-0 

2  a  :  " 

depends  upon  both  8  and  the  mean  square  slope  <Og>.  Thus  for  particles  with 
the  same  value  of  8  the  absorption  cross  section  0^  increases  (and  the  albedo 
decreases)  as  the  mean  square  slope  increases. 

For  the  case  presented  in  Table  IV,  the  roughness  parameter  6  is  fixed  at 

10  and  the  quantity  v  D  is  set  equal  to  1*  as  in  Table  III.  However,  since 

m  p  2 

A=10yandD/A  varies  from  5  to  8  the  mean  square  height  is  fixed  (<h  >=£?. 5/k  ) 

but  the  mean  square  slope  <Os>  varies  (see  Table  III). 
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The  material  of  the  particle  is  a  dissipative  dielectric  with  =  1.5-i8. 

The  values  of  Ogl ,  Cg2,  Og,  ago  as  well  as  ot>  0^,  A  and  Aq  =  o^/o^ 

are  given  in  Table  IV.  In  Figure  1,0^.  og2>  cg  and  ogo  (the  scattering 

cross  section  for  the  smooth  particle)  are  plotted  as  functions  of  D/1 

vhile  0,0  ,  A  and  A  are  plotted  as  functions  of  D/A  in  Figure  8. 

Hote  that  vhile  the  plots  for  the  scattering  crocs  sections  in  Figure  7 

are  relatively  flat,  the  values  for  0  and  c  (and  therefore  0  )  decrease 

t  to  a 

vith  increasing  D/1  (they  asymptotically  approach  2  for  very  large  D/1). 

The  corresponding  values  of  A  and  Aq  increase  as  D/1  increases;  they  ul'-o 
tend  to  level  off  as  D/1  becomes  large.  Both  the  total  cross  sections, 
and  albedo  A, for  the  rough  particles  (8  =  10 )  are  smaller  than  the 
corresponding  values  ,o^  and  AQ,for  the  smooth  particles  (6  =  0). 

5.  CONCLUDING  REMARKS 

In  the  illustrative  examples  considered,  it  is  sbovn  that  surface 

roughness  results  in  a  small  but  significant  decrease  in  the  values  of 

the  albedos  of  spherical  particles.  For  particles  made  of  aluminum, 

this  effect  is  more  pronounced  at  optical  frequencies  (0.555b)  (Table  I) 

than  at  infrared  frequencies  (lOp)  (Tables  II,  III  and  IV).  The  effects 

2  2 

of  varying  the  roughness  parameter  g  =  ljk^oh  >,  the  mean  square  slope  and 
the  surface  height  spectral  density  function  (varying  v^  changes  the 
location  of  the  peak  value  of  W(v^,))  have  also  been  investigated  in  detail 
(Tables  II  and  III).  The  effects  of  surface  roughness  on  the  extinction 
cross  sections  and  the  albedos  of  particles  are  also  presented  as  functions 
of  particle  size  (D/1)  (Table  IV).  Both  aluminum  particles  (at  10P  and 
0.555p)  and  particles  made  of  dissipative  dielectric  materials  are  considered. 

On  examining  the  results,  it  is  clear  that  except  for  g  <<  1,  the 
extinction  cross  sections  for  the  rough  particles  cannot  be  approximated 
by  the  value  of  the  extinction  coefficient  for  the  corresponding  smooth 
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particle  (S'*-  0).  In  some  cases  this  would  lead  to  values  greater  than 

unity  for  the  albedos  (see  Table  II  A,  =  o„Ar  ). 

1  S  to 

When  the  optical  thickness  of  the  layers  with  random  distribution 

of  particles  is  very  small  (compared  to  unity),  several  sharp  windows  of 

transmission  may  exist  if  the  particles  have  smooth  surfaces.  These 

windows  of  transmission  are  blocked  when  the  surface  of  the  particle  is 

very  rough  (6  =  10).  ,  ,  ,  . 
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Extinction  Cross  Sections  and  Albedos 

for  Spheres  with  Rough  Surfaces  (0  <  B  <  10 ) 

v  D  =  1) 
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aSo  =  2.035  (8=0) 

atQ  =  2.059  (8=0) 
lx)2  =  e-(BcosV/2) 


6  =  l)k2<h2> 

OS 

0 

1 

2 

i) 

8 

1C 

asi  =  “T  /  0mlxl2<^ 

Tia 

2.035 

1.659 

1.1)51 

1.21)6 

1.095 

1.057 

CS2  =  W  ^  °Rdn 

0 

.  3651* 

.5658 

.7581 

.891)1) 

.9278 

°S  =  Gsi  +  °S2 

2.035 

2.025 

2.017 

2.001) 

1.990 

1.985 

A1  =  °S/oto 

•  9885 

•  9835 

•  9795 

.9737 

.9665 

.961)1 

1.000 

.9961 

•  9932 

.9891 

•  9852 

.981)1) 

m 

.9885 

.9873 

.9863 

.981)1) 

.9810 

'  .9791) 

2.059 

2.051 

2.01)5 

2.036 

2.028 

2.027 

<o2> 

S 

0 

.010 

.020 

.01)1 

.081 

.101 

A  =  IOjj 

,  D  =  5X 

» 

c  -  -6000 
r 

-  i6000 

.  T  /uD  = 
c 

0.101 

I 


327 


Table  IV.  Extinction  Cross  Sections  and  Albedos 

for  Spheres  vith  Rough  Surfaces  (5X  <  D  <  8X) 

v  D  =  1) 
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Figure  1. 

Figure  2. 

Figure  3- 

Figure  1*. 

Figure  5. 

Figure  6. 
Figure  7- 

Figure  8. 


Figure  Captions 

Scattering  cross  sections  agl  ,  Cg2>  and  0g  versus  B  (roughness 
parameter)  (Table  l). 

Extinction  cross  section  0  ,  0  ,  albedos  A  and  A  versus  6 

t  to  J- 

(roughness  parameter)  (Table  I). 

Scattering  cross  sections  0  ,  0Q2,  and  0g  versus  B (roughness 

parameter)  (Table  II). 

Extinction  cross  section  0^  and  albedo  A  versus  B  (roughness 
parameter)  (Table  II ). 

Scattering  cross  sections  og^,  °S2’  611,1  °S  versus  8 (roughness 
parameter)  (Table  III). 

Extinction  cross  section  and  albedo  A  versus  B(  roughness 
parameter)  (Table  III). 

Scattering  cross  section  ogl,  og2,  og,  and  ogQ  versus 
D/A  (Table  IV). 

Extinction  cross  section  0  ,  a.  ,  albedos  A  and  A  versus 

t  to  o 

D/A  (Table  TV). 
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ABSTRACT 

Optical  and  infrared  electromagnetic  scattering  and 
depolarization  by  layers  of  randomly  distributed  particles  of 
irregular  shape  and  finite  conductivity  are  determined  through 
the  use  of  the  equation  of  transfer.  The  irregular  shaped 
particles  are  characterized  by  their  random  rough  surface  height 
spectral  density  function  or  autocorrelation  function. 

The  extinction  cross  section  and  the  elements  of  the 
scattering  matrix  in  the  equation  of  transfer  are  evaluated  using 
a  full  vave  approach  vhich  accounts  for  specular  point  and  diffuse 
scattering  in  a  self-consistent  manner.  Both  single  scatter  and 
multiple  scatter  incoherent  specific  intensities  are  evaluated 
for  particles  vith  smooth  and  rough  surfaces. 
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X .  INTRODUCTION 


Optical  and  infrared  electromagnetic  scattering  and  depolariza¬ 
tion  by  random  distributions  of  particles  of  irregular  shape  and 
finite  conductivity  are  determined  by  solving  the  equation  of 
transfer  (Chandrasekar  1950,  Ishimaru  1976).  In  this  vork  excita¬ 
tions  of  both  vertically  and  horizontally  polarized  vaves  obliquely 
incident  upon  parallel  layers  of  particles  are  considered.  The 
irregular  shaped  particles  are  characterized  by  their  random  rough 
surface  height  spectral  density  function  V  or  its  Fourier  transform 
the  rough  surface  height  autocorrelation  function  <hh!>. 

The  full  vave  approach  (Bahar  and  Fitzvater  1963,1965;  Ethar  and 
Chakrabarti  1985)  vhich  accounts  for  specular  point  scattering  as 
veil  as  diffuse  scattering  in  a  self-consistent  manner  is  used  to 
evaluate  the  elements  of  the  scattering  matrix  and  the  extinction 
cross  section  (Bahar  et  al.  1986)  that  appear  in  the  equaticr.  of 
transfer.  The  equation  of  transfer  is  solved  for  the  incoherent 
specific  intensities  using  Caussian  quadrature  and  the  matrix 
characteristic  value  techniques  (ishimaru  et  al.  1982).  Both  single 
scatter  as  veil  as  multiple  scatter  results  for  the  co-polarized 
and  cross-polarized  incoherent  specific  intensities  are  presented 
for  particles  vith  smooth  as  veil  as  rough  surfaces.  Thus  the 
effects  of  particle  surface  roughness  upon  the  co-polarized  and 
cross-polarized  intensities  are  investigated  in  detail.  Special 
consideration  is  given  to  the  degree  of  polarization  of  the  incoherent 
specific  intensities  (modified  Stokes  parameters). 


2.  FORMULATION  OF  THE  PROBLEM 


In  this  section,  ve  formulate  the  solution  for  the  incoherent 
diffuse  specific  intensity  matrix  [i].  The  elements  of  the  matrix 
II]  are  the  modified  Stokes  parameters  (Chandrasekhar  1950,  Ishimaru 
1978) 
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in  vhich  the  symbol  <•>  denotes  the  statistical  average  and  * 

denotes  the  complex  conjugate  (a  suppressed  exp(iut)  time  dependent 

excitation  is  assumed).  The  vertically  and  horizontally  polarized 

components  of  the  electric  field  are  E^  and  E^  respectively.  A 

linearly  polarized  electromagnetic  wave  is  assumed  to  be  obliquely 

incident  upon  a  parallel  layer  of  randomly  distributed  particles  of 

finite  conductivity  and  irregular  shape.  Specifically,  in  this  work 

the  particles  are  assumed  to  be  spheres  whose  surfaces  are  randomly 

perturbed  (see  Fig.  l).  Thus  if  h  is  the  random  surface  height  of 

the  particle  measured  normal  to  the  unperturbed  sphere  of  radius  a, 

the  radius  vector  to  the  surface  of  the  irregular  shaped  particle  is 

?s  =  (a  +  h)ar  (2.2) 

in  vhich  a^_  is  the  unit  radius  vector.  The  mean  square  height,  of 
2 

the  rough  surface  <h  >  is  assumed  to  be  such  that  the  roughness 
2  2 

parameter  8  =  liko<h  >  (where  k^  is  the  free  space  wavenumber)  is 
is  large  (l  <  8  <  ^0).  Thus  the  small  perturbation  method  (Rice 


% 


3^0 

1951;  Ruck  et  al.  1970;  Kiehl  et  al.  1980)  cannot  be  used  to  analyze 
the  scattering  by  the  very  rough  particles  considered.  The  small 
perturbation  method  is  restricted  to  particles  vith  small  roughness 
parameters  8  <  0.1,  for  vhich  the  incoherent  diffuse  specific 
intensities  are  not  significantly  different  from  those  for  the  cor¬ 
responding  smooth  ( spherical)  particles .  Theoretical  and  experimental 
techniques  used  in  the  study  of  scattering  and  absorption  by  irregu¬ 
lar  shaped  particles  have  been  presented  in  the  proceedings  on  the 
vorkshop  on  light  scattering  {Scheurman  1980).  A  survey  of 
analytical  and  numerical  techniques  including  their  pros  and  cons 
has  been  presented  by  Yeh  and  Mie  (1980). 

The  full  vave  method  that  accounts  for  specular  point  scatter¬ 
ing  and  diffuse  scattering  in  a  unified,  self-consistent  manner  has 
been  used  in  this  vork  to  determine  the  scattering  and  depolarization 
by  particles  vith  rough  surfaces  (Bahar  and  Fitzvater  1983;  Bahar 
and  Chakrabarti  1985).  The  random  rough  surface  height  h  is  charac¬ 
terized  by  its  surface  height  spectral  density  function  V  or  its 
Fourier  transform,  the  surface  height  autocorrelation  function 
<hh’>. 

The  incoherent  diffuse  specific  intensity  matrix  [i]  satisfies 
the  equation  of  transfer  (Chandrasekhar  1950;  Isbimaru  1978) 

y  *111  =  _[i]  +/  [S][l']dp  d$  +  [I.]  (2.3) 

in  vhich  t  is  the  optical  distance  in  the  z  direction  (normal  to  the 
plane  of  the  slab,  see  Fig.  2). 

T  =  zp[o  ]  H  z/c  n(D)dD  (2.1*) 

U  "t 
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where  D  is  the  diameter  of  the  unperturbed  spherical  particle, n(D) 
is  the  particle  sise  distribution  and  a  is  the  total  cross  section 
(extinction  coefficient).  The  symbol  p[*]  denotes  integration  over 
the  size  distribution.  The  effects  of  the  particle  surface  rough¬ 
ness  (vhich  is  assumed  to  be  isotropic  and  homogeneous )are  vanish¬ 
ingly  small  in  the  forward  direction,  thus  the  extinction  matrix 
(ishimaru  and  Cheung  1980;  Cheung  and  Ishimaru  1982)  for  the  particle 
with  the  rough  surface  can  be  represented  by  a  scalar  quantity.  The 
matricc.-;  Cl]  and  Cl']  are  the  incoherent  diffuse  intensities  for 
waves  scattered  by  the  particles  in  the  direction  6  =  cos  and  <p 
and  for  waves  incident  in  the  direction  0'  =  cos  \i'  and  <t>' 
respectively.  The  ( locli )  scattering  (phase)  matrix  [s]  in  the 
reference  coordinate  system  is  expressed  in  terms  of  the  scattering 
matrix  [S']  in  the  scattering  plane  (that  contains  the  incident 
and  scatter  wave  normals  n  and  n  respectively,  see  Fig.  2) 


3^2 


where  f .  are  elements  of  the  2x2  scattering  matrix  for' the  unperturbed 
(spherical)  particle 

E*  =  fll  f12  E*  eXp(-1Xor)  (2  8) 

Er  "  f21  f22  K 

In  (2.8)  ££,  r  and  E^,  Er  are  the  incident  and  scattered  vertically 
and  horizontally  polarized  electric  field  components  in  the 
scattering  plane  and  r  is  the  distance  to  the  field  point  from  the 
center  of  the  spherical  particle.  For  a  smooth  sphere  f  are  given 
by  the  Mie  solution  (Ruck  et  al.  1970;  Ishimaru  1978)  and  [f]  is  a 
diagonal  matrix.  The  transformation  matrices  in  (2.5)  are 

given  in  terms  of  the  angle  a'  between  the  reference  plane  of 
incidence  and  the  scattering  plane  and  the  angle  a  between  the 
scattering  plane  and  the  reference  plane  of  scatter  (see  Fig.  2) 


URo)]  = 


The  quantity  x  in  (2.6)  is  the  particle  random  rough  surface 
characteristic  function. 
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ij  (2.9) 

X  (v-a^)  =  <exp(iv*ar  h  )>  (2.10) 

in  which 

v  =  k  (n^ei!1)  (2.11) 

o 

Thus  the  coefficient  J x I  in  (2.6)  accounts  for  the  degradation 
of  the  specular  point  contributions  to  the  scattered  fields  by  the 
rough  surface  (|xi^  <  ^  and  as  8  -*•  0  |x|^  -*•  l).  The  diffuse 
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scattering  contribution  to  the  matrix  S'  due  to  the  particle  rough 
surface  is  given  by 
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(2.12) 

Is?j]  =  p[<°iJ>D]  *  for  =  1>2  (2-13) 

2 

in  vhich  A *  ira  is  the  average  cross  sectional  area  of  the  un¬ 
perturbed  particle  and  <0  are  the  full  wave  solutions  for  the 
like  (i=j)  and  cross  polarized  (ijfj)  scattering  cross  sections 
(Bahar  and  Fitzvater  1983,  Bahar  and  Chakrabarti  1985).  The 
first  and  second  superscripts  i ,j  denote  the  polarizations  (V  vertical 
and  H  horizontal)  of  the  scattered  and  incident  waves  respectively 


where 


<a' 


V>_ 


=  /  /  |koDlJ|2  ?2Q  sinydyd6/n2 
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Q  = 


/  ar|2)exp(iv*rd)dxddzd 


(2.11*) 


(2.15) 


Since  the  rough  surface  height  h  is  assumed  to  be  isotropic  and 
homogeneous,  the  surface  height  autocorrelation  function  <hh'>  and 
the  joint  characteristic  function  Xg  61-6  only  functions  of  the 

2  2  h 

distance  r,  =  (x,  +  z,)"3  measured  along  the  surface  of  the 
d  d  d 

unperturbed  sphere.  For  rough  surface  heights  with  Gaussian 


I 


distributions 


3I4  It 

|x(v*ar)|2  =  exp[-(v‘ar)^<h2>]  (2.16) 

and 

X0(v*a  )  =  <exp  iva  (h-h '  )>  =  expl  (v*a  )  <hh’>]|x(v*a  )  | 

*  r  r  r  (2.17) 

In  (2.15)  it  is  assumed  that  the  surface  height  correlation  length 
rc  is  small  compared  to  the  particle  circumference  nD. 

For  i  =  3  and  It 


(upper  and  lover  signs  for  i  =  3  and  if  respectively)  .  For  i^j 

rsjj]  =  p[lm[±  <022>d  +  <a21>D3]Ay/1,1TpI-0t-J  (2,19) 

(upper  sign  for  i  =  if ,  j  =  3  and  lover  sign  for  i  =  3,  J  =  if 
respectively) . 

In  the  above  expressions 

<o^>  =  /  f  D1J  Dk  P2QsinYdyd5/v  (2.20) 

0  0 

In  (2. lit)  and  (2.20),  Pg,  the  shadov  function,  is  the  probability 
that  a  point  on  the  surface  of  the  particle  is  both  illuminated  and 
visible  given  the  slope  of  the  surface  at  the  given  point  (Sancer 
196h).  The  scattering  coefficients  are  functions  of  n*,n*"  and  n 
the  normal  to  the  unperturbed  surface  of  the  particle  as  veil  as  its 
electromagnetic  parameters  e,y.  The  remaining  eight  terms  of  the 
matrix  [S^]  vanish  since  Dli  and  Di^  (i^j)  are  symmetric  and 
antisymmetric  respectively  vith  respect  to  6  the  azimuth  angle 
for  the  sphere. 


In  this  vork  it  is  assumed  that  a  linearly  polarized  vave 
(vertical  or  horizontal)  is  obliquely  incident  upon  a  parallel  layer 


3>*5 


of  optical  thickness  Tq  containing  a  random  distribution  of  particles 
with  rough  surfaces.  The  incident  Stokes  matrix  at  z  =  0  is 
{see  Fig.  2) 

[I,  3  =  I*WV)64')  (2.21) 

1EC  O 

in  vhich  p1  =  cosd1,  the  direction  of  the  incident  wave  is  (8  ,0) 
and 
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o' 

M 
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II 

0 

and  = 

l 

O 

0 

o 

0 

0 

J 

0 

for  P  *=  V  (vertical)  and  P  =  H  (horizontal).  In 
Dirac  delta  function.  Thus  the  reduced  incident 

[lri3  =  [linc]  expC-T/y1) 
and  the  (l*xl)  excitation  matrix  (2.3)  is 

Ilj]  =  l[S][lr.]dy'd(f.'  =  [Flexpt-T/p1) 
in  vhich  the  (l*xl )  matrix  If]  is 


(2.22) 

(2.21)  6(*)  is  the 
intensity  is 

(2.23) 


(2.2M 


IF]  =  [SJ[lF] 


p'=p 

<t>'=o 


1 


(2.25) 


and  the  matrix  £l  ]  is  defined  in  (2.22).  The  matrix  [f]  can  be 
o 

expressed  as  a  Fourier  series  (ishimaru  et  al.  1982 ) 


[Fl  =  £  [F]a  cosing  +  £  [F]  sinm4> 

m  ,  in 

m=o  m=l 


(2.26) 


in  vhich 


m! 


"Fml 

'  o  ‘ 

F  „ 

0 

m2 

0 

F  ? 
m3 

0 

_FbA 

(2.27) 
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For  normally  incident  (6i=0)  linearly  polarized  vaves,  the  terms 
m=0  and  m=2  are  the  only  non-vanishing  terms  and  for  normally 
incident  circularly  polarized  vaves  the  only  non-vanishing  term  is 
3D=0.  However,  for  the  obliquely  incident  linearly  polarized  waves 
considered  in  this  work,  the  number  of  terms  of  the  infinite  series 
needed  to  be  considered  depends  on  the  desired  accuracy  of  the 
numerical  results  (see  Section  3). 


From 

(2.26) 

it  follows  that 

2  IT 

=  2i  / 

(2.28a) 

and  for  m 

>  i 

'  2n 
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-  j  [F]cosm<}id$,[F]m  = 

—  /  [F]sinm(J>di{> 

(2.28b) 
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The  incoherent  specific  intensity  matrix  [i]  can  also  be 
expressed  in  terms  of  the  Fourier  series 

OO  CO 

-»b 


II]  =  £  £i]  eosm<J)  +  I  [i]  sinn$ 
id  _  m 

m=o  m=l 


(2.29) 

Since  the  elements  of  the  scattering  matrix  [s]  are  functions  of 
it  is  expressed  as  follows 

OO  > 

[S]  =  +  ^  2  l[Sj%osm(<f>’-$>)+  [S]^sinm(ij),-(())|  (2.30) 

■  m=i  u  J 

Furthermore,  for  the  rough  sphere  f^  are  even  functions  and  f^ 
dyjj  are  odd  functions  of  <f> 1  — 4> ,  for  m=0,l,2  ...  ,  thus 


rs j* 

1  m 

0 

,  ls3l  = 

0 

0 

rs  3^ 

3  m 

0 

rs]*  = 

Q 


[sj*  tsj‘,  “d 

4  a  2  m  j  m 


(2.31) 

(2.32) 


where 
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► 
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are  (2x2)  matrices  given  by 
2n 

Is.]a  =  /  [S . 3  cosm( 4> *  —  4>)d. ( ,  i=l,*»  > 

1  m  „  l 
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[S.r  =  /  [S.]  sinm(4> ’-4> )d ( (#>’ -4>)  ,  i=2,3 

i  m  '  i 


and  Is.]  are  the  {2x2)  matrices  defined  "by 


Is] 


Isi] 

Is2T 

ts3] 

i — i 

~=x 

(O 

(2.32a) 

(2.32b) 


(2.33) 


It  therefore  follows  that  the  first  two  elements  of  the  Stokes 
matrix, and  I^,  are  even  functions  of  $'-()>  while  the  last  two 
elements,  U  and  V,  are  odd  functions  of  «{> '  — <}>  (ishimaru  et  al.  1982). 
Thus  for  m=0,l,2  . . . 


tl]m  " 


V 

o ' 

i 

0 

m2 

and  [I]*5  = 

0 

m 

u 

m 

0 

V 

m 

where  [i]  =  [0]  (2.3*0 

o 


The  equation  of  transfer  for  each  of  the  Fourier  components  can  be 
written  as  follows 

1 

I]  +  /  [s]  ri’]  d|i’  +  [F]  expt-T/u1)  (2.35) 

in  ID  £  ID  ID  ID 

in  which 

HL  =  M*  *  [l£  •  tFl  =  [F]*  +  [F]*  (2.36) 

2D  ID  2D  fil  A  Dl 

and 


IsJ 

A 


-t®3£ 


(2.37) 
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Note  that  since  Il3^  =  EoJ ,  [S.J^  =  [Oj  (i=2,3)  and  IfI  =  ToJ  the 
o  1  o  o 

last  tvo  elements  of  the  matrix  equation  (2.35)  vanish  for  the 
case  sfO. 

The  boundary  conditions  for  the  StoV.es  matrix  [i]  are 

for  0  <  y  <  1  at  t  =  0  (2.38a) 

and 

[I]  =0  for  0  >  y  >  -1  at  T  =  T  (2.38b) 

m  -  -  o 

Equation  (2.35)  together  with  the  associated  boundary  conditions 
(2.38)  are  solved  for  [I]  using  the  Gaussian  quadrature  method 

2U 

(to  discretize  the  angle  6)  and  the  matrix  characteristic  value 
technique  (ishimaru  1978). 

It  is  also  necessary  to  determine  the  extinction  coefficient 
(total  cross  section)  c>t  in  order  to  solve  the  equation  of  transfer 
(2.3)-  When  "equivalent"  spheres  do  not  reasonably  represent  the 
basic  scattering  characteristics  of  irregular  shaped  particles, 
Greenberg  has  developed  experimental  microwave  techniques  to 
determine  the  albedos  of  particles  for  which  no  theoretical  method 
existed  (Greenberg  I960,  Chylek  1977,  Scheurman  1980).  In  this  work 
the  full  wave  approach  (which  unlike  the  small  perturbation  method 
is  not  restricted  to  small  values  of  6)  is  used  to  evaluate 
(Bahar  et  al.  1986)  by  making  Judicious  use  of  the  forward 
scattering  theorem  (Born  and  Wolf  1964)  and  the  very  perceptive 
observation  that  for  large  scatterers  (compared  to  wavelength)  the 
forward  scatter  "shadow  forming  vave  is  the  same  for  all  surfaces 
which  have  the  same  shadow  line"  (Morse  and  Feshbach  1953). 


3^9 


The  diffuse  specific  scattering  intensities  1^  and 
correspond  to  vertically  polarized  (Eg)  &Bd  horizontally  polarized 


the  receiver  is  either  parallel  (E^)  or  perpendicular  ( E  )  to  the 

polarization  of  the  incident  vave.  The  corresponding  diffuse 

specific  intensities  I  and  I  are  the  co-polarized  and  cross 
■X  y 

polarized  incoherent  specific  intensities  (Cheung  and  Ishimaru 
1982).  They  are  obtained  from  1^  and  through  a  linear  trans¬ 
formation  . 

The  degree  of  polarization  m  of  the  scattered  wave  is 

(ishimaru  1978),  , 

[(I  -I  )2+  u2+  V2] 

m  =  -  /  - -  <1  (2.39) 

1  2 

3.  ILLUSTRATIVE  EXAMPLES 

For  the  illustrative  examples  considered  in  this  work,  the 

particle  random  rough  surface  height  h  (measured  normal  to  the 

unperturbed  surface)  is  assumed  to  be  homogeneous  and  isotropic  and 

the  unperturbed  surface  is  assumed  to  be  spherical  (2.2).  Thus, 

the  rough  surface  height  autocorrelation  function  <h(r)h(r')>  is 

only  a  function  of  the  distance  r^  =  |r-r'|  =  (x2  +  z2)55  measured 

along  the  surface  of  the  (unperturbed)  spherical  particle  of 

radius  a.  It  is  also  assumed  that  the  rough  surface  correlation 

2 

distance  r£  (where  <hh'>  -*■  <b  >  exp(-l))  is  smaller  than  the 

circumference  of  the  particle.  The  correlation  length  is  related 

2 

to  the  mean  square  height  <h  >  and  the  total  mean  square  slope 
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<a  >  through  the  expression 


r  =  2{<h2>/<02>)?5 


(3.1) 


The  surface  height  spectral  density  function  Vtv^jV^)  is  the 
tvo  dimensional  Fourier  transform  of  the  surface  height  autocorrela¬ 
tion  function  <hh'>.  Since  the  rough  surface  is  assumed  to  be 
homogeneous  and  isotropic  the  spectral  density  function  is  only  a 
function  of 

O  1 . 

(3.2) 


vT  =  (v2  * 


Thus 


co 

W(v  ,v  )  =  —t  (  <hh’>exp(iv  x,+iv  z.)dx,dz. 
x  z  c.  *  xazaaa 


-/  <hh'>Jo(vTrd)rddrd 


(3-3) 


in  which  Is  the  zer°  order  Bessel  function  of  the  first 

kind  and  v^  and  v^  are  components  of  the  vector  v  =  ko(nf-r*)  in 

the  direction  of  the  unit  vectors  n^  and  n^  tangent  to  the  surface 

of  the  unperturbed  sphere.  In  view  of  the  Fourier  transform 

relationship  between  <hh'>  and  W 
"  W(v  ,v  ) 

<hh'>  =  J  - Xi  Z—  exp(-iv  x  -iv  z  )dv  dv 

'  x  d  z  d  x  z 


J  ^  W(v  )j  (v_r  _  )vmdv„, 
20  T  o  Td  T  T 


(3.14) 


The  following  special  form  is  assumed  in  this  vork  for  the  surface 
height  spectral  density  function 

.  _  ~l8 

w(v  )  = 

T  u 


2 ,  2 
VT+Vm 


(3.5) 


Thus  the  surface  height  autocorrelation  function  is 


32  T  3072 1CK1^ 


(3.6) 


in  which  and  are  the  modified  Bessel  functions'  of  the  second 
kind  of  order  zero  and  one  respectively  (Ahramovitz  and  Stegun 
1961()  and  the  dimensionless  argument  is 


?  -  v  r 
m  d 


(3-7) 


The  dominant  roughness  scale  (where  Wfv^)  is  maximum)  is  vT  =  and 
Vtv^)  =  C/128'11  v\  The  mean  square  height  is 


<h2>  =  j  J  W(vT)vTdvT  =  C/210  v^  (3.8) 

0 

and  the  total  mean  square  slope  is 

00 

<02s>  -  |  /  W(vT)v^  dvT  =  C/814  vm  (3.9) 

Thus  V 

r  =  1.26 A"  (3.10' 

c  -  m 

Two  special  cases  are  consideied  in  deteil  at  infrared  ana  optical 
frequencies. 

Case  (a)  X  =  lOp  D  =  5X  =  1.5-i8  (dissipative  dielectric) 

v  D  =  k  ,  <o2>  =0.101  ,  B  =  hk2<h2>  =  10,  r  /irD  =  0.101 
3ns  o  c 

Case  (b)  X  =  0.555y  D  -  10X  e  =  -^0-il2  (aluminums  Ehrenreich  19&5) 

r 

VfflD  =  1),  <02>  =  0.101,  B  =  ^0  ,  r^/rnD  =  0.101. 

For  case  (a)  (D  =  5X)  it  is  necessary  to  use  a  Gaussian  quadrature 
formula  of  order  20  to  discretize  the  angle  ?  (Ahramovitz  and 
Stegun  196^  )  and  for  case  (b)  (D  =  10X)  since  the  differential 
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scattering  cross  sections  are  very  sharply  peal.ed  in  the  forward 
direction  it  is  necessary  to  use  a  Gaussian  quadrature  formula  of  the 
order  32.  The  number  of  terms  needed  in  the  Fourier  series  expan¬ 
sions  for  the  incoherent  specific  diffuse  intensities  depends  on  the 
angle  of  incidence  6‘ .  As  was  noted  .for  normal  incidence  all  the 
terms  of  the  Fourier  series  except  m=0  ar.d  m=2  vanish.  For  case  (a,' 
it  is  necessary  to  account  for  the  terms  m=0,l,...l6  when  0  =15  and  vhe 
G3  =  30°  it  is,  necessary  to  account  fcr  the  terms  n=0,l,2  ...  2^  tc 
get  a  two  ?  igr. ;  fi  car.*,  figure  accuracy  fcr  the  excitation  matrix  F  (2.25) 

Ir.  figures  2  and  l  1.  anc  are  plotted  as  functions  of  6 

1  c 

fcr  a  vertically  polarises  wave  incident  at  an  angle  6  =  2  5  v=  -  user,  a 
parallel  layer  of  optical  t'r.icr.r.er:  7^  =  0.2.  In  Figures  5  ar.d  ( 
the  corresponding  results  arc  thevr.  fcr  a  horizontally  polarised 
incident  wave,  f  tb  first  order  ar.d  multiple  scatter!;-  results  art 
shown  for  the  sr.ooth  spherical  particles  as  well  as  the  particles 
■with  rough  surfaces.  For  a  vertically  polarised  incident  wave  the 
main  lobe  of  the  scattered  intensity  I  is-  in  the  forward  direction 
0  =  15°.  Since  the  diffuse  scattering  contributions  [S^]  is 
negligible  in  the  near  forward  direction,  the  effects  of  the 
particle  surface  roughness  is  also  negligible  in  the  near  forward 
direction.  Moreover,  since  the  Mie  solution  for  the  scattered  field 
has  a  very  large  lobe  in  the  forward  direction,  for  To  =  0.1 
multiple  scattering  effects  are  not  significant  in  the  forward 
direction.  Away  from  the  forward  direction  the  effects  of  particle 
surface  roughness  become  significant.  The  effects  of  particle 
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surface  roughness  are  primarily  manifested  in  the  smoothing  out  of 
the  large  undulations  in  the  specific  intensities  for  the  smooth 
spherical  particles.  The  effects  of  multiple  scattering  are  mere 
pronounced  avay  from  the  near  forward  directions.  The  multiple 
scattering  effects  increase  as  the  optical  thickness  increases. 

The  effects  of  particle  surface  roughness  are  more  strongly 
manifested  in  the  results  for  the  cross  polarized  specific  intensity 
1^  (Fig.  ^).  The  single  scatter  results  are  zero  for  the  smooth 
particle.  However,  for  the  rough  particle  the  single  scatter 
results  are  in  agreement  with  the  multiple  scatter  results  except 
in  the  near  forvar-d  direction  where  the  single  scatter  results  are 
negligible.  This  is  again  because  the  diffuse  scattering  contri¬ 
bution  ISp]  is  negligible  in  the  forward  direction.  For  the  same 
reason  in  the  near  forward  direction  the  multiple  scatter  results 
are  the  same  for  both  the  smooth  particles  and  the  particles  with 
rough  surfaces. 

The  principal  difference  between  the  results  for  the  horizontally 
polarized  excitations  and  the  results  for  the  vertically  polarized 
excitations  is  that  the  like  polarized  intensity  1^  (Fig.  6)  for  a 
horizontally  polarized  excitation  undulates  less  strongly.  This 
results  directly  from  the  behavior  of  the  corresponding  Kie  solutions. 

In  Figs.  7  and  8  the  incoherent  specific  intensities  1^  and  I 
are  shown  lor  the  case  considered  in  Figs.  3  and  t  (vertically 
polarized  excitation)  except  that  here  the  optical  thickness  is 

=  20.  As  the  optical  thickness  of  layer  of  particles  increases, 
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the  incoherent  specific  intensities  become  more  isotropic  and  the 
levels  of  the  like  (i^)  and  cross  (i^)  polarized  intensities 
approach  each  other.  Multiple  scattering  cannot  be  ignored  and  the 
effects  of  particle  surface  roughness  increase  avay  from  the  near 
forward  scattering  direction.  The  specific  intensities  are  lower 
for  the  particle  with  rough  surfaces  than  for  the  smooth  spherical 
particles  since  the  albedos  for  the  rough  particles  are  smaller  than 
the  albedos  for  the  smooth  particles  (Table  l).  The  corresponding 
results  for  horizontally  polarized  excitations  (not  shown)  are 
similar  to  those  for  vertically  polarized  excitations.  As  the 
optical  thickness  of  the  layer  of  particles  increases  the 
multiple  scatter  results  become  more  independent  of  polarization. 

In  Figs.  9  and  10  the  incoherent  specific  intensities  1^  and 
are  plotted  as  functions  of  6  for  vertically  polarized  waves 
incident  at  an  angle  0*  =  30°,  <J>i=  0(X  =  lOp,  case  (a)).  The  optical 
thickness  of  the  layer  is  Tq  =  1.  The  effects  of  particle  rough¬ 
ness  on  both  1^  and  are  negligible  in  the  near  forward  scatter 
direction.  However,  eway  from  the  forward  scatter  direction  the 
effects  of  particle  surface  roughness  is  very  significant.  The 
incoherent  specific  intensities  become  more  isotropic.  Moreover, 
it  should  be  noted  that  for  Tq  =  1  while  the  particle  surface 
roughness  reduces  the  level  of  1^  (like  polarized  intensity)  it 
increases  the  level  of  1^  (cross-polarized  intensity).  This  is 
because  the  albedos  for  the  particles  with  rough  surfaces  are 
smaller  than  the  albedos  for  the  smooth  particles,  and  the  cross- 
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polarized  scattering  cross  sections  are  not  zero  for  the  particles 

vith  rough  surfaces.  As  a  result  the  degree  cf  polarization  is 

smaller  for  the  layer  containing  particles  vith  rough  surfaces. 

The  single  scatter  results,  also  shovn  in  Fig.  9  indicate  the 

effect  of  the  particle  rough  surface  is  to  reduce  the  sharp 

undulations  in  the  specific  intensity  1^. 

In  Figs.  11  and  12  the  co-polarized  (i^)  and  cross-polarized 

(l^)  incoherent  specific  intensities  are  plotted  as  functions  of 

the  azimuth  angle  $  for  horizontally  polarized  waves  incident  at 

an  angle  61=  30°,$1=0(X  =  lOpi,  case  (a)}.  The  optical  thickness  of 

the  layer  is  t^^O.l  and  the  (forward)  scatter  angle  is  0  =  68.1°. 

The  first  order  and  multiple  scatter  results  for  the  specific 

intensities  I  and  I  are  less  than  1/2  db  apart  for  the  particles 
x  y 

with  rough  surfaces.  On  the  other  hand,  the  corresponding  results 
for  the  smooth  particles  are  far  more  oscillatory  and  there  are 
significant  differences  betveen  the  first  order  and  multiple 


scatter  results  especially  for  the  crcss-polarized  intensities  (I  ) 
in  the  neighborhood  of  $  =  0  and  $  =  n. 


The  co-p:olarized  (i  }  and  cross -polarized  (I  )  incoherent 

x  r  y 

specific  intensities  for  vertically  polarized  waves  incident  et 


an  engle  8=30°,(f’1=0{A=10y ,  case  (a))  are  plotted  as  functions  of 


the  azimuth  angle  in  Figures  13  and  li.  The  optical  thickness 
cf  the  layer  is  =  0.1  and  the  (hack)  scatter  angle  is  6  =  111  .9°. 
The  co-polarized  reflected  incoherent  specific  intensity  I  is 
larger  for  the  smooth  particles  than  for  the  rough  particles, 
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however  since  T  =  0.1,  the  multiple  scatter  and  single  scatter 
o 

results  are  less  than  0-5  db  apart.  The  reflected  flux  of  the 
cross-polarized  incoherent  specific  intensity  I  is  larger  for 
the  particles  with  rough  surfaces  than  for  the  smooth  particles 
and  I  is  more  isotropic  for  the  particles  with  rough  surfaces. 

The  difference  betveen  the  single  and  multiple  scatter  results 
is  significantly  larger  for  the  smooth  particles.  The  co- 
polarzied  and  cross-polaticed  specific  intensities  are  even  functions 
of  4>  (2.3l»). 

In  Figs.  15  and  16  the  incoherent  specific  intensities  1^  and 

I2  are  plotted  as  functions  of  6  ($  =  0)  for  vertically  polarized 

waves  incident  at  an  angle  61  =  15°.  =  0(1=0. 555P.  ease  (b)).  The 

optical  thickness  of  the  layer  Tq  =  2.  Since  D  =  10l  for  case  (b) 

the  plot  of  the  specific  intensity  1^  is  strongly  peaked  in  the 

forward  direction  and  the  first  order,  single  scatter  results  for 

the  smooth  particle  oscillate  rapidly.  In  this  case  it  is 

necessary  to  account  for  the  terms  m  =  0,1,2  ...  26  to  get  a  two 

significant  figure  accuracy.  The  multiple  scatter  results  for 

the  smooth  particle  do  not  undulate  as  strongly  since  x  =2. 

o 

For  the  particles  with  rough  surfaces,  both  the  single  scatter 
and  multiple  scatter  results  for  1^  are  similar  to  the  corresponding 
near  forward  scatter  results  for  the  smooth  particles.  However, 
away  from  the  near  forward  direction  both  the  single  and  multiple 
scatter  specific  intensity  1^  for  the  particles  with  rough  surfaces 
are  significantly  different  from  the  corresponding  results  for  the 
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smooth  particles.  The  effects  of  particle  surface  roughness  are 
to  significantly  smooth  out  the  undulations  in  1^  away  from  the 
forward  scatter  direction.  Since  the  albedo  for  the  particles  with 
rough  surfaces  is  smaller  than  for  smooth  particles  generally 
for  the  smooth  particles  is  larger.  This  is  not  the  case  for 
1^  (the  cross  polarised  specific  intensity).  For  small  values  of 
T^,  lg  is  larger  for  the  particles  with  rough  surfaces  (since  their 

pQ 

cross-polarized  cross  sections  <0  P^Q  are  not  zero).  However 
for  layers  vith  very  large  optical  thickness  T^,  the  reverse  is 
true  since  the  albedos  for  the  smooth  particles  are  larger.  The 
cross-over  occurs  at  about  =  2  where  the  multiple  scatter 
results  for  are  approximately  the  same  for  the  particles  with 
rough  and  smooth  surfaces  (see  Fig.l6).  The  single  scatter  results 
for  the  smooth  particles  are  zero  for  the  $>  =  0  plane . 

In  Figures  17  and  18  the  co-polarized  and  cross-polarized 
incoherent  specific  intensities  I  and  I  are  plotted  as  functions 
of  the  azimuth  angle  4>  for  a  horizontally  polarized  wave  incident 
at  an  angle  81  =  15°,  <t>*  =  0°  (A  =  0.555b,  case  (b)).The  scatter 
polar  angle  in  these  figures  is  6  =  59-5°  (forward  scatter)  and  the 


optical  thickness  of  the  layer  is  =  0.1.  In  view  of  the 

excitation  I  and  I  are  even  functions  of  4>.  For  this  excitation 
x  y 

the  co-polarized  intensity  is  I  (Fig.  18).  For  the  smooth 

particles  both  I  and  I  undulate  very  strongly,  the  major 
x  y 

difference  between  the  multiple  scatter  and  single  scatter 


results  occur  only  at  the  sharp  nulls.  For  particles  with  rough 
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and  rough  particles,  hovever  as  <f)  increases  to  it  the  difference 
■becomes  very  significant.  The  results  for  6  =  It. 2°  do  not 
undulate  as  strongly  as  the  results  for  6  =  9.7°  since  the  main 


scatter  lobe  is  in  the  direction  6=6^=  15° ,  tfi1  =  0.  The  degree 
of  polarization  m  is  smaller  for  particles  vith  rough  surfaces. 

For  the  case  plotted  in  Figure  22,  the  (backward)  scatter  angles 
are  8  =  1^8.1°  and  8  =  153.7°.  The  backward  scattered  waves  have 
a  degree  of  polarization  m  <  0.1  for  the  particles  vith  rough 
surfaces.  However,  for  particles  with  smooth  surfaces  m  oscillates 
around  the  value  m  =  0.5. 

Since  the  degree  of  polarization  is  m  <  1,  this  parameter 
together  with  the  single  scatter  data  provide  valuable  checks 
on  the  numerical  results . 

It .  CONCLUDING  REMARKS 

The  illustrative  examples  presented  in  Section  3  vividly 
describe  the  effects  of  particle  surface  roughness  on  the  co-polarized 
and  cross-polarized  incoherent  specific  intensities  for  optical  and 
infrared  electromagnetic  excitations  at  oblique  incider.ce. 

Since  the  diffuse  scattering  contributions  due  to  particle 
surface  roughness  are  negligible  in  the  near  forward  direction,  the 
primary  effect  of  the  surface  roughness  is  to  smooth  out  the  side 
lobe  undulations  of  the  specific  intensities  for  the  corresponding 
smooth  particles.  Furthermore,  the  particles  vith  rough  surfaces  mere 
strongly  depolarize  the  incident  wave.  Thus  since  the  albedos  are 
smaller  for  the  particles  with  rough  surfaces  than  for  the  smooth 
particles,  the  co-polarized  specific  intensities  are  smaller  for 
the  rough  particles  while  the  cross-polarized  specific  intensities 
are  smaller  for  the  smooth  particles  when  the  optical  thickness  of 
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the  layer  of  particles  is  small  T  <  1.  However,  as  the  optical 
thickness  of  the  layer  increases  (t  >  1)  both  the  co-polarized 
and  cross-polarized  specific  intensities  are  smaller  for  the 
particles  vith  rough  surfaces . 

In  general  as  the  optical  thickness  increases  and  multiple 
scattering  effects  become  significant,  the  layer  consisting  of 
particles  vith  rough  surfaces  tend  to  scatter  the  incident  waves 
in  a  more  isotropic  manner.  The  sharp  undulations  in  the  specific 
intensities  are  smoothed  out  and  the  results  become  more  polariza¬ 
tion  independent.  Thus  the  degree  of  polarization  for  the  particles 
vith  rough  surfaces  is  significantly  smaller  than  for  the  smooth 
particles  when  the  layers  of  particles  vith  rough  surfaces  are 
optically  thin,  the  first  order  single  scatter  results  and  the 
multiple  scatter  results  for  the  co-polari2ed  and  cross-polarized 
intensity  are  in  very  good  agreement. 
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Table  I.  Values  of  parameters  for  the  surface  height 
spectral  density  function  W,  vavelength  X,  dielectric 


coefficient  e  and  diameter  D  for  the  scattering  particles 
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6.  Figure  Captions 

1.  Scattering  geometry  for  a  rough  conducting  sphere 


2. 


Scattering  geometry  indicating  incident  and  scattered  wave 
normals  n1  and  and  corresponding  field  components 
parallel  (vertical)  and  perpendicular  (horizontal) 
polarizations . 


3.  Incoherent  specific  intensity  I  for  a  vertically  polarized 
vave  incident  at  01  =  15°)  <J>2  =  0,  case  (a),  =  0.1. 

First  order  smooth  and  rough  ( - ).  Multiple  scatter  (  +  ) 

smooth ,  ( A )  rough . 

It.  Incoherent  specific  intensity  I^  for  a  vertically  polarized 
vave  incident  at  61  =  15°,  4>‘1  =  0,  case  (a),  Tq  =  0.1. 

First  order  smooth  and  rough  ( - ).  Multiple  scatter  (  +  ) 

smooth,  ( A )  rough. 

5.  Incoherent  specific  intensity  I  for  a  horizontally  polarized 

vave  incident  at  0i  =  15°,  ^  =  0,  case  (a),  T  =  0.1. 

o 

First  order  smooth  and  rough  ( - ).  Multiple  scatter  (  +  ) 

smooth ,  ( A )  rough . 

6.  Incoherent  specific  intensity  I  for  a  horizontally  polarized 

vave  incident  at  81  =  15°,  Q1  =  0,  case  (a),  T  =  0.1. 

o 

First  order  smooth  and  rough  ( - ).  Multiple  scatter  (  +  ) 

smooth ,  ( A )  rough . 


7.  Incoherent  specific  intensity  I  for  a  vertically  polarized 

vave  incident  at  61  =  15°,  =  0,  case  (a),  T  =  20. 

o 

First  order  smooth  and  rough  ( - ).  Multiple  scatter  {  +  ) 

smooth,  (A)  rough. 

6-  Incoherent  specific  intensity  1^  for  a  vertically  polarized 

vave  incident  at  0*  =  15°,  <t> *  =  0,  case  (a),  T  *  20. 

o 

First  order  smooth  and  rough  ( - ).  Multiple  scatter  (  +  ) 

smooth,  (A)  rough. 
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9.  Incoherent  specific  intensity  I  for  a  vertically  polarized 
vave  incident  at  6  =  30  ,  ^i1  =  0,  case  (a),  T  *  1. 

first  order  smooth  and  rough  ( - ).  Multiple  scatter  (  +  ) 

smooth,  (A)  rough. 

10.  Incoherent  specific  intensity  1^  for  a  vertically  polarized 

vave  incident  at  81  =  30°,  =  0,  case  (a),  Tq  =  1 . 

first  order  smooth  and  rough  { - ).  Multiple  scatter  (+) 

smooth,  (A)  rough. 

11.  Co-polarized  specific  intensity  I  for  a  horizontally 

polarized  vave  incident  at  61  =  3 0°,  =  0,  case  (a), 

T  =  0.1,  0  =  68.1°.  First  order  smooth  and  rough  ( - ). 

o 

Multiple  scatter  00  smooth, (x)  rough. 

12.  Cross-polarized  specific  intensity  I  for  a  horizontally 
polarized  vave  incident  at  01  =  30°,  p1  =  0,  case  (a), 

=  0.1,  0  =  68.1°.  First  order  smooth  and  rough  ( - ). 

Multiple  scatter  (X)  smooth, (X)  rough. 

13.  Co-polarized  specific  intensity  1^  for  a  vertically 

polarized  vave  incident  at  61  =  30°,  =  0,  case  (a), 

T  =  0.1,  0  =  111.9°.  First  order  smooth  and  rough  ( - ). 

o 

Multiple  scatter  (X)  smooth, (x)  rough. 

ll*.  Cross-polarized  specific  intensity  1^  for  a  vertically 
polarized  vave  incident  at  01  =  30°,  4*1  =  0,  case  (a), 

Tq  =  0.1,  0  =  111.9°.  first  order  smooth  and  rough  ( - ). 

Multiple  scatter  (X)  smooth  ,{X)  rough. 

15-  Incoherent  specific  intensity  1^  for  a  vertically  polarized 

vave  incident  at  01  e  15°,  =  0°,  case  (b),  t  =2. 

o 

first  order  smooth  and  rough  ( - ).  Multiple  scatter  (+) 

smooth,  (A)  rough. 
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16.  Incoherent  specific  intensity  Ig  for  a  vertically  polarized 

vave  incident  at  61  =  15°,  if1  =  0L ,  case  (b),  T  =  2. 

o 

First  order  smooth  and  rough  ( - ).  Multiple  scatter  (  +  ) 

smooth,  (A)  rough. 

17.  Co-polarized  specific  intensity  I  for  a  horizontally 
polarized  vave  incident  at  61  =  15°,  ^  =  0,  case  (b), 

To  =  0.1,  8  =  59-5°.  First  order  smooth  and  rough  ( - ). 

Multiple  scatter  (X)  smooth, (X)  rough. 

18.  Cross-polarized  specific  intensity  I  for  a  horizontally 

polarized  vave  incident  at  81  =  15°,  =  0,  case  (b) 

=  0.1,  8  =  59.5°.  First  order  smooth  and  rough  ( - ). 

Multiple  scatter  (X)  smooth, (X)  rough. 

19-  Co-polarized  specific  intensity  I  for  a  horizontally 
polarized  vave  incident  at  81  =  30°,  Q1  =  0,  case  (6), 

To  =  0.1,  8  =  l61.7°.  First  order  smooth  and  rough  ( - ). 

Multiple  scatter  (X)  smooth, (X)  rough. 

20.  Cross-polarized  specific  intensity  for  a  horizontally 

polarized  vave  incident  at  81  =  30  ,  $  =  0,  case  (*>), 

tq  =  0.1,  8  =  161.7°.  First  order  smooth  and  rough  ( - ). 

Multiple  scatter  (X)  smooth  ,(x)  rough. 

21.  Degree  of  polarization  m  for  a  horizontally  polarized  vave 

incident  at  8*  =  15°,  =  0,  case  (b),  7°  -  2,  8  =  1.2° 

(  +  )  smooth,  (X)  rough,  8  =  9-7°  (0)  smooth>(A)  rough. 

22.  Degree  of  polarization  m  for  a  horizontally  polarized  vave 

incident  at  8*  =  15°,  =  0,  case  (b),  Tq  =  2,  6  =  118.1° 

(+)  smooth,  (X)  rough,  8  =  153-6°  (0)  smooth, (A)  rough. 
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COMPUTER  AIDED  GRAPHICS  FOR  THREE  DIMENSIONAL  OBJECTS 
BASED  ON  FULL  WAVE  THEORY 


Ezekiel  Bahar 
and 

Svapan  Chakrabarti 

Department  of  Electrical  Engineering 
University  of  Nebraska-Lincoln 
Lincoln  HE  68588-O5II 

ABSTRACT 

A  nev  reflection  model  for  computer  generated  synthetic 
images  of  metallic  objects  is  developed.  This  model  is  based  on 
a  full  vave  analysis  of  electromagnetic  scattering  by  rough  surfaces. 
The  full  vave  approach  accounts  for  specular  point  scattering  and 
diffuse  scattering  in  a  self-consistent  manner.  The  model  presented 
here  is  compared  vith  earlier  models.  It  is  shovn  that  the  practical 
application  of  the  nev  reflection  model  to  computer  aided  geometric 
design  of  manufactured  objects  is  relatively  easy  to  implement . 
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I.  INTRODUCTION 

Oyer  the  period  of  the  last  decade  the  reflection  models  for 
computer  generated  synthetic  images  have  been  improved  in  order  to 
produce  very  realistic  images  of  three  dimensional  objects  on  a 
tvo  dimensional  screen.  Phong  [18]  began  by  computing  the  intensity 
of  each  pixel  as  a  linear  combination  of  diffuse  and  specularly 
reflected  components.  Diffuse  reflection  vas  simulated  using 
Lambert's  cosine  lav.  While  specular  reflection  vas  accounted  for 
by  using  the  cosine  function  raised  to  the  nth  pover  (typically 
n  ranges  from  1  to  10)  vith  its  peak  at  the  specular  point. 

Blinn  17,8]  modified  this  model  by  adopting  the  specular  reflection 
model  described  in  the  vork  of  Torrance  and  Sparrov  [7).  In  their 
model  the  simulated  rough  surface  is  assumed  to  be  composed  of 
mirror-like  microfacets  vhicb  are  oriented  randomly  all  over  a 
smooth  surface.  Later  Vhitted  [193  introduced  an  enhanced  ray 
tracing  model,  in  vhich  the  intensity  at  each  pixel  is  computed  from 
the  global  illumination  information.  Cook  and  Torrance  [13.  lb ] 
applied  their  reflectance  model  to  computer  graphics.  Their  model 
took  into  account  the  effect  of  the  spectral  distribution  of  the 
energy  of  the  incident  light  and  the  reflectance  spectra  of  the 
object  to  display  the  color  of  the  object.  Recently  Kajiya  [17] 
introduced  an  anisotropic  reflection  model  for  surfaces  vhich 
exhibit  anisotropy  in  their  scattering  pattern.  Hovever,  in 
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practically  all  the  above  mentioned  models  the  specular  reflection 
component  is  characterized  by  the  Fresnel  reflection  coefficient 
and  the  diffuse  contribution  is  assumed  to  be  Lambertian. 

In  this  paper  scattering  from  rough  surfaces  based  or.  full 
vave  theory  is  revievec.  The  full  vave  theory  is  based  on  the 
complete  spectral  representation  of  the  scattered  fields  and  upon 
the  imposition  of  exact  boundary  conditions  at  the  irregular 
surface.  This  theory  accounts  for  both  specular  reflection  and 
diffuse  reflection.  A  reflection  model  for  computer  generated 
synthetic  images  is  derived  from  the  full  vave  analysis. 

In  this  investigation  the  rough  surface  is  assumed  to  be 
isotropic  and  homogeneous.  In  addition  the  mean  square  slope  of 
the  random  rough  surface,  vhich  is  superimposed  on  the  unperturbed 
surface,  is  assumed  to  be  small  (<0£>  <  O.l).  Hence  for  convex 
shapes  (as  in  cylinders,  spheres  or  cones}  multiple  scattering 
between  different  su- face  elements  of  the  object  is  ignored. 

In  Section  II  the  pi oblem  is  formulated  and  the  principal 
elements  of  the  full  .'ave  solutions  are  obtained.  Expressions  for 
the  total  reflected  intensities  are  evaluated  in  Section  III  for 
objects  illuminated  by  unpolerized  light.  In  Section  IV  the  diffuse 
and  specular  scattering  contributions  from  different  surface  elements 
of  the  objects  are  examined  in  detail,  and  the  full  vave  reflection 
model  for  computer  generated  synthetic  images  is  derived. 

In  Section  V  the  full  vave  reflection  model  is  used  to  generate  the 
three  dimensional  primitives  for  computer  aided  geometric  design  by 
locating  isointensity  contours. 
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II.  FORMULATION  OF  THE  PROBLEM 

For  the  purpose  of  computer  aided  graphics  of  manufactured  ob¬ 
jects,  it  has  been  shovn  [15]  that  almost  95?  of  the  surfaces  of 
the  manufactured  objects  can  be  described  as  combinations  of  planes  , 
cones,  cylinders  and  spheres.  In  general  these  primitives  have  some 
measure  of  roughness  and  therefore  it  is  necessary  to  examine  in 
detail  scattering  from  rough  surfaces'.  The  objective  of  this  research 
is  to  develop  realistic  models  in  order  to  generate  these  primitives 
for  computer  graphics.  In  this  presentation  spherical  scatterers  are 
considered  in  detail  and  in  the  analysis,  it  is  assumed  initially 
that  the  spheres  are  illuminated  by  vertically  or  horizontally 
polarized  light  13]. 

Consider  a  large  spherical  surface  perturbed  by  a  superimposed 
random  rough  surface.  The  height  of  the  random  rough  surface  h  is 
measured  along  the  normal  to  the  unperturbed  spherical  surface.  It 
is  characterized  by  its  spectral  density  function.  The  position 
vector  r  to  a  point  on  the  rough  surface  is  given  by 

r  =  a  a  +  h  a  (l) 

s  r  r 

vhere  ay  is  the  unit  radius  vector  end  the  radius  of  the  unperturbed 
sphere,  a,  is  assumed  to  be  large  compared  to  the  vavelength ,  A  , 
of  the  incident  wave. 

The  normal  to  the  unperturbed  sphere  n  =  a^  is 


£  =  siny  cosS  a  +  siny  sinS  a  +  cosya 
x  y  z 


(2) 


and  incident  electric  fields  respectively  [12].  The  distance  to 

f 

the  observation  point  from  origin  is  r  . 

Using  the  full  wave  approach  <csP®>  is  expressed  as  a  veighted 
sum  I  2] 

<0PQ>  =  <0P%  +  <0PQ>r  (9! 
PQ 

m  vhich  <0  is  the  cross  section  associated  with  the  large 

pn 

scale  unperturbed  surface  and  <o  >  is  the  cross  section  associated 

K 

vith  the  rough  surface  h  that  is  superimposed  on  the  large  scale 
spherical  surface.  Using  a  steepest  descent  or  stationary  phase 
approximation  [5]  reduces  to  the  form 

<oPV  lx  <v>|2|kp|\q  (10) 

where  is  the  Fresnel  reflection  coefficient  for  vertically 
(p=V)  or  horizontally (P=K)  polarized  waves  and  6  is  the  Krcnecker 

*  H 

delta.  The  unit  vector  normal  to  the  unperturbed  surface  at  the 
specular  point  is  given  by 
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scale  smooth  sphere  cue  to  the  rough  surface  superimposed  on  its 

surface.  This  decrease  in  the  specular  point  scattering  is 

PD 

accompanied  by  the  ciffuse  scattering  contribution  <o  >  due  to 

n 

the  rough  surface  h. 

Using  the  full  vave  approach  [  k]  it  is  sbovn  that 


<qP\  =  /  /IdPQ|2  Qr(v»vt)P2  dpd6  (13) 

o  -1 

vhere-dpd6  =-d(cosy)  dd  is  the  differential  solid  angle.  The 
function  P^  is  unity  for  the  illuminated  and  visible  portions  of 
the  sphere  and  it  is  zero  elsevhere.  Furthermore, 

C_(v,0  =  j  (x2-|x|2)exp(iv-rd)dxddyd 
_00 

00 

=  2 "  /  (X2-|xl2)J0(vTrd)rddrd  (lta) 

0 


vhere  Jq  is  the  Bessel  function  of  the  first  hind  of  order  0  and  \  , 
the  Joint  surface  height  characteristic  function  for  Gaussian 
surfaces, is  given  by  [6] 

X2  =  lx|2exp(-<hh'>  V-2)  ( l^b ) 

in  vhich  <hh'>  is  the  rough  surface  height  autocorrelation 

function.  The  component  of  v  tangent  to  the  unperturbed  surface  is 

/  2  2  •  /  2  2 
v  -y/v-  +v-  and  the  distance  r,  =  /x,  +y,  is  measured  along 

T  v  x  y  dvd  d  L 

PO 

the  surface  of  the  unperturbed  sphere.  In  equation  (13)  D  ^  is 
an  element  of  a  2x2  scattering  matrix  vhose  elements  are  functions 
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i 


of  n*.  nf,  n  ,  the  complex  electric  permittivity  and  permi ability  of 
the  particle  (12]. 

Hence  from  equations  {9)  and  (10)  one  obtains 

<0W>  =  <oVV>„  +  lx  |2 


<oVH>  .  <0VH>„ 


<ow>  =  <0HV>„ 


<am>  =  <oHH>  +  |x  (v)|2|R 


*!»/ 


The  above  equations  imply  that  there  are  no  physical  optics 
(specular  point)  contributions  to  the  cross  polarized  cross 


sections  (vhere  the  planes  of  incidence  and  scatter  are  in  the 
scatter  plane).  It  is  assumed  in  (ilia )  that  the  rough  surface  height 

p 

correlation  distance  tc  (vhere  <hh’>  reduces  to  exp(-l)<h  >)  is 
smaller  th„n  the  particle  circumference. 
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III.  COMPUTATIONS  OF  SCATTERED  INTENSITY  FOR 
UNPOLARIZED  EXCITATIONS 

Metallic  objects  are  visible  due  to  the  light  that  is 
reflected  primarily  from  their  surfaces  [13].  In  this  section 
the  full  vave  expressions  for  the  scattered  intensities  from 
surfaces  illuminated  by  unpolarized  excitations  are  derived. 

For  single  scatterers  the  incident  and  scattered  intensities 
I*  and  I^are  related  by  the  ixl)  phase  matrix  S.  Thus  [16] 


[if]  =  -WsHi1] 

(r1)2 

i  f 

in  vhich  the  elements  of  the  ixl  column  matrices  [I  )  and  [i  ] 

2 

are  the  modified  Stokes  parameters  (vatts/m  )  for  incident  and 
scattered  vaves  respectively. 


K 

Vki2> 

Tk 

- i-Hk | 2^ 

*2 

<  |E  |  > 

U* 

Re<(2EVkEHk*)> 

vk 

Im<(2EVkEHk#)> 

(16) 


(17) 


In  (17)  k  =  i  or  f  and  the  ensemble  average  is  denoted  by  the 
symbol  <  >. 

For  natural  light,  vhich  is  unpolarized,  the  intensities  of 
the  electromagnetic  fields  are  the  same  for  all  directions  perpendi¬ 
cular  to  the  direction  of  propagation  of  the  va/e  and  there  is  no 
correlation  between  the  orthogonal  components  of  the  fields.  Hence, 
if  the  total  incident  intensity  is  unity,  the  incident  modified 
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Stokes  parameters  are  I*  =  I*  =  i-  and  U*  =  Vi  =  0.  Thus,  for 
unpolarized  light  equation  (l6)  reduces  to  [1] 


'4 

1 

[sn] 

ls12i 

4 

~(rf 

!*a> 

IS22^ 

>1 


1 12 


l1/£j 


(18) 


vhere 


<0VV> 

11  at 


-  z  ,  vh 
si2  =  <0  > 


(19) 


and  the  scattering  cross  sections  <o  are  defined  in  equation 
(15)-  Since  scattering  in  the  near  specular  direction  fror,  the  surface 
element  of  the  conducting  object  is  practically  independent  of 
polarization  it  is  assumed  that  the  incident  unpolarized  light 
remains  unpolarized  upon  reflection  by  the  object.  Thus,  Uf  =  Vf  =  0 
and  the  total  unpolarized  scattered  intensity  is 


iT  -i l  ♦  4  -  — Vt  r«»"y  <*”>„♦  <o*V  <"*%>/* 

1  1  2  l*7t(rf)2  R  K  R  H 


*  1xI2|h|23 


(20) 


vhere  ]r|2  =  (|Ry|2  +  1 RH  | 2 ) /2  is  referred  to  as  the  Fresnel 


pover  reflection  coefficient  for  unpolarized  light. 
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1*00 


The  relative  dielectric  coefficient  is  e  =  -^0-il2 

r 

(aluminum)  [ 3] • 

The  random  rough  surface  height  (Rayleigh)  parameter  is 
defined  ty 

g  =  lik2<h2>  (27c) 

The  constant  C  in  (2^)  is  related  to  the  roughness  parameter  B 
through  (25a).  In  Fig.  (2),  the  spectral  density  function  V-'tv^) 
(equation  ( 2^4 ) )  is  plotted  for  several  values  of  B. 

The  diffuse  and  specular  scattering  contributions  to  the 
total  reflected  intensity  are  considered  separately  in  this 
section.  Using  equations  (22)  and  (13),  the  diffuse  scattering 
contribution  is  expressed  as  follows 

oa»>;  f/[|Dw|2+'|DVH|2+  Id1"!2.  |Dkb|2] 

0  4l 

•Qp'Pj  dpdS 

=  /  o *(y,6)iQ  (28) 

where  dfl=  -dpdi  is  the  differential  solid  angle  and  the  integrand 
in  equation  (28)  is  the  normalized  diffuse  intensity  scattered 
by  an  element  of  the  surface  of  the  sphere  subtended  by  the  solid 
angle  dfl. 

For  the  backscatter  case  (6*  =  6f  =  0)  the  normalized 

o  o 

diffuse  scattering  cross  section  (per  unit  solid  angle)  (28) 
is  plotted  in  Figures  (3)  and  (It)  as  a  function  of  the  polar  angle 
Y  and  the  azimuthal  angle  6  (see  Figure  (l)).  In  Figure  (3)  the 
roughness  parameter  is  B  =  10  and  in  Figure  (li),B  =  1(0.  Note  that 
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^  A  A 

is  azirauthally  symmetric  for  backscatter  since  v  ^  a^ .  In 
Figure  (5)o^  is  plotted  for  the  bistatic  case,  vith  6*=  6^=  4o°  and 
£  =  40.  Here,  too,  0^  is  practically  independent  of  6.  It  is 
apparent  from  Figures  (3),  (4)  and  (5),  that  the  diffuse  scattering 
contribution  0^  decreases  more  rapidly  as  a  function  of  Y  than 
predicted  by  Lambert's  cosine  lav.  Indeed  it  is  shovn  in  this 
section  that  the  dependence  of  0^  upon  Y  is  very  nearly  Gaussian 
for  £  >  7. 

It  is  interesting  to  note  that  using  a  physical  optics 
(Kirchhoff)  approach  [5,6]  it  has  been  shovn  that  the  mean 
power  reflection  coefficient  is  proportional  to  the  probability- 
density  for  the  rough  surface  slopes  at  the  specular  point.  Thus, 
since n  is  the  normal  to  the  unperturbed  reference  surfaces  in 
Beckmann’s  vork)  the  angle  between  the  bisector  of  the  incident 
and  scattered  waves  and  the  normal  to  the  unperturbed  reference 


surface  is 


0  =  cos  ^(n*v)  =  Y  (for  v  =  a  )  (29a) 

z 

Thus  Cook  and  Terrence  [l4]  who  adopted  Beckmann 's  results 
obtained  images  of  three  dimensional  metallic  objects  that  are 
more  realistic  than  the  images  obtained  on  assuming  Lambert's 
cosine  lav. 

In  view  of  the  azimuthal  symmetry  of  0^  for  arbitrary 

61  c  6^  only  the  backrcatter  case  6*  «  6^  =  0  is  considered  here 
00  00 

in  detail  and  0^  is  plotted  as  a  function  of  a  only.  In  Figure  (6) 
the  normalized  quantity  0^/o^(o)  is  plotted  as  a  function  of 


1)03 

afO  <  C  <  t/2).  For  all  the  plots  in  this  figure,  the  mean  square 

slope  of  the  rough  surface  is  constant  (<os>  =  0.1)  while  the 

roughness  parameter  8  is  1,  5,  7,  10  and  1)0.  For  8  >  7  the 

plots  of  o^(a)/o^(0)  are  rather  insensitive  to  variations  in  6. 

As  8  decreases  helov  7  the  diffuse  scattering  contribution 

from  regions  around  the  specular  point  decreases .  However ,  as  8 

decreases  the  diffuse  scattering  contribution  becomes  less 

significant  than  the  physical  optics  contribution  (equation  (21)). 

Bence,  the  total  (diffuse  +  specular)  scattered  intensity  is 

maximum  at  the  specular  points  even  for  small  8-  In  Figure  (7) 

0^(0}  is  plotted  as  a  function  of  a  for  mean  square  slopes 

0.1,  0.05  and  0.025,  respectively. 

In  all  these  plots  the  correlation  length  is  fixed  and 

T  /ttD  =  0.032.  In  Figures  (8),  (a)  to),  o*  are  plotted  as  functions 
c  )) 

of  a  for  the  three  cases  shown  in  Figure  (7).  In  these  figures  the 

full  wave  solutions  for  are  compared  with  the  analytical  expression 
2  2 

exp(-(a  /«r  >)).  It  is  apparent  from  Figures  (6)  through  (10) 
that  the  angular  dependence  of  the  diffuse  component  is  primarily 
a  function  of  the  mean  square  slope  of  the  rough  surfaces. 

In  Figure  (21 )  o^(0)/o^(0)  |_^  is  plotted  os  a  function  of  6 

„f  .i  3=7  ’ 

for  the  backscatter  case  (n  ='-n  ).  The  permittivity  of  the 
scatterer  is  assumed  to  be  (a)  | |  <■>  (perfect  conductor) 

(b)  tT  *  -l)0-il2  (aluminum)  [3]  and  (c)  c^.  =  1.5-i8  (dissipative 

plastic).  For  6  >  7  O^(a)  *s  maximum  at  a  =  0  (see  Figure  (6)). 


IjOIj 


An  approximate  analytical  formula  of  the  form 


f(6)  =  1+0'i  t”(e/emin)  =Ofi(0)/Oft(0)IlB 


(29b) 


min 

is  found  to  approximate  the  analytical  results  (obtained  using 


the  full  vave  approach)  reasonably  veil  for  6  >  =  7. 

In  Figure  (12)  the  ratio  o^{0)/|o^(0) j  ^  )  is  plotted 

as  a  function  of  the  mean  sauare  slope  <c  for  $  =  20.  It  is  found 

s 

2  0  1 

to  be  in  good  agreement  vith  the  formula  f(<o  >)  =  —lt— 

s  <o2> 

s 

Using  the  above  result  based  on  full  vave  theory ,  the 
folloving  simplified  analytical  model  of  the  diffuse  reflection 
contribution  to  the  backscattered  pover  is  proposed 


o“(a)  =  oJo  f (B)exp(-  ct2/<o2>) 


( 20a  i 


since  f(fi)  =  1  for  B  =  B  .  =7  and  exp(-  cc2/<o2>)  =  1  for  a  =  0 , 

mm  s 

d  d 

the  coefficient  is  equal  to  o^(0)  evaluated  for  B  =  7- 
Thus  using  (28) 


4(0)  "  2*o!rI2  «R 


(30b) 


2 

Vbere  reduces  to  (for  ]x|  «  1) 


Op  =  2tt  /  exp[-v?<h2>(l-Rc(rd)) 


•J  (v_r,)r.dr. 
o  T  a  g  a 


(31a) 


in  vhich  the  normalized  autocorrelation  function  is 


R  (r.)  =  <hh'>/<h  > 
c  a 


(31b) 
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that  0^(0)  is  veaXly  dependent  on  the  roughness  parameter  0  (see 

Figure  (11)).  As  6  increases  (above  7)  C^(o)  decreases  slightly 

since  there  is  a  small  increase  in  the  power  absorbed  by  the 

rough  surface  as  the  roughness  parameter  0  increases  [  3] .  Kote 

also  that  the  level  of  the  curves  for  o^(0)/o^(0)i  i  (see 

ft  ft  |  e  J 

2  B=7 

Figure  (11))  depends  on  |R|  as  predicted  by  equation  (37). 

The  physical  optics  (specular  point)  contribution  to  the 
full  vave  reflection  model  o ^  (equation  (23))  is  considered  nov 
in  detail.  It  is  expressed  in  a  similar  vay  as  the  diffuse 

p 

scattering  contribution  (equation  (28)).  Thus  defining  as 
the  normalized  physical  optics  intensity  scattered  by  an  element 
of  the  surface  of  the  rough  sphere  subtended  by  the  solid  angle 
dft,  the  total  physical  optics  contribution  OpQ  is  given  by 

°P0  =  /  °ft(a)dn  =  IX|2W2  (38) 


shown  that 


1*07 


2 

a  = 
o 


3^ 

va 


(1*1) 


vhere  a  =  j  ,  is  the  radius  of  the  sphere.  For  nonspherical 
objects  "a"  should  be  replaced  by  the  geometric  mean  of  the 
principal  radii  of  curvature  of  the  specular  points.  It  is 
interesting  to  note  that  the  area  of  the  first  Fresnel  zone 
around  the  specular  point  [10] 


A  =  uaX  (1*2) 

The  polar  angle  6q  subtended  by  the  first  Fresnel  zone  is  given 
by  the  following  expression 


2  „2 


A  =  TiaX  =  a  /  sin8ced6  =  2ra  (l-cos6  )=  ta  6 

'  rj  ( 


(*3) 


Thus 


6  =  /X/a  =  A?  a 


(A) 


The  ratio  o^(0)/o^(0)  is  given  by  equations  (37)  and  (1*0). 
Thus  for  £  >  7 


°n(0)  %  IxHy 

For  the  parameters  of  the  sphere  vith  the  rough  surface 

2 

assumed  in  this  section  (a  =  5X  ,  <0  >  =  0.1  and  £  >  7). 

os 


(1*5) 


°n(0)  -3 

-2 -  <  o.6  x  10  3 

^(0)  - 


(1*6) 


Thus  in  order  to  compute  the  backscattered  intensity  at 


each  'pixel  1^  of  constant  area  on  the  image  plane,  the  reduced 

p 

physical  optics  contribution  c^(a)  is  neglected  and  the  follcving 
expression  is  used  (30a) 


ir!Fl2f(B)exp(-(a2/<0J>)) 


„f,  2 

vn-n  )  <a£> 


(^7) 


vhere  the  constant  represents  the  contribution  due  to  ambient 
illumination.  Por  backscatter  from  convex  objects,  can  be  set 
equal  to  2ero  for  the  purpose  of  computer  graphics.  The  factor 
n.2f  =  cosa  in  the  denominator  relates  the  area  on  the  surface 


of  the  sphere  to  the  (constant)  projected  area  of  the  pixel  on 

f 

the  image  plane.  For  backscatter  n*n  -  n*v. 
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i 


a- 
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1 

! 

** 

i 
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2  2  2.2  2 

x  +  y  =  a  sin  a  =  r  (52) 

2 

Thus  for  metallic  spheres  (6  =  10,  <c>s>  =  0.1)  of  the  ball 
hearing  (Figure  (13))  as  the  value  of  r  is  varied  from  r  =  a 
to  zerq  the  corresponding  values  of  a  are  evaluated  using  (  52) 
in  order  to  derive  the  normalized  intensity  Ip  at  the  pixel  on 
the  image  plane.  Bresenham's  algorithm  is  used  in  this  work  ho 
generate  the  circles.  The  unshaded  areas  that  Eppear  between  two 
consecutive  circles  (due  to  the  digitization  of  the  coordinates) 
are  shaded  with  an  intensity  Ip  equal  to  that  of  an  adjacent  pixel 
For  the  tistatic  care  (?/  i  -f.1)  the  loci  of  constant  does 
not  coincide  with  the  Ice;  cf  a  =  constant.  This  is  due  tc  the 
term  £•?/  ir.  the  cn.tr.. r.a*. c  r  <f  Ir  (equation  (!*?))•  It  ir 

r 

interesting  tc  r.cte  that  t:<  ttrr  is  igr.cred  hhc-  Icci  of  constant 

Ip  on  the  image  plane  it.  -•  •  .  As  a  result,  however  the  quality 

cf  the  image  is  reduced  s.g:.. ar.tlv .  Fcr  cones  end  cylinders 
where  n  is  ccr.star.t  aicr.g  stra.fht  ..net  cn  the  surface,  [9,11],  Ip 
will  also  be  constant  alcr.g  these  lines  fcr  the  general  bistatic 
case  (since  n-5  and  n-n  are  constant  along  these  contours). 

The  simplified  analytical  form  of  Ip  (equation  (1*7)) 
based  on  the  full  wave  solutions  is  very  easy  to  use  in  order 
to  generate  all  the  primitives  (plEnes,  cones,  spheres  and 
cylinders)  for  computer  aided  design  of  complex  three  dimensional 
objects. 

The  computer  generated  image  of  the  model  shown  in  Figure  (l**) 
is  for  P  =  10  and  <os>  *=  0.1.  The  principal  primitives  in 
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this  image  are  cylinders.  In  Figure  (15)  idealized  renditions 

2 

of  missiles  are  presented  (8  =  10,  <0£>  =  0.1).  The  primitives 
for  these  images  are  cylinders,  cones,  and  planes. 

Assuming  a  tvo-scale  composite  model  of  the  rough  surface 
the  full  vave  solution  can  also  he  decomposed  into  a  weighted 
sum  of  the  two  contributions  [  1  ].  Thus  for  a  tvo-scale  model, 
the  total  normalized  reflected  intensity  Ip  of  each  pixel  can 
he  expressed  as 

Ip  =  W2(pdI  exp(-a2/<o2£>  )+  Pds  exp(-a2/<o2s>))  (53) 

In  equation  (53)  the  first  term  is  the  contribution  to  Ip  from 
the  large  scale  rough  surface  while  the  second  term  is  the 
contribution  to  Ip  from  the  small  scale  rough  surface.  The 
surface  with  the  large  scale  roughness  is  given  by  Vfv^) 

(equation  (2*j))  for  v^  <  vd  while  the  surface  with  small 
scale  roughness  is  given  by  W(v^)  for  Vj,  >  v^.  For  the  images 

shown  in  Figures  (16)  and  (17)  the  mean  square  slopes  are 

2  2 
<C£g>=  0.01  (for  the  large  scale  surface)  and  <0S£>  c  0.1 

(for  the  small  scale  surface).  The  coefficients  ?d£  end  Pdg  are 

dependent  on  the  values  of  8,<o2>and  v^  (where  the  spectral 

splitting  betveen  the  large  scale  and  small  scale  rough  surface 

.is  assumed  to  occur).  For  the  illustrative  examples  (Figures  (16) 

and  (17))  P..  B  0.7  and  P.  =  0.3.  It  is  interesting  to  note 
ax,  as 

that  equation  (53)  strongly  resembles  the  empirical  formula  used 
by  Cook  and  Torrence  [ilj. 


VI.  CONCLUDING  REMARKS 


A  simple  reflection  model  for  computer  generated  synthetic 
images  of  three  dimensional  objects  is  developed  in  this  work. 

It  is  based  on  a  rigorous  full  wave  analysis  of  electromagnetic 
scattering  by  rough  surfaces.  The  full  vave  analysis  accounts  for 
physical  optics-specular  point  reflection  as  veil  as  diffuse 
scattering  in  a  self-consistent  manner  and  its  use  is  not  limited 
by  the  small  perturbation  restriction.  Thus  using  the  full  vave 

approach,  it  is  not  necessary  to  adopt  two  scale  models  of  rough 

2  2 

surfaces  even  when  the  Rayleigh  parameter  B  =  ik^ch  >  is  not  very 
small  compared  to  unity. 

For  the  roughness  parameter  E  >  7  it  is  shown  that  the  physical 

p 

optics  contribution  o^(a)  is  negligible  compared  to  the  diffuse 

scattering  contribution  o^(q).  In  this  case,  it  is  only  necessary 

2  2 

to  chose  the  rough  surfaces  parameters  (<h  >,  <0S>)  Bnd  the  Fresnel 
reflection  coefficients  Ry  and  Rjj  for  specular  reflection  (corresponding 
to  normal  incidence  for  backscatter }  and  to  locate  the  loci  of  the 
isointensity  contours  (for  backscatter  a  =  const). 

The  reflection  model  based  on  the  full  vave  analysis  has  been 
compared  to  earlier  semi-emperical  models  used  in  computer  aided 
graphics.  It  is  found  to  be  very  practical,  efficient  and  easy  to  use. 
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Fig.  17.  Metallic  valve  (using  tvo-scale  model). 
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ABSTRACT 

A  ncv  spectral  lav  for  the  equilibrium  region 
of  the  wavebeight  Spatial  spectrum  la  danvad 
fro*  t tie  extensive  SEASaT  altimeter  data  set 
Applicable  to  the  open  ocean  under  all  condi¬ 
tions  of  vave  development,  the  result  if  a 
1JJB  pover-Lav  dependence  rather  than  the 
classic  k-4.  This  spectral  model  is  estab¬ 
lished  using  the  specular-point  result  for 
backecattcr  supported  by  full-vavc  theory  to 
determine  the  proper  upper  wav* cumber  limit 
for  the  slope  spectrum 


1 . 1KTR0CXX7TIQR 

Microwave  backecattcr  (of  tbs  expected 
polarization  state)  from  the  sea  bear  normal 
incidence  has  long  been  known  to  be  explain¬ 
able  by  a  specular- point  model  (Refs.  1.2). 
According  to  ibie  model,  beckecallcr  comet 
from  smoothly  curving  “specular  points’  dis¬ 
tributed  ever  the  waves,  i.e.,  facets  tilted 
normal  to  the  line  of  sight-  (By  the  same 
specular-scattering  mechanism,  however,  this 
model  fails  completely  for  the  cross -polarized 
scatter  component,  which  it  predicts  to  be 
zero.  Since  altimeters  to  date  have  been  con¬ 
structed  to  rsceivs  only  the  expected  same- 
sense  polarized  oosponent.  we  need  not  be  con¬ 
cerned  with  this  limitation  here.)  The  specu¬ 
lar-point  model  gives  tbs  baokscattcring  cross 
ssotion  per  unit  eurfaoe  area.  0*.  as  the 
rreenel  power  reflection  coefficient  divided 
by  the  mean-square  a  lope  of  the  sea  as  seen  by 
tbs  radar.  This  mean-squars  slope  should  be 
obtainable  by  integrating  the  beigkt  spectrun 
—  times  wavenumber  squared  —  betvetn  a  lower 
and  upper  limit.  The  lower  limit  depends  on 
Wind  speed  in  a  known  manner.  The  frequency 
in  some  way  determines  the  upper  limit  of  the 
spatial  roughness  scales  that  the  radar  can 
discern.  Since  classic  wind-wavs  wavs  spec- 
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.  tral  models  have  been  available  for  nearly 
three  deoadee  (eg.  the  Phillips  spectrum. 
Ref.  3).  it  was  recognized  some  time  ago  that 
on*  should  be  able  to  produce  a  valid  theore¬ 
tical  model  for  the  vind-opeed  dependence  of 
microwave  (nadir- looking)  altimeter  return 
Although  such  models  indeed  show  the  correct 
shape  of  C4  vs-  wind  speed  (Ref.  4),  extensive 
and  carefully  calibrated  data  sets  from  CEOS 
and  SEASAT  show  a  persistent  discrepancy  in 
amplitude  of  -3  dB  (Refs.  5,6). 

Full-wave  theory  (Ref.  7)  produces  an  exact 
solutioo  for  soetter  from  rough  surfaces  for 
which  multiple  scatter  is  not  significant; 
this  solution  is  an  integral  that  is  no  more 
ocmpltx  than  classical  physical  optics.  Its 
power  lies  in  tbs  fact  that  tbs  surface  does 
pot  havs  to  be  split  artificially  into  two 
scales  of  roughness  (eg  ,  Rsfs.  6.9),  al¬ 
though  it  does  allow  examination  of  tbs  vali¬ 
dity  of  such  composite  models.  In  particular, 
it  shore  that  indeed,  at  normil  incidence  for 
the  sea,  baokscatter  is  well  predicted  by  the 
specular  point  model  for  the  *aj*-*ecse  polar¬ 
ization  as  was  transmitted,  md  it  gives  the 
upper  limit  for  the  wavebeigbt  spectrum 
required  in  the  expression  fox  mean-square 
Slope  (Rsfs.  10-12). 

tlsno*.  (i)  having  a  valid  model  for  altimeter 
soetter,  i.s.,  the  specular-point  model;  (n) 
knowing  the  lower  limit  lor  the  spectrum. 

(iii)  having  determined  ths  correct  upper 
limit  to  use  from  full-wave  theory,  we  reason 
that  the  3  dB  discrepancy  in  0*  mist  be  due  to 
the  inadequacy  of  the  classic  waveheight  apeo- 
tral  models  in  the  equilibrium  region  The 
equilibrium  region  is  defined  as  the  wave¬ 
number  (k)  portion  far  removed  from  the  peak 
at  lower  end,  which  is  strongly  wind-speed 
dependent;  it  is  this  equilibrium  region  that 
has  the  greatest  influence  on  mean-square 
slope.  In  Uot.  for  the  classic  Phillips  k"4 
dependence  that  overpredicts  C4  by  3  dB,  the 
mean-squars  slope  depends  logarithmically  on 
the  upper  limit  usod  for  the  spectrun.  and 
hence  ths  equilibrium  region  contributes  very 
strongly.  If  G*  is  overpredicted  by  the  k"4 


equilibrium  region,  this  implies  tUt  the 
•mh-Hmh  •  lop*  derived  thersfius  it  to© 
•Mil.  Therefore,  »*  maintain  by  this  *rou- 
taui  that  t La  cUulo  &iiv«Ci«-4tli  spectral 

dependence  ob  the  open  ocean  ie  too  atrot.y 
tht  dependence  should  be  lee*  than  4.  Inter¬ 
estingly.  Phillips  very  reoently  Ua  u««d 
•aergy  UUsc«  argument#  to  shot  t he  i&w 
thing  (Rsf.  13):  the  spectral  dependence  ha 
deduo**  id  the  equilibrium  region  (far  fro* 
th*  peak.)  is  h'c  employ  the  extensive 

S£ASA7  data  act  (and  lapinul  viud-apeed  til 
to  it)  given  by  Cheltou  and  KcO.be  (Rtf  6)  to 
dative  a  potet-lav  spectral  model  in  this 
paper.  and  find  tUt  k*M  lit*  beat. 

2.  SPECULAR- POIKT  KOOEL 

The  speoular-point  model  refer*  to  a  high- 
frequency  asymptotic  approx  lit:  lion  tor  the 
return  from  a  tough  surface  It  is  derivable 
tram  either  phyaioal  cptioa  or  geumetrical 
optica  t  oimj  la  t  ion*  The  assumptions  bide  id 

uae  of  thia  model  are  that  the  average  ibco- 
hereot  scattered  pover  originate*  fro®  sepa- 
**t*  facet*  of  the  surface  that  are  smoothly 
«irviog  and  separated  in  phase  (on  the  aver- 
*9*)  *t  lea*t  160®.  The  former  apprex- 
laatioo  (that  the  radii  of  curvature  of  the 
ipewlax  facet  be  large  in  term*  of  vave- 
leogth)  allor*  one  the  ante  the  total  field 
at  the  sur  f #o*  in  term*  of  the  incident  field 
and  a  reflection  coefficient,  and  la  also 
called  the  'tangent -plane "  approximation  The 
latter  approximation,  some  time*  called  the 
"deep- phase*  condition,  require*  that  the 
•urfaoe  be  'very  rough,*  i  e  ,  its  rm*  height 
be  large  id  term*  of  vavelength  The  sea 
surlaoe  10  the  aicrovave  region  satisfies  both 
of  these  conditions  Scatter  according  to 
this  model,  then,  la  produced  by  facets  (or 
specular  point*)  vhose  normal*  bisect  the 
iocideooe  and  ecatter  direction*,  for  back- 
scatter,  the  Dormal  points  torard  the  radar 
Sine#  specular  points  must  exist  id  order  to 
produo*  scatter  at  given  angles  vith  respect 
to  the  surface,  one  intuitively  sees  that  the 
intensity  of  the  return  till  depend  on  the 
probability  deneity  of  surface  slopes  nth  the 
required  normals  The  derived  solution# 

(Aefe.  1,2)  indeed  exhibit  this  dependence 

For  normally  incident  backaoatter  (the  condi¬ 
tion  for  satellite  altimeters),  the  direction¬ 
ality  of  ocean  raves  i*  irrelevant  (i  e  .  n 
is  integrated  out),  and  the  specular-point 
oxpreaajon  reduoea  to  O*  =  |A(0)|2/s2.  there 
F{0)  is  the  rresncl  reflection  coefficient  for 
•  *»oolh  plane  it  eoraa]  inoidenc*  (for  the 
me*  at  the  13.5  Qix  SEAS AT  altimeter  frequen- 
°y.  |»(°)|J  :o  .41),  sod  f7  is  (be  moan-square 
mlop*  of  the  sea  as  ssen  by  the  radar  As  one 
•xpeoc*  for  normally  iaoid*at  back*o*ll*r ,  (he 
rougher  the  sea  (is.,  the  higher  (he  slopes), 
the  less  pover  is  returned  beoauee  the  more 
highly  tilted  specular  .points  soatter  in  other 
dirsotions;  is  roughness  disappears  and  S*  30, 
the  return  increases  to  the  point  vbere  on# 
Abandon  the  speou lar-point  model  (the  deep- 
phase  criterion  fails),  and  treat  the  earth  as 
a  smooth  sphere. 


The  dspendeno*  of  altimeter  intensity  on 
roughness  is  therefore  contained  in  the  elope 

The  meat-square  slope  m  turn  can  be  obtained 
from  Lb*  Integral  of  the  slope  speotium  (vs 
spatial  wavenumber ).  and  the  latter  expressed 
in  terms  of  the  more  familiar  height  spectrum 
S(k).  as  k*  S(k).  The  claaalo  Phillip*  model 
for  fully  developed  seas,  for  example,  ha* 

S(k)  sB/)k|<.  for  k  =  |k|  greater  than  kt  - 
g/U2,  vbere  g  it  the  aooeleration  of  gravity 
(9.806  m/s2).  U  is  the  viod  speed  in  inters 
per  second,  and  B  is  a  dimensionle**  ocnetaot 
estimated  experimentally  to  be  0.005.  Belov 
this  lover  limit,  the  spectrum  is  2ero.  Al¬ 
though  more  sophisticated  model*  are  presently 
favored  for  the  shape  cl  the  spectrum's  lover 
end  (rather  than  tb*  sharp  Phillip*  cutoff), 
this  issue  is  largely  irrelevant  to  slope  cal¬ 
culations  because  the  slope  integral  j*  highly 
insensitive  to  the  detail  of  bov  the  spectral 
energy  is  distributed  at  the  lover  end  (an 
contrail  to  the  mean-square  height)  This  is 
•asily  see c  by  integrating  the  Phillips  a^ode  1 
to  obtain  the  slope  £2^  =  j  k2  S(k)kdk  = 

Bln(k0/  kj.  This  illustrates  tvo  points  (i) 
one  suet  specify'*  noo-iofimte  upper  limit  to 
the  apectrum.  kp  .  othervis*  the  slope  becomes 
infinite,  and  (n)  it  la  the  vaat  expanse  of 
the  spectrum  betvecn  the  upper  and  lover 
limits  that  has  more  influence  on  slope,  aod 
henoe  beckscatter,  than  the  detailed  shape  at 
either  end. 

Aooording  to  the  specular-point  model,  there¬ 
fore,  the  mean-square  sea  slope  aod  hence 
beokaoattered  return,  depend  on  (l)  the  lover 
eod  of  the  spectrum,  vbich  is  inversely  pro¬ 
portional  to  the  square  of  the  vind  speed 
(higher  vinds  cause  rougher  seas,  decreasing 
the  acattering  crosa  section),  (li)  the  spec- 
•  tral  behavior  betvaen  the  upper  and  lover 
limits.  (Hi)  the  upper  limit  Full-vave 
theory  fill  be  used  to  determine  the  third 
item,  the  upper  limit  Bence,  the  second 
item,  tb*  vav*  spectral  ehape  betvecn  the 
tipper  and  lover  limits  is  the  remaining 
quantity  to  be  determined  in  this  study 

3.  USE  OF  FULL-KAYE  THEORY 

As  mentioned  previously,  full-vave  theory  is 
(he  most  exaot.  tractable  theory  available  to 
date  applicable  to  rough  surface*  vbere  mul¬ 
tiple  scattering  can  be  neglected  Its  pover 
lies  is  the  fact  that  one  can  integrate  the 
full-vave  solution  for  backacatter  numerically 
vitbout  splitting  tb*  roughness  and  its  apec¬ 
trum  artificially  into  separate  components 
Hovtver,  it  has  been  used  (Refe  10,12)  to 
•xamiee  the  older,  leas  aocurat#  'composite' 
theories  that  hypothesize  a  splitting  of  the 
roughness  into  tvo  components  a  quaai- 
*  pedlar  term  aod  the  'diffuse'  scatter  At 
Aadir,  only  the  quasi-specular  term  is  impor¬ 
tant.  In  Ref.  12  it  is  sbovn  that  the  simp¬ 
lest  version  of  tbs  quasi-specular  term,  l  e  . 
that  given  above  for  C* .  remains  very  close  to 
the  result  predioted  by  full-vave  theory  (then 
the  tvo  are  applied  to  the  same  surface)  over 
a  fairly  vide  variation  of  tbe  upper  spectial 
limit.  This  fact  suggests  that  tb*  simple 


specwlar-poist  model  ebov*  oan  io  fact  be  used 
reliably  |gr  predial i*»g  «HiwUf  itluiu. 
Fu/tbe/ma/e,  tbe  fujj-viv*  solution  provides 

gu Jdsaoe  a*  to  pxooioly  rbt  upper  limit  to 
use  io  evaluating  the  el ope  lor  tbe  speoular- 
po j n t  aod«l.  Over  the  rang*  ol  observed 
SLASAT  surfao*  tied  speeds  from  3 . 5  m/e  to  16 
ml*.  the  values  ol  0*  obtained  both  from  tbe 
lull-rev*  solution  and  tbe  specular-point 
•odd  differed  from  each  other  by  lees  than 
C.l  dB  lor  ac  upper  limit  k0  2  6b  t'1.  Hcncr 
Lbu  UPl>cr  llt!t  .It  to  be  ured  vith  the  en^ple 
HKCuUr-fifliflt  aadtL  aloLfl  nth  tbe  lorer 
llBUt  given  earlier.  to  derive  a  genfral  ocean 
vavchcighf  spectrum  (valid  ln  Llut 

equilibrium  region)  fy.yfd  on  observed  SLflSAl 
c*  vr  Kind  ep*f^. 

i  A  PARAMETRIC  MOOD,  FOR  THE  KAYEHE1CHT 

spatial  spectra 

He  Dot  p repose  a  parametric  model  lor  the 
vaveheight  spatial  spectrum,  aod  theo  derive 
ite  parameter*  based  ol  SLASAT  altimeter 
return.  The  equilibrium  region  lor  radar- 
observed  epeotral  aoalee  ezteods  over  a  large 
range,  i  .e..  iron  tL  (e  .g. ,  =0.1  a:'1  lor  U  -  10 
m/s  nod)  to  kj,  -  8b  a'1.  Ve  select  a  pover- 
lav  spec trua,  such  that  S(k)  2  x/(k*~"  •  kt"), 

•  here  K  i*  a  dimensionless  oouetaot  and  c*  io 
the  pover-Lev  departure  from  the  claaeic 
Phillips  modal.  Suoh  a  spectrum  has  a 
constant  shape  when  normalized  to  the 
lover-end,  and  h*oc«  should  represent  fully 
developed  seas  vilh  any  wind  speed  To  illus¬ 
trate  this  parametric  shape,  *e  normalize 
vevenumbeca  suoh  that  X  >  UtL  .  and  note  that 
the  normalized  spectrum  is  now  K/K<_*  for  1  < 

X,  which  is  the  parametric  version  ve  want. 
Thereto**,  the  unknown  constants,  to  be 
determined  from  the  SEASAT  altimeter  data  and 
speouLat-point  model  are  X  and  oc. 

5.  DCTEKKJKATICK  Of  MOOa  PARAMETERS  FROM 
SEAS  AT  DATA 

Cbelton  and  McCabe  (Pel.  6)  established  a  nev 
model  fox  altimeter  0*  vs  vind  speed  by  emp¬ 
loying  winds  mossured  by  tbe  SLASAT  scatter- 
©•eter  with  0*  obtained  from  the  SLASAT  alti¬ 
meter.  It  is  accepted  that  the  scatteroateter 
measurement  of  wind  beneath  the  satellite  is 
more  socurate  because  of  more  extensive  cali¬ 
bration  of  that  instrument .  Mitb  nearly  2000 
applicable  points  that  were  collected  by  the 
altimeter  over  the  ooeans  during  the  satellite 
lifetime,  they  established  an  empirioal  rela¬ 
tionship  for  altimeter  0*  vs  U,  the  vind 
speed-  They  fitted  a  power  law  over  the  range 
3.5  ml*  <  U  <  16  ml*.  aod  obtained  O*  2 
321T  4M.  error  bounds  for  the  two  ooostants 
appearing  in  this  model  were  derived,  and 
their  impli oat  loos  on  tbe  present  analysis 
will  be  discussed  subsequently.  Using  this  in 
tbe  s  pecular-poict  model  for  slope,  ve  obtain 
$3j  2  (0-61/32 JIT-411  The  superscript  1  on  S2  is 


used  here  to  denote  this  as  tbs  input  to  our  il  26 
Analysis. 

Using  the  vavebsight  spatial  vavsiieiglit 
spectral  model  speoified  in  the  previous 
section,  then,  aod  integrating  this  belveeo 
the  lover  and  upper  limits,  ve  obtain  S2H  2 
(jC/CxXtkpl^/g)*1  -l)  as  the  model  to  be  fitted  to 
the  input  to  determine  tbe  tvo  unknowns,  K  and 
cx.  Ve  do  this  by  a  leas t-squares  fitting  of 
S?N  to  S*|.  summing  over  rind-speed  samples 
equally  incremented  at  AU  >0.5  ml a  from  3.5 
m/s  <  U  <  16  m/s.  The  value  for  kp  that  ve 
employ  is  £5  m'2,  as  determined  from  full-rave 
theory.  Sinoe  the  model  is  linear  in  K  and 
nonlinear  in  a,  ve  eliminate  X  from  the  least- 
squares  sum  by  dif ferentjating  vilh  respect  to 
K.  solving  for  it,  and  replacing  it.  Then  the 
minimis  is  sought  over  cx  at  increments  Ac*  2 
0.0005.  The  solutions  are  X  2  0.00512  and  cx  2 
0.1355.  Banos,  tbe  spectral  model  that  des¬ 
cribes  the  equilibrium  region  based  on  SLASAT 
altimeter  dau  is  S(k)  2  0  00il2/(ks  **  kL  i4) 

6.  VALIDATION  Or  HAVE  AND  SCATTER  MODELS 

Tvo  arguments  oan  be  used  to  establish  the 
soundness  of  the  spectral  mode)  derived  her* 
from  SLASAT  altimeter  data.  Tbe  first  has  to 
do  vith  the  unoer Lain ties  in  the  empirical 
wind-speed  model  fitted  by  Cbelton  and  McCabe 
to  the  SEASAT  altimeter  da  la  If  these  are 
Sufficiently  large,  they  might  produce  spec¬ 
tral  model  uncertainties  that  vould  encompass 
the  older,  olassic  k"4  lsv.  If  this  were  th* 
case,  theo  the  k4Je  vould  not  be  statistical ly 
significant,  and  any  claim  for  its  acceptance 
vould  be  weak .  To  show  that  the  the  result 
derived  here  is  indeed  statistically  signifi¬ 
cant.  ve  plot  0*  from  the  Che  It  on /McCabe 
model  0*  2  32VT •  **•  in  Fig.  1;  shorn  in  shading 
Around  it  is  the  uncertainty  region  repre¬ 
sented  by  tviofr  the  standard  deviations  in 
their  derived  model  parameters  32  and  -.466, 
which  ve  added  ao  as  to  produce  the  greatest 
departures.  Tbe  line  at  the  oenter  of  the 
shading  is  also  of  oourse  identically  the 
#p*oular-poiot  model  applied  to  our  oevly  j 

derived  k’M*  spectrum  vith  kp  2  85  m‘2  as  the 
upper  limit,  because  tbe  input  5}j  matches  th* 
fitted  model  S3„  io  the  lvast-equare*  fitting 
to  vithin  iO. 05  dB.  Also  plotted  in  the 
figure  is  th*  older  spectrum  0.005/k"4  used  in 
the  specular-point  model,  also  cut  off  at  tha 
(Am*  upper  limit  k0  2  85  m~2.  Th*  2-3  dB  men¬ 
tioned  earlier  is  in  evidenoe  here,  but  more 
Important,  tha  older  model  clearly  lies  well 
beyond  tbe  uncertainty  region  of  tbe  SLASAT- 
based  model  derived  her*.  Reference  to  Fig. 

23  of  Qteltoo  and  McCabe  (Ref.  6)  also  shows 
that  the  individual  2000  altimeter  points  for 
0*all  li*  well  within  3  dB  of  their  empirical 
fit.  supporting  our  claim  that  tbe  older  spec¬ 
tral  model  cannot  produce  a  scattering  lav 
that  fits  measured  data.  Finally,  ve  note 
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figure  1.  JUdar  beckscatler  cion  itctioc  at 
13.5  012  at  norm*)  incidence .  Lover  curv«  j* 
empirical  lav  lilted  to  SEA5AT  data  (Pel  6), 
where  shaded  regi on  represent*  statistical 
maoeruinty  to  this  lav  fro*  fitted 
piriMict  Lover  curve  aleo  represents 
•  poojlax-poiat  scattering  model  upon  u*«  of 
k*  wave  epectru*  for  required  elope  Upper 
Airve  ie  e pvoular -point  model  vitb  the  older, 
classic  kH  spectrum  employed  lnatead 


that  Lb*  older  k“*  lav  cannot  be  made  to  fit 
very  veil  aarely  by  taking  a  different  upper 
limit  to  the  apeotrum  (even  if  that  atep  oould 
be  pbyvicelly  yuetified  somehow).  a  higher 
•pper  limit  till  eaaeotially  alide  tbe  upper 
curve  lover,  but  Ua  elope  atill  differa 
throughout  tbe  plotted  range,  ao  ibat  it  atill 
dee*  mot  convincingly  lit  tbe  measured  data. 

A  aeoomd  n  IidaCion  of  our  model  baa  to  do 
with  ’cloture."  W*  •  tar  ted  vith  tbe  data 
that  tbe  more  approximate  epecular-pcint  model 
era*  a  efficiently  accurate  repreaeotatioo  of 
medir  altimeter  acatler  that  ve  could  us*  it 
to  derive  a  vave  spectra)  model  from  SEAS/? 
data  be  tben  invoked  tbe  full-vave  ecatter 
•olution  to  find  tbe  proper  upper  limit  kp  =  85 
s'1  to  use  in  tbe  epeoular -point  model  for  all 
viod  apeeda.  If  tbia  prooeaa  all  bold# 
together,  re  ought  to  be  able  to  nev  put  our 
mt  vave  spectra]  model  beck  into  full-vave 
theory  for  ecatter  aod  produce  tbe  a&me  result 
me  the  specular-point  model  acroaa  tbe 
min d -a peed  range  ve  vorked  nth,  l.e.,  3.5  ft/s 
<  U  <  U  m/a.  Ve  have  done  tbia,  aod  tbe 
difference*  (in  d£)  for  0*  betveen  tbe  tvo  at 
mind  apeeda  of  3.  5,  10,  15,  20  m/a  are 
(respectively)  *0.07,  *0  04,  -8.02,  -0.05,  and 
*0.01  dt  Since  tbeae  are  veil  belov  tbe 
noiee  level  of  tbe  original  model,  and  finoe 
they  are  essentially  due  to  oumenoal  roundoff 
error*,  ve  maintain  that  tbe  argument*  that 
invoked  full-vave  theory  to  validate  tbe  uae 
ci  the  apeoular -point  model  are  indeed  proven. 

7.  DISCUSSION 

Ve  have  employed  SEASAT  altimeter  data  along 
vitb  a  damoaatratedly  oonaiatent  eoattering 
mode]  to  formulate  a  nev  equilitrium-raoge  lav 
for  tbe  r* va height  apatial  tptclium  on  the 
•pea  ooeao.  Tbia  lav  is  not  aigoif loantly 
different  from  the  older  claeeic  Phillip*  lav 


I  0.005/k*  lav  near  the  lover  end,  but  depart*  ^37 
markedly  at  wavenumber*  on  order  of  a*»yimud* 
or  more  beyond.  Vo  illua crate  tbia  for  tbe 
Deter  model  B(k)  «  0. 00512/(1*  kL  »«)  and 
older  model  S(k)  =  0.005/k4  at  k,  =  85  m'1  (for 
viod  apeed  10  m/*);  tbe  tvo  differ  by  a  factor 
of  2.54.  If  ooe  it  milling  to  extrapolate 
both  model*  out  to  th*  oapillary  region  vbere 
kc  -  360  i*1,  tbia  factor  become*  3.23.  Tbe 
method  uaed  involving  aurfaoe  elope  pireolude* 

•aying  mu  oh  about  the  abape  of  tbe  spectrum 
near  tbe  lover  end.  In  addition,  ve  bave  not 
demonstrated  that  tbe  nev  spectral  lav  bold* 
out  to  th*  oapillary  br*ak  kc  =  360  m’1  aince 
our  fitting  atopped  at  kp  -  85  a~J;  on  tbe 
other  hand,  ve  bave  no  reason  to  suspect  that 
it  should  not  be  valid  in  this  gravity-rave 
regioo  a*  vail. 

It  deserves  mention  that  tbe  tvo  SLaSAT 
instrument*  (altimeter  and  soatterometer )  uaed 
to  establi*  ■  be  vind-speed  lav  lor  the  former 
do  not  obatrva  the  ocean  at  the  same  place  and 
time.  Cb«,  and  HoCabe  indicated  that  they 
employed  a  matching  process  ao  that  only  data 
from  the  tvo  that  rare  within  100  km  and  leas 
.  thao  one  hour  af*rt  on  tb*  sea  vere  used.  We 
;  suggest  that  any  errors  resulting  from  tbe 
.  remaining  mismatch  should  be  randomly  distri¬ 
buted  about  tbe  mean  values,  rather  than  a 
bias  one  may  or  tbs  other;  hence  they  vill 
tend  to  sversgc  out  for  the  analysis  performed 
here. 

In  nddition  to  tbe  oosanographio  implications 
of  the  nev  vsve  spectrum,  the  present  findings 
ooostituts  validation  of  a  physically-based 
scattering  algorithm  for  return  from  tbe  sea 
at  aAd  near  normal  incidence:  the  apeoular-  ( 
point  model,  along  vith  a  slope  spectrum  aod 
upper  "radar*  wavenumber  limit  for  tbe  slope 
integral.  Tbia  should  prove  to  be  useful  for 
both  algorithm  development  and  system  studies 
•ssociatsd  with  implementation  of  future 
satellite  microwave  ooean  sensors. 

It  has  been  normal  practice  to  ooovert  between 
spatial  and  temporal  vavebeigbt  spectra  (aod 
rJo*  rmrma)  through  tbe  gravity-wave  disper¬ 
sion  relation:  k  -Os/g.  Although  this  works 
veil  near  tbe  dominant  part  of  tie  vave  spec¬ 
trum  (i.e.tbe  peak),  it  is  ppt  clear  that  it 
holda  veil  out  in  the  equilibrium  regioo  (Ref 
14).  Thus  ve  hesitate  to  say  that  our 
finding*  imply  a  temporal  dependence  O'*73,  es 
the  dispersion  relation  would  suggest. 

The  model  derived  here,  vith  a  lover  equili¬ 
brium-range  wavenumber  fa lloff  than  -4,  is  in 
qualitative  agreement  with  the  very  recent 
findings  of  Phillips  (Ref.  13).  He  postulates 
-3.5  compared  to  the  -3.86  derived  here. 

Phillips*  arguments  ar#  kissed  on  energy 
balance  at  a  constant  ratio  among  three 
factors:  energy  input  from  the  vind,  energy 
dissipation  (from  th*  equilibrium  regioo)  by 
vave  breaking,  and  energy  transfer  avay  from 
tbs  equilibrium  region  by  veve-vav*  inter¬ 
action  processes.  Th*  reason  for  tbe  dif¬ 
ference  betveen  the  tvo  values  may  veil  be  tbe 
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{•St  that  glokml.  cpen-ooea*  HSA3AT 
tioiiJ  molud«  ill  lUlti  of  rave  development 
and  decay.  One  should  expect  tbe  areateal 
departure  troi  tb«  -4  lav  vbec  oonlinearitles 
an  the  strongest,  vhich  o ooun  during  “fully 
developed*  (or  stesdy-etate )  conditions.  When 
thie  latter  oondition  oeaeee,  the  maintenance 
of  a  constant  ratio  0*009  tbe  three  energy 
prooeaaea  till  no  longer  bold,  0.9.,  vind  say 
die  first.  folloved  later  by  oeaaatioo  0 f 
breaking,  and  finally  by  a  variation  in  tbe 
rate  of  intra-apectral  rave-rave  energy 
tranafer.  A  given  point  on  tbe  ocean  observed 
by  SEAS  AT  ia  likely  to  be  in  a  fully  developed 
condition  only  a  lraotioo  of  tbe  time.  Hence, 
tbe  SEASAT-derived  -3. 86-lav  vould  apply  to  an 
average  over  all  possible  vave  development /de¬ 
cay  conditions,  vbereaa  tbe  -3.5-lav  appliaa 
during  steady-atate  fully  developed 
oonditions. 

2n  calling  tbe  -4-lav  tbe  “classic  Phillip*' 
spectral  model,  ve  apologize  and  emphasize 
again  that  it  vas  Phillips  (Ref.  13)  vbo 
presented  a  oonvinoing  case  for  a  re-evalua¬ 
tion  Used  on  measured  data,  and  vss  tbe  first 
to  produce  a  physical  model  that  refutes  this 
lav.  be  can  only  relcome  bis  statement  “The 
matter  clearly  deserves  reconsideration  -  25 
yv*ts  is  a  pretty  good  lifetiJM  fox  the  simple 
ideas  underlying  (1.1)  «od  (1.2)  (i.e.,  the  k"< 
G*  lav*},  and  if  they  are  found  to  be  no 
longer  viable,  they  should  be  saluted  and 
interred  vith  dignity." 
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ABSTRACT 

In  this  work, a  layer  consisting  of  a  large 
variety  of  randomly  distributed  finitely  con¬ 
ducting  particles  with  irregular  shapes  is  assumed 
to  be  excited  at  infrared  and  optical  frequencies 
by  a  normally  incident  linearly  polarized  wave. 

The  resulting  incoherent  specific  intensities  as 
veil  as  the  co-polarized  and  cross-polarized 
intensities  are  evaluated.  Both  single  scatter 
and  multiple  scatter  results  are  presented  for 
particles  with  smooth  and  rough  surfaces. 

1.  Introduction 

In  this  work, the  scattering  and  depolarization 
of  linearly  polarized  waves  by  a  random  distribu¬ 
tion  of  finitely  conducting  particles  of  irregular 
shape  are  presented.  The  random  rough  surfuce  of 
the  particle  is  characterized  by  its  surface 
height  spectral  density  function  (or  its  Fourier 
transform  the  surface  height  autocorrelati on 
function) . 

The  full  wave  approach  is  used  to  account  for 
both  specular  point  scattering  as  veil  as  diffuse 
scattering  by  the  particle  in  a  self-consistent 
manner  (Bahar  and  Chakrabarti  1505),  and  the 
equation  of  transfer  (Chandrasekhar  1950  and 
Ishimaru  1978)  for  the  modified  Stokes  parameters 
is  solved  using  the  matrix  characteristic  value 
method  (Cheung  and  Ishimaru  19&2).  Both  single 
scatter  and  multiple  scatter  results  are  given 
for  particles  with  smooth  and  rough  surfaces  and 
the  effects  of  particle  surface  roughness  are 
considered  in  detail. 

2.  Formulation  of  the  Problem 

The  analytical  solutions  for  the  modified 
Stokes  incoherent  specific  diffuse  intensity 
matrix  [i}  are  presented  in  this  section.  A 
linearly  polarized  wave  is  assumed  to  be  normally 
incident  upon  a  parallel  layer  of  randomly 
distributed  non-spherical  particles.  Thus  the  like 
and  cross  polarized  incoherent  intensities  are 
aziauthally  dependent.  Special  consideration  is 
given  to  the  effects  of  the  surface  roughness  of 
the  particles  of  finite  conductivity.  Since  the 
roughness  parameter  &=l4k|<hj;>  (where  kQ  is  the 
free  space  wavenumber  of  the  electromagnetic  wave 
and  <h|>  is  the  mean  square  height  of  the  particle 
rough  surface)  is  assumed  to  be  large  (B=1*0),  the 
full  wave  solutions  (Bahar  and  Chakrabarti  1985) 
are  used  to  determine  the  elements  of  the  scatter¬ 
ing  matrix  for  the  equation  of  transfer  (Chandrasek¬ 
har  1950.  Ishimaru  1978). 


In  {  2.1)  T  is  the  optical  distance  in  the  z  direc¬ 
tion  (normal  to  the  plane  of  the  slab), 

T=p[a^]zr Jo^  n(D)dD  z  (2.2) 

where  D  is  the  diameter  of  the  unperturbed  spheri¬ 
cal  particle,  n(D)  is  the  particle  size  distribu¬ 
tion  and  is  the  extinction  coefficient.  The 
symbol  p[*]  denotes  integration  over  the  size 


distribution.  Since  the  effects  of  the  particle 
surface  roughness  are  vanishingly  small  in  the 
forward  direction,  the  extinction  matrix  (Ishimaru 
and  Cheung  I960,  Cheung  and  Ishimaru  19$2)  for  the 
rough  sphere  can  be  represented  by  a  scalar  quan¬ 
tity.  The  (!*xl)  matrices  [i]  and  [i']  are  the 
incoherent  diffuse  intensity  matrices  for  waves 
scattered  by  the  particles  in  the  direction 
6=cos"lp  and  $  and  for  waves  incident  in  the  dir¬ 
ection  G'ccos-^’  and  respectively.  The  elements 
of  [i]  are  the  modified  Stokes  parameters  (Ishimaru 
1978).  Tne  (l*xM  scattering  matrix  [s]  in  the 
reference  coordinate  system  is  expressed  ir.  terms 
of  the  scattering  matrix  [s']  in  the  scattering 
plane  through  the  following  t runs  format  ion 

[s]*[ar(-T’+a)][s,][X(a' )]  (2.5; 

in  which  is  a  transformati cm  matrix  and  [C'J  is 
the  weighted  sum  of  two  matrices 

[s-Hxs<;-;r)i2r^ieMss]  (2.m 

In  (2.M  [SM.  ]  is  the  scattering  matrix  for  the 
unperturbed  sphere  (ishimaru  1978)  and  Xc(v*5r)is 
the  particle  random  rough  surface  characteristic 
function 

X5(v*a  )=<exp(iv*a  h  )>  (2.5a) 

in  which  T  .  T  S 

v=k  (n  -n1)  (2.5b) 

-f  -i  0 

and  n  and  n  are  unit  vectors  in  the  direction  of 
the  scattered  and  incident  wave  normals.  The  ran¬ 
dom  rough  surface  hs  is  measured  normal  to  the  un¬ 
perturbed  (spherical)  particle.  Thus,  the  radius 
vector  to  the  surface  of  the  irregular  particle  is 


(2.5c) 


The  radius  of  the  unperturbed  sphere  is  hQ .  The 
coefficient  |xs|2  in  (2.1*)  accounts  for  the  de¬ 
gradation  of  the  specular  point  contributions  to 
the  scattered  fields  by  the  rough  surface  ( I  Xs  I ^  ^ 
and  |xs I2*!  as  0-*O).  The  diffuse  scattering  con¬ 
tribution  to  the  matrix  [S']  due  to  surface  rough¬ 
ness  is  given  by 


(?.i) 


14,3  I4J 


^  tsy 

fey  fey 


[S1J]=  p[<°IJ>s]-  for  (2-7a) 

2 

in  vhich  Ay=Tih0  is  the  cross  sectional  area  of  the 
unperturbea  particle  and  <0^>s  are  the  full  wave 
solutions  for  the  like  and  cross  polarized  normal¬ 
ized  scattering  cross  sections  (Bahar  and  Chakra- 
barti  1985)-  The  first  and  second  superscripts  i  ,J 
denote  the  polarizations  (V  vertical,  H  horizontal) 
of  the  scattered  and  incident  fields  respectively. 

j  ,  ^  3f  ,  ,  —  p 

<o  J>s-/  /  |k  D  J|p  Q  sinY  dydi/n  (2.7b) 

o  o 


Qs=  /  (x|(v'sr)-|x£(v-ar)|2)exp(iv.rd)dxddz(1 

(2.7c) 

The  Joint  characteristic  function  for  the  rough 
surface^  h  is  only  a  function  of  distance  r^  = 
(x^+zjj)^  smeasured  along  the  surface  of  the  un¬ 
perturbed  sphere. 

Furthermore  for  i=3  and  1*  (Bahar  and  Fitzvater 
1985) 

[s^]‘p[He[<a^>st<o^>sJ]Ay/Hfi[ot]  (2.7d) 

(upper  and  lover  signs  for  i*3  and  J*  respectively) 
and  for  i^J 

(2.7e) 

(upper  and  lover  signs  for  and  i,J=3,l< 

respectively).  In  the  above  expressions 

<0^*>-J  /  k2D1JDkt*P2QsSinYdYd6/x2  (2.7f) 

OO 

In  (2.7)?^  is  the  shadow  function  and  the  scatter¬ 
ing  coefficients  are  functions  of  ni,nf  and  n 
the  normal  to  the  unperturbed  surface  of  the  parti¬ 
cle  as  veil  as  its  electromagnetic  parameters  e,p. 
The  remaining  eight  terms  of  the  matrix  [s]  vanish 
since  D11  and  DiJ(i^j)  are  symmetric  and  antisym¬ 
metric  respectively  with  respect  to  6,  the  aximuth 
angle  of  the  sphere. 

In  this  work  it  is  assumed  that  a  linearly  po¬ 
larized  wave  is  normally  incident  upon  a  parallel 
layer  (of  optical  thickness  tq)  containing  a  ran¬ 
dom  distribution  of  irregular  particles.  Thus  the 
incident  Stokes  matrix  at  z*0  is 


[I.  >  0  6(p'-l)6($' )=[l  ]6(u’-l!S4'>  (2.8) 
inc  0  o 


in  which  the  (bxl)  matrix  F  is 

[fHs][i  ] 

P^®1 

4>'*0  (2.11) 
and  the  matrix  [lQ]  is  defined  by  (2.8).  The  matrix 
[f]  contains  terms  that  are  azimuthally  independ¬ 
ent  as  veil  as  terms  that  are  proportional  to  cos2{; 
and  sin2$.  Thus  [f]  is  expressed  as  follows  (Cheung 
and  Ishimaru  19&2) 

[fHf]  ♦If]  cos2$+[f]  sin2$  (2.12) 

0  6  b 

in  vhich,  for  a  rough  sphere, 


M-4  n02  .CF]_ 


and  Fq. (upper  and  lover  signs  for  a=0  and 
a=a  respectively.)  The  solution  of  the  equation  of 
transfer  (2.1)  for  the  incoherent  specific  inten¬ 
sity  matrix  can  be  expressed  in  terras  of  the  Four¬ 
ier  series 

[l]=  I  [l]acos  ro$+  T  [l]bsin  m$  (2.lM 

m  ,  m 

m=o  m=l 

Since  the  elements  of  the  scattering  matrix  [c]  are 
functions  of  it  is  expressed  as  follows 

♦  ~  J  ([s]acos  m($'-$)]  (2.15) 

m=l 

In  view  of  the  excitation,  (2.10)  through  (2.13), 
the  only  non-vanishing  Fourier  terras  are  m=0  and 
ra®2  (Cheung  and  Ishimaru  1982).  The  equation  of 
transfer  for  the  m=0  Stokes  matrix  is 

•^ci];-[i];*/[«3y']>'*[r]0«p(-t)  (2.10 

Since  the  third  and  fourth  elements  of  [f]q  (2.13) 
are  zero,  and  in  view  of  the  special  form  of  [s]£, 
the  third  and  fourth  terms  of  [i]*  vanish. 

The  equation  of  transfer  for  the  m=2  term  is 

Wd^{l]?«-[l]2*/[r.]2[r]2db'.[F]2exp(-T)  (2.17) 

in  vhich  , 

■  [s  ]a  [c  r* 

[s]p=  1  v  2  t  and  [F],-[F]  *[f]  (2.18) 

L‘[S3]p  [C‘.12j  1 

in  which  [S.]8  and  [s.]^  are  2x2  matrices 
i  m  l  m 

2v 

[S  ]tt*  /[ G ]cos  m( ♦  *  — )d ( 0 '  — 4> )  i=l,^  (2.19a) 
1  m  '  i 
o 

.  2x 

£ S  3  *  /[S.)sin  m($'-$)d($'-$)  i=2,3  (2.19b) 

l  ro  i 
o 

and  £Si3  are  the  (2x2)  subr.atrices 


in  vhich  fi(«)  is  the  Dirac  delta  function.  Thus  the 
reduced  incident  intensity  is 

[IriKlinC]“P(-T)  (2-9) 

and  the  (^xl)  excitation  matrix  in  (2.1)  is 

[li3*/Csj[lri]dp’d^,*[F]exp(-T)  (2.10) 


up  ty 
JSJ  iKl 


•l3j 

The  boundary  condition-,  for  the  Stokes  matrix  are 

[j]  -[i]  — 0  for  0  <u<  1  at  t"0  (2.21a) 

and 

[i]  '[Oj'O  for  0  >u>  -1  at  T.To.  (2.21b) 
Equations  (2.16)  and  (2.17)  together  with  the 


(2.10) 


associated  boundary  conditions  (2.21)  are  solved 
for  the  specific  incoherent  diffuse  scattering 
intensities  using  the  Gaussian  quadrature  method 
(to  discretize  the  angles  0=cos’^p)  and  the 
matrix  characteristic  value  technique  (ishimaru 
1978). 

The  diffuse  scattering  intensities  1^  and  I0 
correspond  to  the  vertically  polarized  (Eg)  and 
horizontally  polarized  (E$)  vaves.  However,  in 
practice,  the  polarization  of  the  receiver  is 
either  parallel  (E^)  or  perpendicular  (Ey)  to  the 
polarization  of  the  incident  wave.  The  correspond¬ 
ing  specific  intensities  Ix  and  I  are  called  the 
co-polarized  and  cross  polarized  Incoherent  inten¬ 
sities  respectively  (Cheung  and  Ishimaru  19S2). 


3.  Illustrative  Examples 


The  random  rough  surface  height  hs  (2.5c)  (meas¬ 
ured  normal  to  the  surface  of  the  unperturbed 
spherical  particle  of  radius  hc,  is  assumed  to 
be  homogeneous  and  isotropic.  The  rough 
surface  is  characterized  by  its  surface  height 
spectral  density  function  V{ vx ,vz )=W( vy) ,  the 
Fourier  transform  of  the  surface  height  autocor¬ 
relation  function  <hshg>,  where  vT  is  the  component 
of  v  (2.5b)  tangent  to  the  surface  of  the  unper¬ 
turbed  sphere, 


(3.1) 


The  specific  form  of  the  surface  height  spectral 
density  function  is 

-r  v.,-18 

r  >0  D=10X 

"  X-.556U  (3.2) 


2  2 

V#B+V 

T  m 


The  constant  C  is  determined  by  the  choice  of  tho¬ 
roughness  parameter. 


8=i*k2<h2>*k0 

S 

In  (3.3)  <h2>is  the  mean  square  height 


(3.3) 


|  V(vT)vTdvT"C/210v^  ( 3 . *• ) 


The  corresponding  value  for  the  mean  square  slope 
is 

<o^>=|  /  W(vT)vjdv,J.C/eW^.10  (3.5) 

Thus  the  correlation  length  is 

r  =2(<h2>/<0?>)’*1.26/v  ..10  (3.6) 

css  m 

The  corresponding  values  for  the  extinction  cross 
sections  and  the  albedos  are  shown  in  Table  I.  The 
analytical  expression  for  the  surface  height  auto¬ 
correlation  function  R(C)=<h  h’>/<h2>  is 
s  s  s 

♦[i-S-'kKv0  !3-7) 

In  (3.7)  K  and  K  are  modified  Bessel  functions 
of  the  second  kind  of  order  zero  and  one  respec¬ 
tively  (Abramowitz  and  Stegun  I96M  and  the  dimen¬ 
sionless  argument  is 


C=Vd  (3.B) 

For  all  the  illustrative  examples  it  is  assumed 
that  the  normally  incident  wave  is  linearly 
polarized  with  the  electric  field  in  the  direction 


of  the  x  axis  (in  the  $=Q  plane).  The  equation 
of  transfer  for  the  Stokes  parameters 
(2.16)  and  (2.17)  together  with  the  associated 
boundary  conditions  (2.21)  are  solved  using  tr.e 
matrix  characteristic  value  technique  (Ishimaru 
1978).  The  scattering  cross  sections  are  very 
sharply  peaked  in  the  forward  direction,  thus  it 
is  necessary  to  use  a  Gaussian  quadrature  formula 
of  order  32  (Abramowitz  and  Stegun  19C*). 

In  Figs.  1  and  2  the  incoherent  diffuse  trans¬ 
mitted  intensities  Ij  (vertical  polarization)  and 
1^  (horizontal  polarization)  for  case  (a)  (aiar- 
inum)  are  plotted  as  function.,  of'  v.t!. 

$=0  and  i0=  1 .  The  solid  curve::  correspond  to  first 
order  scattering  solutions  only  (isnitarw  i'«V, 
for  the  smooth  (unperturbed  spherical)  part;.‘i»s 
and  particles  with  rough  surface's  (1~*0,  for  sin¬ 
gle  scatter  smooth  particle).  The  corresj  ^r.  ling 
solutions  that  account  for  nultij. It  scattering 
are  also  plotted  in  these  figures. 

In  Figs.  3  and  b  the  transmitted  incoherent 
intensities  1^  and  Ip  for  case  ( t j  (|iastic  )  are 
plotted  as  functions  of  6(0,9'-'°/  with  $=-•-  and 
Tc*l.  There  is  a  larger  difference  between  the 
results  for  the  smooth  and  rough  particles  for 
this  case  than  for  case  (a). 

b.  Concluding  Remarks 

The  specific  incoherent  diffuse  i  nten:.  1 1 ;  e., 
and  Ip  as  well  as  the  co-polarized  ar.u  cro.s.  j  diar¬ 
ized  intensities  are  evaluate  :  for  a  layer  of  ran¬ 
domly  distributed  finitely  conducting  particle,  of 
irregular  shape.  The  rough  surface:*  of  the  j  arti¬ 
cles  are  characterized  by  different  surface  j.e.gM 
spectral  density  functions  an:  rougnner.!  para¬ 
meters  8.  The  layer  of  p articles,  is  a:: -r.«- :  ;>  i.e 
excited  by  normally  incident  linearly  joiar.zej 
waves  at  wavelength  X=Q . 555U • 

The  rough  particles  will  generally  dejoianz» 
the  incident  waves  more  than  the  smooth  particle1: 
and  the  specific  intensities  tend  to  be  less 
oscillatory  functions  of  6  for  the  rough  parti¬ 
cles.  Since  the  albedos  for  the  rough  particles 
are  smaller  than  those  for  the-  smooth  particles 
(the  difference  increases  for  more  dissipative 
particles),  hence  for  very  thick  layers  the  speci¬ 
fic  intensities  are  smaller  for  the  rough  parti¬ 
cles.  Both  single  scatter  and  multiple  scatter 
solutions  are  given.  For  small  optical  thickness 
T<1  1^  is  smaller  for  the  rough  particles  than  for 
the  smooth  particles  (since  the  albedo  for  the 
rough  particle  is  smaller).  However  I2  is  larger 
for  the  rough  particles  since  the  rough  particles 
more  strongly  depolarize  the  incident  waves. 
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smooth  and  rough  particles.  Multiple  scatter:  (♦} 
smooth,  (A)  rough.  £^->40-112  (Khrenreich,  1965). 


Pig.  3.  Specific  incoherent  intensity  1^,  case  (b), 
transmitted,  t  ml,  ♦“0.  First  order  ( — j, 
smooth  and  rough  particles.  Multiple  scatter:  (♦) 
smooth,  (A)  rough.  cr“1.5-i8. 


Table  I 

case  a  case  t 

er  -U0-il2  1.5-16 

material  aluminum  dissipative  jlastic 

ot,  smooth  2.2 592  2.2^32 

Ot,  rough  2.2126  2.1959 

albedo,  smooth  .9356  .6607 

albedo,  rough  .8579  .6105 

Table  1.  The  dielectric  coefficient  er,  the 
extinction  cross  section  and  the 
albedos  for  the  scattering  particles 
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Fig.  2.  Specific  incoherent  inten: ity  10  case  (a), 
transmitted,  T  *1 ,  $=0.  First  or  ier  ( — ) , 
smooth  and  rough  particles.  Multiple  scatter:  (♦) 
smooth,  (A)  rough.  c  «-U0-il2  . 


Pig.  1*.  Specific  incoherent  intensity  I ^ »  case  (b), 
transmitted,  70«3,  First  order  ( — ), 

smooth  and  rough  particles.  Multiple  scatter:  (♦) 
smooth,  (A)  rough,  e  *1,5-18. 
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SCATTER  I KC  CROSS  SECTIONS  FOR  PARTICLES  OF  IRREGULAR  SHAPE 
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I  i 

I  ABSTRACT 

I  » 

|  The  full  wave  approach  recently  applied  to  the  problem  of  -electromagnetic  scattering  by  a  two  6cale 

aodel  of  random  rough  surfaces  has  been  shown  to  account  for  both  Bragg  scattering  and  Specular  Point  ; 

scattering  in  a  self-consistent  manner.  Thus  scattering  cross  sections  can  be  expressed  as  weighted  sums 
l 

!of  two  cross  sections.  The  first  is  associated  with  a  smooth,  filtered  surface  consisting  of  the  large 

■  scale  spectral  components  of  the  rough  surface  and  the  second  is  associated  with  its  small  scale 
[spectral  components. 

I 

|  In  a  similar  manner  the  scattering  cross  sections  for  a  particle  of  Irregular  shape  can  be  charac- 

i 

■  terized  by  weighted  sums  of  two  cross  sections.  The  first  is  related  to  the  cross  section  for  a  "smooth" 

i  i 

!partlcle  of  arbitrary  shape  and  Che  second  accounts  for  the  small  scale  surface  roughness  of  the  particli 
;To  apply  such  an  approach  to  the  scattering  problem,  it  i*  necessary  to  assume  that  the  principal  dimen¬ 
sions  of  the  particle  are  larger  than  both  the  wavelength  of  the  scattered  fields  and  the  small  scale 
^surface  height  correlation  distance.  J 

|  Both  the  depolarized  and  like  polarized  components  of  the  scattered  fields  are  accounted  for  in 
the  full  wave  analysis.  These  solutions  are  consistent  with  reciprocity  and  realizability  relationships 
[in  electromagnetic  theory  and  they  are  invariant  to  coordinate  transformations. 
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j  ABSTRACT  | 

1  As  a  synthetic  aperture  radar  scans  different  por-  ; 

: tions  of  a  rough  surface,  the  direction  of  the  unit  j 
;vector  normal  to  the  mean  surface  of  the  effective 
'illuminated  area  (resolution  cell)  fluctuates.  In  this  ! 
paper  the  modulations  of  the  scattering  cross  sections  ! 
of  the  resolution  cell  are  determined  as  the  normal  to 
jit  tilts  in  planes  that  are  in  and  perpendicular  to  the 
fixed  reference  plane  of  incidence.  Using  the  full  wave 
^approach,  the  scattering  cross  sections  are  expressed 
ias  a  weighted  sum  of  two  cross  sections.  The  first  cross 
^section  is  associated  with  scales  of  roughness  within 
!the  resolution  cell  that  are  large  compared  to  the  radar 
■wavelength,  and  the  second  cross  section  is  associated  . 

■with  small-scale  spectral  components  within  the  resolu¬ 
tion  cell.  Thus,  both  specular  point  scattering  and 
■Bragg  scattering  are  sccouated  for  In  a  self-consistent 
;»anner.  The  results  are  compared  with  earlier  solutions 
jbased  on  first  order  Bragg  scattering  theory.  i 


SCATTERING  CROSS  SECTIONS  FOR  LARGE  FINITELY  CONDUCTING  SPHERES 
WITH  ROUGH  SURFACES-FULL  WAVE  SOLUTIONS 

Ezekiel  Bahar 
and 

Swapan  Chakrabarti 
Electrical  Engineering  Department 
University  of  Nebraska-Llncoln 
%  Lincoln,  NE  68588-0511 

ABSTRACT 

The  scattering  cross  sections  for  large  finitely  conducting  spheres  vith  very  rough  surfaces  ar 
determined  for  optical  frequencies  using  the  full  wave  approach.  For  the  roughness  scales  considered 
the  scattering  cross  sections  differ  signif icantly  from  those  of  smooth  conducting  spheres.  Several 
illustrative  exaaq>les  are  presented  and  the  results  are  compared  vith  earlier  solutions  to  the  problem. 
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OPTIMUM  BACKSCATTER  CROSS  SECTION  OF  THE  OCEAN 
AS  MEASURED  BY  SYNTHETIC  APERTURE  RADA RS 


Ezekiel  Bahar 

Electrical  Engineering  Department 
University  of  Nebraska -Lincoln,  NE  68588-0511 

Clifford'L.  Rufenach  and  Donald  E.  Barrick 
NOAA/ERL/Wave  Propagation  Laboratory,  Boulder,  CO  80303 

Mary  Ann  Fitzwater 
Electrical  Engineering  Department 
University  of  Nebraska-Lincoln,  NE  68588-0511 


ABSTRACT 

Microwave  remote  sensing  of  rough  surfaces  (both  land  and  ocean) ,  using  moving 
platforms  (aircraft  and  satellite),  as  well  as  ground  based  measurements  has  illus¬ 
trated  the  need  for  a  better  understanding  of  the  interaction  of  the  radar  signals 
with  these  surfaces.  This  interaction  is  particularly  important  for  the  ocean  surface 
where  the  radar  modulation  can  yield  information  about  the  long  ocean  wave  field. 
Radar  modulation  measurements  from  fixed  platforms  have  been  made  in  wavetanks  and 
the  open  oceans.  The  surfaces  have  been  described  in  terms  of  two-scale  models.  The 
radar  modulation  is  considered  to  be  principally  due  to:  (1)  geometrical  :ilt  due  to 
the  slope  of  the  long  ocean  waves  and  (2)  the  straining  of  the  short  waves  (by 
hydrodynamic  interaction).  For  application  to  moving  platforms,  Synthetic  Aperture 
Radar  (SAR)  and  Side  Looking  Airborne  Radar  (SLAR),  this  modulation  needs  to  be 
described  in  terms  of  a  general  geometry  for  both  like-  and  cross-polarization  since 
the  long  ocean  waves,  in  general,  travel  in  arbitrary  directions.  In  the  present 
work,  the  finite  resolution  of  the  radar  is  considered  for  tilt  modulation  with 
hydrodynamic  effects  neglected. 


SCATTERING  AND  DEPOLARIZATION  BY  CONDUCTING  CYLINDERS 
WITH  VERY  ROUGH  SURFACES 

Ezekiel  Bahar 
and 

Mary  Ann  Fitzvater 
Electrical  Engineering  Department 
University  of  Nebraska — Lincoln 
Lincoln,  NE  68588-0511 

ABSTRACT 

Like- and  cross-polarized  scattering  cross  sections  are  determined  at  optical  frequencies  for 
conducting  cylinders  with  very  rough  surfaces.  Both  normal  and  oblique  incidence  with  respect  to  the 
cylinder  axis  are  considered.  The  full-wave  approach  is  used  to  account  for  both  the  specular  point 
scattering  and  the  diffuse  scattering.  For  the  roughness  scales  considered,  the  scattering  cross 
sections  differ  significantly  from  those  derived  for  smooth  conducting  cylinders.  Several  illustrative 
examples  are  presented. 
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MULTIPLE  SCATTER  DiC  IN  MEDIA  CONSISTING  OF  NON  SPHERICAL 
FINITELY  CONDUCTING  PARTICLES 
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The  incoherent  ipecific  intensities  for  the  vaves  scattered  by  a  random  distribution  of  particles 
vith  rough  surfaces  are  derived.  Since  large  roughness  scales  are  considered,  tbe  diffuse  scattering 
‘contributions  to  the  like  and  cross  polarized  scattering  cross  sections  are  given  by  the  full  wave 
solutions.  The  scattering  matrix  in  the  expression  for  the  equation  of  transfer  is  given  by  a  veighted 
sum  of  tbe  scattering  matrix  for  the  smooth  particle  and  the  diffuse  contribution  due  to  tbe  rough 
surface  of  the  particle.  Illustrative  examples  are  presented  for  the  propagation  of  a  circularly 
polarized  vave  normally  incident  upon  a  parallel  layer  of  particles.  Particles  vith  different  surface 
height  spectral  density  functions,  roughness  scales,  complex  permittivities  and  sizes  are  considered. 
Both  first  order  (single  scatter)  and  multiple  scatter  solutions  are  provided  and  tbe  results  for 
particles  vith  smooth  and  rough  surfaces  are  compared. 
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SCATTERING  AND  DEPOLARIZATION  BY  RANDOM  ROUGH  SURFACES- 
UNIFIED  FULL  WAVE  APPROACH 


Ezekiel  Bahar 

Electrical  Engineering  Department 
University  of  Nebraska 
Lincoln,  NE  68588-0511 


The  recent  impetus  to  produce  rigorous  solutions  to  more  realistic 
models  of  pertinent  propagation  problems  over  a  very  wide  frequency 
range  has  generated  the  need  to  derive  full  wave  solutions  to  problems 
of  radio  wave  propagation  in  dispersive,  inhomogeneous,  anisotropic 
and  dissipative  media  with  irregular  boundaries. 

To  perform  the  full  wave  analyses,  it  is  necessary  to  develop 
generalized  field  transforms  that  provide  the  basis  for  the  complete 
expansions  for  the  electromagnetic  fields  in  irregular  multilayered 
structures  with  varying  thickness  and  electromagnetic  parameters. 

These  complete  expansions  consist  of  the  vertically  and  horizontally 
polarized  radiation  fields,  lateral  waves  and  guided  surface  waves. 

The  generalized  field  transforms  are  used  to  reduce  Maxwell's  equations, 
in  conjunction  with  the  associated  exact  boundary  conditions  for  the 
electromagnetic  fields,  into  sets  of  first  order  coupled  differential 
equations  for  the  forward  and  backward  traveling  wave  amplitudes. 

The  full  wave  solutions,  that  have  been  derived  for  the  scattered 
radiation  fields  from  rough  surfaces  with  arbitrary  slope  and  electro¬ 
magnetic  parameters,  bridge  the  wide  gap  that  exists  between  the 
perturbational  solutions  for  rough  surfaces  with  small  slopes  and  the 
Physical  Optics  solutions. 
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UNIFIED  FULL  WAVE  SOLUTIONS 
FOR  ELECTROMAGNETIC  SCATTERING  BY  ROUGH  SURFACES— 
COMPARISON  WITH  PHYSICAL  OPTICS,  GEOMETRIC  OPTICS  ANT) 
PERTURBATION  SOLUTIONS  USING  TWO-SCALE 
MODELS  OF  ROUGH  SURFACES 


presented  by  j 

Dr.  E.  Bahar 

at 

The  Schlurcberger  Workshop  on  * 

Waves  in  Inhomogeneous  Media 
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INCOHERENT  DIFFUSE  SCATTERING  BY  IRREGULAR  SHAPES)  PARTICLES  OF  FINITE  CONDUCTIVITY 
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ABSTRACT 

The  Incoherent  diffuse  scattering  Intensities  (Stokes  parameters)  are  evaluated  Tor  infrared  and 
optical  excitations  of  a  layer  consisting  of  random  distributions  of  finitely  conducting  irregular 
shaped  jtarticlcs.  The  full  vave  approach  is  used  to  determine  the  elements  of  the  phase  matrix  and 
the  extinction  cross  sections  appearing  in  the  equation  of  transfer.  The  rough  surface  height  of  the 
particles  is  characterized  by  different  surface  height  spectral  density  functions. 
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Models  for  the  deep-water  ocean  gravity- wave  spatial  spectrum  fully  developed 
by  the  wind  have  classically  tended  to  follow  an  inverse  fourth  power  dependence  on 
wavenumber  beyond  the  spectral  peak  (which  translates  to  an  inverse  fifth  power 
dependence  on  wave  frequency  through  the  gravity-wave  dispersion  relation).  Such 
behavior  is  predicted  if  all  wave  scales  can  linearly  and  independently  develop  to  a 
maximum,  constant  slope  before  breaking.  Recent  theoretical  and  experimental 
oceanographic  results,  however,  demonstrate  the  importance  of  nonlinearities  in 
determining  the  characteristics  of  the  shorter  gravity  waves.  Most  conventional 
instruments  are  incapable  of  measuring  the  wave  spectral  dependence  well  into  the 
equilibrium  region.  i.e.,  a  factor  of  10  or  more  in  wavenumber  beyond  the  peak. 

Full-wave  theory  for  scattering  from  rough  surfaces  sheds  light  on  the  wave  scales 
that  contribute  to  backscatter  at  normal  incidence.  In  particular,  it  shows  how  the  simple 
specular- point  model  can  be  interpreted  in  terms  of  the  upper  limit  on  the  waveslope 
spatial  spectrum.  This  is  then  used  to  establish  an  empirical  model  for  the 
wind-developed  ocean  waveheight  spatial  spectrum,  based  on  2000  independent 
measurements  by  the  SEASAT  microwave  altimeter  of  nadir  backscatter  cross  section  vs 
wind  speed.  Although  not  accurate  near  the  spectral  peak,  the  resulting  model  gives  its 
equilibrium  behavior,  valid  for  three  orders  of  magnitude  beyond  its  peak  but  still 
considerably  short  of  the  capillary-wave  region.  The  wavenumber  dependence  follows  a 
-3.77  power  law  instead  of  the  inverse-fourth.  The  confidence  in  this  value  is  well  above 
the  statistical  uncertainty  of  the  data,  and  other  sources  of  error  in  this  calculation  (such 
as  the  presence  of  swell)  are  examined  and  found  to  be  negligible.  This  departure  from 
inverse-fourth  is  sufficient  to  produce  a  factor  of  three  higher  spectral  level  two  orders  of 
magnitude  beyond  the  peak,  demonstrating  the  importance  of  nonlinearities  in 
characterizing  the  spectrum  of  shorter  ocean- wave  scales. 


INTERNATIONAL  UNION  OF  RADIO  SCIENCE 

COMMISSION  F 

WAVE  PROPAGATION  AND  REMOTE  SENSING 


OPEN  SYMPOSIUM 

WAVE  PROPAGATION:  REMOTE  SENSING  AND 
COMMUNICATIONS 

JULY  28 -AUGUST  1,1986 


UNIVERSITY  OF  NEW  HAMPSHIRE 
DURHAM,  NEW  HAMPSHIRE,  USA 


hJ2 


SCATTERING  AND  DEPOLARIZATION  OP  LINEARLY  POLARIZED 
WAVES  BY  FINITELY  CONDUCTING  PARTICLES  OF  IRREGULAR  SHAPE 
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Electrical  Engineering  Department 
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In  this  work  the  scattering  and  depolarization  of  linearly 
polarized  vaves  by  random  distributions  of  finitely  conducting 
particles  of  irregular  shape  are  presented.  Infrared  and  optical 
excitations  of  a  large  variety  of  particles  vith  different  sizes, 
shapes  and  complex  dielectric  coefficients  are  considered  in 
detail.  The  random  rough  surface  of  the  particle  is  characterized 
by  its  surface  height  spectral  density  function  (or  its  Fourier 
transform  the  surface  height  autocorrelation  function). 

The  full  vave  approach  is  used  to  account  for  both  specular 
point  scattering  as  well  as  diffuse  scattering  by  the  particle  in 
a  self-consistent  manner  (Bahar  and  Chakrabarti ,  Applied  Optics,  2b , 
No.  12,  1820,  1985),  and  the  equation  of  transfer  (Chandrasekar , 
Radiative  Transfer,  Dover,  NY,  1950  and  Ishimaru,  Wave  Propaga¬ 
tion  and  Scattering  in  Random  Media,  Academic  Press,  1978)  for  the 
modified  Stokes  parameters  is  solved  using  the  matrix  characteristic 
value  method  (Cheung  and  Ishimaru,  Applied  Optics,  21,  No.  20, 

3792,  1982).  Both  single  scatter  and  multiple  scatter  results  are 
given  for  particles  vith  smooth  and  rough  surfaces  and  the  effects 
of  particle  surface  roughness  are  considered  in  detail. 

Both  the  co-polarized  and  cross  polarized  incoherent  diffuse 
intensities  are  plotted  as  functions  of  the  azimuth  angle  and  the 
optical  thickness  of  the  layer  of  particles.  The  degree  of  polariza¬ 
tion  of  the  scattered  waves  is  also  evaluated  as  a  function  of  the 
azimuth  angle. 


Scattering  and  Depolarization  by  Rough  Terrain 
and  Vegetation  Covered  Terrain-Unified  Full  Wave  Approach 

Ezekiel  Bahar 

Electrical  Engineering  Department 
University  of  Nebraska-Lincoln,  NE  68588 

.  ABSTRACT 

Traditionally  physical  optics  and  perturbation  theories  have  been  used  to 
derive  the  like  and  cross  polarized  scattering  cross  sections  for  composite 
random  rough  surfaces.  To  this  end  two-scale  models  have  been  adopted  and  the 
rough  surfaces  are  regarded  as  small  scale  surface  perturbations  that  are 
superimposed  on  large  scale,  filtered  surfaces.  Thus  the  physical  optics 
cross  section  accounts  for  scattering  by  the  filtered  surface  consisting  of 
the  large  scale  spectral  components  and  the  perturbation  cross  section 
accounts  for  scattering  by  the  surface  consisting  of  the  small  scale  spectral 
components  that  ride  on  the  filtered  surface. 

On  applying  the  perturbed-physical  optics  approaches  it  is  necessary  to 
specify  the  wavenumber  where  spectral  splitting  is  assumed  to  occur  between 
the  large  and  small  scale  spectral  components  of  the  rough  surface.  In 
general  the  restrictions  on  both  the  large  and  small  scale  surfaces  cannot  be 
satisfied  simultaneously  and  using  the  perturbed-physical  optics  approaches 
the  evaluation  of  the  scattering  cross  sections  critically  depends  on  the 
specification  of  the  wave  numbers  where  spectral  splitting  is  assumed  to 
occur. 

More  recently  the  full  wave  approach  has  been  used  to  determine  the 
scattering  cross  sections  for  composite  random  rough  surfaces  of  finite 
conductivity.  Since  the  full  wave  solutions,  which  are  based  on  a  complete 
expansion  of  the  fields  and  the  imposition  of  exact  boundary  conditions, 
account  for  Bragg  scattering  and  specular  point  scattering  in  a  self- 
consistent  manner,  it  Is  not  necessary  to  decompose  the  surface  into  two 
surfaces  with  small  and  large  roughness  scales.  However,  on  applying  the  full 
wave  approach  to  evaluate  the  like  and  cross  polarized  scattering  cross 
sections  for  two-scale  models  of  composite  rough  surfaces,  several  assumptions 
were  made  to  facilitate  the  computations.  The  assumptions  are:  the  large  and 
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small  scale  surfaces  are  statistically  independent,  the  mean  square  slope  for 
the  total  surface  is  approximately  equal  to  the  mean  square  slope  for  the 
filtered  large  scale  surface,  the  mean  square  height  of  the  total  rough 
surface  is  large  compared  to  a  wavelength,  the  physical  optics  approximation 
for  the  cross  polarized  backscatter  cross  section  is  zero. 

A  unified  formulation  has  also  been  derived  for  the  like  and  cross 
polarized  cross  sections  for  all  angles  of  incidence  and  the  simplifying 
assumptions,  that  are  common  to  all  the  earlier  solutions  based  on  two-scale 
models  of  the  rough  surface,  are  carefully  examined. 

The  unified  full  wave  solutions  are  formulated  in  terms  of  an  integral 
(not  integral  equation)  similar  to  the  perturbation  and  physical  optics 
solutions.  They  are  shown  to  reduce  to  the  physical  optics  solution  in  the 
high  frequency  limit  and  to  the  perturbation  solution  in  the  low  frequency 
limit.  The  unified  full  wave  solutions  which  are  derived  from  the  rigorous 
telegraphists'  equations  for  wave  amplitudes  can  also  be  used  to  account  for 
multiple  scattering  by  the  rough  surface  and  for  the  contributions  to  the 
scattered  fields  from  the  non-illuminated  or  non-visible  portions  of  the  rough 
surface. 

The  full  wave  approach  has  also  been  applied  recently  to  problems  of 
scattering  and  depolarization  by  arbitrarily  oriented  discrete  scatterers  of 
finite  conductivity  characterized  by  their  surface  height  spectral  density 
functions.  Therefore  using  the  unified  full  wave  approach  it  is  possible  to 
analyze  more  realistic  models  of  propagation  paths  over  the  earth's  surface. 

At  microwave  frequencies  the  vegetation  that  covers  the  terrain  can  be 
represented  by  distributions  of  discrete  randomly  oriented  scatterers  rather 
than  by  a  dielectric  layer  with  an  "effective  complex  permittivity"  or  an 
"effective  surface  impedance." 
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Over  the  period  of  the  last  decade^refleetion  models, for  comput 
generated  synthetic  images^  have  been  considerably'  improved  in  order 
to  generate  very  realistic  images  of  three  dimensional  objects  on 
two  dimensional  screens.  In  almost  all  of  the  existing  models 
the  reflecting  surface  is  assumed  to  be  a  small- scale, rancor,  rough 
surface  superimposed  upon  a  smooth  large-scale  surface.  Reflection 
from  the  smooth  large-scale  surface  is  characterized  by  the  Fresnel 
reflection  coefficients  and  scattering  from  the  small  scale  rough 
surface  is  accounted  for  by  Lambert’s  cosine  lav. 

In  this  presentation  a  full  wave  scattering  theory  is  reviewed 
and  the  corresponding  reflection  model  for  computer  generated  synthet 
images  is  presented. 

The  full  vave  theory  is  based  on  a  complete  spectral  represen¬ 
tation  of  the  scattered  vertically  and  horizontally  polarized  fields 
and  the  imposition  of  exact  boundary  conditions  at  the  irregular 
surface.  This  theory  accounts  for  both  specular  reflection  and 
diffuse  reflection  in  a  unified  self-consistent  manner. 

The  height  of  the  random  rough  surface  is  measured  normal  to  the 
large-scale,  smooth  deterministic  surface  and  the  mean  square  height 
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or  the  random  rough  surface,  <h  >,  need  not  he  restricted  hy  the 

2  2 

perturbation  condition  6  =  lik  <h  >  «  1  (vhere  k  is  the  free  space 

o  o 

vave  number).  However,  the  mean  square  slope  of  the  random  rough 

surface  (relative  to  the  large  scale  smooth  surface)  is  assumed  to  be 
2 

small  (og  <  0.1).  Hence  for  convex  shapes  (as  in  cylinders,  spheres 
or  cones)  multiple  scattering  between  different  surface  elements  of 
the  object  is  ignored. 

The  scattering  model  based  on  the  full  vave  theory  significantly 
reduces  computation  time  of  the  simulated  image  without  any  loss  in  the 
image  quality.  Use  of  the  full  vave  theory  facilitates  the  location 
of  the  isointensity  lines.  This  is  a  very  important  asset  to  computer 
aided  geometric  design  of  manufactured  objects. 

Since  the  model  is  based  on  a  rigorous  full  wave  approach  to 
electromagnetic  scattering,  it  is  applicable  to  the  inverse  scattering, 
computer  vision  problem  in  which  three  dimensional  surfaces  are 
identified  by  analyzing  their  two  dimensional  images. 
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